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Abstract: The stability behavior of low immersion helical end milling processes is 
investigated in this paper. Low radial immersion milling operations involve 
interrupted cutting which induces chatter vibration under certain cutting conditions. 
Time Finite Element Analysis (TFEA) is suggested for an approximate solution for 
delayed differential equations encountered during interrupted milling. An improved 
TFEA is proposed which includes the effects of helix angle variations on cutting 
force, cutting time and specific cutting force coefficients. For this purpose, five 
different cases were distinguished for engagement limits of the cutting edges. It has 
been observed that an increase in the helix angle improves the stability limit of the 
process. This is related to the flip bifurcation lobes that start to separate from the 
main lobes and shape isolated unstable islands. By further increasing the helix angle, 
unstable islands will vanish.
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1. Introduction1
Milling is becoming an increasingly universal 

machining operation for producing parts used in 
aerospace, automotive, and life science engineering 
industries. The characteristics common to such parts 
are a high level of complexity and structural flexibility, 
both of which usually necessitate using low radial 
immersion milling operations. In addition, high speed 
milling (HSM) is vastly employed in order to increase 
material removal rate (MRR), improve surface finish 
and decrease the amount of cutting force [1]. 
Low radial immersion milling operations involve 
interrupted cutting which, in turn, induce chatter 
vibrations under certain cutting conditions. Davies et 
al. [2] proposed a single DOF model for low 
immersion milling simulation. They assumed that the 
time of cutting is short compared to the characteristic 
response time of the system (i.e., the position of the 
oscillator remains constant). Therefore, the system is 
simplified to a discrete map in the time domain. The 
stability analysis of the map reveals an additional 
stability region due to flip bifurcation. In a following 
study, Bylay et al proposed that the stability of 
interrupted cutting can be estimated by Temporal 
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Finite Element Analysis (TFEA) [3]. This method is 
based on introducing finite elements in the time 
domain. The displacement and velocity at the end of 
each element is set equal to the displacement and 
velocity at the beginning of the next element while the 
cutting edge is engaged. The cutting force is also 
affected by the cutting edge displacement occurring 
one period earlier. TFEA introduces an approximate 
solution for the system [4]. The eigen-values of the 
proposed discrete linear map can anticipate the stability 
of milling operations. 
Hartung et al. proposed using the semi-discretization 
(SD) method for turning and milling operations with 
single degree of freedom [5]. The semi-discretization is 
a well known technique in the finite element analysis 
of solid or fluid mechanics. The partial differential 
equation is only discretized along the spatial 
coordinates, leaving time unchanged. The semi-
discretization of a delayed differential equation results 
in the time-delayed term being approximated by a 
piecewise constant function. Finally, the DDE is 
approximated by a series of ODE's. The discrete map is 
given as iii yBy =+1  and the stability properties are 
determined by the eigen-values of the Floquent 
transition matrix [6]. Insperger et al. investigated the 
effects of the helical cutting edge on the stability of 
interrupted cutting. The proposed method was based on 
the SD method which approximately solves the DDE 
equation. It was shown that the unstable flip region can 
be changed to flip islands as the helix angle increases 
[7]. 
The previous researches are limited either to the TFEA 
method with zero helix angle[7] or to SD method 
which can approximately include the helix angle 
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variation[6]. This study proposes using an improved 
TFEA method which can efficiently include the 
variation of helix angle in the method.
Henceforth, this paper is organized as follows: Section 
2 demonstrates general milling mechanics and required 
definitions. TFEA relationships for the zero helix angle 
are explained in Section 3, after which the transition 
matrix for investigating stability behavior is derived. 
Section 4 includes the effect of the helix angle 
variation in the TFEA approach. Also, based on the 
engaged portion of the helical cutting edge, the cutting 
time formulations for the five different cases are 
derived. Two case studies are simulated by the 
improved TFEA approach in Section 5. The last 
section concludes the paper and proposes some areas 
for further work.   

22.. MMiilllliinngg MMeecchhaanniiccss
A schematic diagram of the milling process is 

shown in Figure 1. The structure is assumed to have 
flexibility in the x-direction. Thus, the system can be 
treated as a single DOF vibratory model.
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Fig. 1. Single DOF vibratory model of milling 
processes

The governing equation of motion is given as [6]:

)()()()( tFtkxtxctxm x=++ &&& (1) 

where m, c, k are the mass, the damping and the 
stiffness parameters, respectively. Fx denotes the 
component of the cutting force in the x-direction for a 
zero helix cutter.
According to Figure 2, the x component of the cutting 
force on the pth tooth is: 
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where )(tg p  acts as a switching function. It is equal to 
1 if the tooth is in-cut and 0 if it is not in-cut [8] and 
[9]. )(tpθ  denotes the cutting angle. 
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Fig. 2. Cutting force components for milling 
processes

The tangential and normal cutting force components 
can be approximated by [6]:

)(..)( twbKtF pttp = (3) 

)(..)( twbKtF pnnp = (4) 

where tK  and nK  are tangential and normal cutting 
coefficients, respectively. b represents the axial depth 
of cut (DOC) and )(twp  is the radial chip thickness 
which depends on the feed per tooth h. The 
regeneration of waviness is provided by the following 
relationship [10]:
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The cutting angle )(tpθ can be computed by:
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The tooth passing period is
Nn
60

=τ , where N is the 

number of cutting edges and n is spindle speed given in 
rpm. Substitution of Equations (3 to 6) into Equation 
(2) yields the total cutting force acting in the x-
direction:
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which can be simplified by the substitution of the 
following terms [10]:
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Thus, the resulting equation of motion can be written in 
the following form:
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The above equation shows the standard delayed 
differential equation (DDE) for the milling process 
[10].

3. Time Finite Element Analysis
The dynamic behavior of the end milling process, 

which is considered to have flexibility along the x 
direction, is expressed by Equation (10). Since this 
equation does not have a closed form solution, an 
approximate solution is taken into consideration. One 
method which was proposed for the approximation 
solution of the above equation is Time Finite Element 
Analysis (TFEA) [11]. This method was first applied 
by Bayly et al. to the interrupted turning process [3]. In 
the following research, TFEA is also implemented for 
low immersion end-milling processes [12], but it was 
limited to the zero helix angles. 
In low immersion milling with a one-, two- or multi-
flute cutter, the tool switches between cutting and non-
cutting phases. In the non-cutting phase, the system 
experiences free vibrations:

0)()()( =++ tkxtxctxm &&& (11)

This phase can be described by an exact closed form 
solution. In the cutting phase, the equation of motion is 
given by Equation (10). Because of the time-delayed 
term, there is no exact solution for this equation. TFEA 
divides the cutting time, ct , into multiple elements and 
approximates the displacement vector on each element 
by a linear combination of polynomial trial functions 
[9], [10], [11] and [12]. 

3-1. Free Vibration Phase
The exact solution for the free vibration phase is 

given by the following relationship:
0)()()( =++ tkxtxctxm &&& (12)

where dn iωξωλ ±−=2,1  and 21 ξωω −= nd  , nω  is the 
natural frequency (rad/sec) and  ξ  is the damping ratio 

given by 
km
c

2
=ξ . After the cutting edge leaves the 

material, the tool starts free vibrations with duration of 
ft . Figure 3 depicts the contact face of the tool with 

the part. The length of contact is given by p
D θ
2

, 

where D is the tool diameter. The state translation 
matrix which relates the initial state of free vibration to 
the final state is derived as [3] and [13]: 
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Fig. 3. Contact face, cutting time ct and non cutting 
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3-2. Vibration During Cutting Phase
The approximate solution for displacement during 

jth element of the nth period of engagement is given by 
[10]:
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where ))(( tji σφ  are Hemite trial functions defined by 
[3] and [10]:
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In the above relationship, ∑
−

=

−−=
1
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represents the local time within the jth element. 
The initial and final displacement and the velocity of 
the jth element are given as: 
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At entry into the cut, x and x&  are expressed by the 
coefficients of the first two basis functions (i.e. 

nn aa 1211 , ), respectively. Also, x and x&  at end of each 
element are equal to x and x&  at the start of the next 
element. For the last element, n

ja 3 and n
ja 4 represent 

the displacement and velocity of the tool as it leaves 
the cut. The weighted residual method defined in [14] 
is used to obtaine two more equations for each element. 
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Test functions are chosen as: 1)(1 =jσψ  and 

2
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j
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j t

σ
σψ . The definite integral, which leads to 

two more equations, can be written as: 
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The above equations can be represented by the 
following matrix equation for the jth element:

1

4

3

2

1

24232221

14131211

2

1

4

3

2

1

24232221

14131211

−

































+









=


































n

j

j

j

j

n

j

j

j

j

a
a
a
a

PPPP
PPPP

C
C

a
a
a
a

NNNN
NNNN

(18)

where ppi CN , and piP are given as:

{ }

∫

∫

∫

=

=

+++=

j

j

j

t

picpi

t

pp

t

piciipi

dbKP

dbfC

dbKkcmN

0

0

0

)(

σψφ

σψ

σψφφφ

o

&&&

(19)

3-3. Transition Matrix 
Initial and final conditions during free vibrations 

are related as follows [15]:
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E denotes the number of elements. The coefficients of 
the assumed solution can be obtained using the 
coefficients of the pervious period and a constant 
vector. The following matrix equation is written for E 
elements:
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where the sub-matrices are given as:
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The linear discrete map defined by Eq. (21) can be 
written as: 

CaBaA += −1nn (23)

or

DaQa += −1nn (24)

The eigen-values of the transition matrix BAQ 1−=
will determine the stability of the system. If the 
magnitude of any eigen-value exceeds 1, then the 
solution with given parameters is unstable.

4. Effects of Helix Angle Variation on Stability
The main objective of this research is to 

investigate the effects of the helix angle variation on 
the stability of low immersion milling operations. In 
this regard, the TFEA approach is enhanced in order to 
take into account the variation of the helix angle in the 
formulation.

4-1. Cutting Force Calculation Including Helix 
Angle Effect

For an end-mill with a helix angle of β , the 
cutting force along the x direction (Fx), can be written 
as: [16]

∫=
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),()(
tz

tz
xx tzdFtF (25)

where ),( tzdFx  is the differential force acting on the 
cutting edge element  at z level. )(1 tz and )(2 tz are z-
coordinates of the start- and end-point of engagement. 
The differential cutting force, dFx is given as:
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The chip thickness is computed by:
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Finally, the improved )(tKc and )(tf o can be written 
as:
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4-2. Cutting Time Including Helix Angle Effect
Due to the inclination of the cutting edge 

introduced by the helix angle, the amount of time spent 
during cutting increases. See Figure 4 for details. The 
cutting ct can be obtained by:
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Fig. 4. Cutting time for helical end mills

4-3. Different Regions on Contact Face
The limits of integration, )(1 tz and )(2 tz , depend 

on the tool diameter (D), helix angle ( β ), radial depth 
of cut ( ea ) and axial depth of cut (b). Thus, the 

following cases can be differentiated [16]. See Figure 
5. 
Case 0: 
 

bzThenifbzat
zThenifzat

jexjst

jexjst

=<<=

=<<=

2,

1,

,

0,0

φφφ

φφφ
(33)

Case 1: 









=−=<=

=<<=

D
k

k
zthenifbzat

zthenifzat

stjstj

jexjst

βφφφφ

φφφ

β
β

tan2,)(1,

0,0

2,

1,

(34)

Case 2: 
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Case 3: 









−=−=

<<=>=

)(1,)(1

,,,,0

2,1, stjexj

stjexjexj

k
z

k
zthen

ifbzatandifzat

φφφφ

φφφφφφ

ββ

(36)

Case 4: 
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The above mentioned parameters (i.e. D, β , ea and b) 
can largely affect the variation of )(tKc .
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Fig. 5. Helical flute-part face integration zones

4-4. Specific Cutting Force Variation
Figure 6 presents the specific cutting force 

variation, )( tKc , for a one fluted tool with a helix angle 
of 0º and 30º. The variations are computed for up 
milling at 10% and 50% immersions. The discontinuity 
of the function is due to interrupted cutting. As can be 
seen in the case of 10% immersion, the time spent in 
the cutting phase is much shorter than that spent in the 
free vibration phase. Thus, the traditional stability 
analysis proposed by [6] is not valid [6].
 The following experimentally identified parameters 
were used for calculation of )( tKc [6]:

2628 /102,/105.5 mNKmNK nt ×=×=

As witnessed in Figure 6, the variation of the specific 
cutting force for the low immersion case (i.e. 10%
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immersion) is smoother for the o30  helix angle. In 
addition, at the boundaries of engagement, the values 
of discontinuity are smaller for o30 helix angle. 
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Fig. 6. Specific cutting force variation

5. TFEA Simulations
In order to investigate the effect of increasing the 

helix angle on the stability of low immersion milling, 
two previously confirmed cases are taken into 
consideration.
Case 1: The dynamic parameters of tool structure, 
cutting coefficients, tool diameter, helix angle and 
immersion are selected according to [6] and reported in 
Table 1. 
 

Tab. 1. Selected System Parameters [6] 

Modal Parameters
for Single DOF

kgm 573.2=

mNk /1018.2 6×=

sec/157.15 m
Nc=

Cutting 
Coefficient

28 /106 mNKt ×=
28 /102 mNKn ×=

Tool Parameters

oooo 60,45,30,0

)( =βanglehelix

Tool Diameter (d) =
12.7mm

1.0==
D
aaD e (10% Immersion)

Figure 7-(a) illustrates the stability lobs for a zero helix 
angle.
There are two types of stability lobes. the ones related 
to secondary Hopf bifurcation, and the ones related to 
period doubling (or flip) bifurcations. These lobes are 
referred to as Hopf lobes and flip lobes, respectively. 
A flip bifurcation or period doubling phenomenon 
occurs when the negative real eigenvalue passes 
through -1; (2) a Hopf bifurcation occurs when a 
complex eigenvalue obtains a magnitude greater than 
1. 
The developed TFEA simulations are in agreement 
with the results given in [6]. Figures 7-(b) and -(c) 

illustrate the effects of increasing the helix angle as 
anticipated by the proposed method. As observed, with 
the introduction of the helix angle the stability of the 
operation improves. By further increasing the helix 
angle, o60=β (see Figure 7(d)), the flip bifurcation 
will change to unstable islands as predicted by [7] 
using a different approach. The introduction of the 
helix angle will decrease the effect of impact at the 
boundary of engagement for low immersions. Thus, it 
is anticipated that non-zero helix angle will improve 
the stability of low immersion milling process which is 
confirmed by TFEA simulation.
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Fig. 7. Stability lobs for up-milling with radial 
immersion 10% and various helix angles

Case 2: The dynamic parameters of the tool/structure, 
cutting coefficients, and tool diameter are selected 
according to [7] and reported in Table 2. 
 

Tab. 2. Selected System Parameters [7] 

Modal 
Parameters
for Single DOF

kgm 364.5=

mNk /106.21 6×=

sec/948.421 m
Nc =

Cutting 
Coefficient

26 /103.804 mNKt ×=
26 /10331 mNKn ×=

Tool Parameters

oooo 45,30,10,0

)( =βanglehelix

Tool Diameter (d)= 20mm

20
1

==
D
aaD e (5%

Immersion)

The immersion employed for all simulations is equal to 
5%. For a maximum axial depth of cut 50mm and 
maximum helix angle of o45 , only one edge of the two 
flute cutter is engaged during the cutting phase. The 
spindle speed range is 3000 rpm to 8500 rpm.
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By increasing the helix angle, the flip bifurcation lobs 
will first change to unstable islands, By further 
increasing the helix angle, the islands will vanish (see 
Figure 8). Similar trends were observed by [7].
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Fig. 8. Stability charts for up-milling with radial 
immersion 5% and various helix angles

6. Conclusion
In this research, the TFEA method has been 

enhanced to include the effects of helix angle 
variations. The cutting force, cutting time and specific 
cutting force variations have been calculated for helical 
end mills. Additionally, five different cases are 
differentiated and included in improved TFEA 
simulations. The validity of proposed method is 
confirmed by the results reported in [6] and [7]. This 
research proves that increasing the helix angle 
improves the stability of the milling process and 
change the flip bifurcation lobs into unstable islands. 
Moreover, by further augmenting the helix angle, the 
unstable islands vanish. In Case 1, for zero helix angle 
the results of the proposed TFEA complies completely 
with the results given in [7]. For non-zero helix angle 
(30°, 45° and 60°), the improve TFEA method 
illustrates the formation of unstable islands. There is no 
result reported for non-zero helix angles in [7]. In Case 
2, the efficient TFEA method, developed in the current 
work, is compared with the SD method reported in [8] 
which is limited to none standard helix angles. The 
improved TFEA method is implemented for helix 
angle of 10°, 30° and 45°. The trend of stability lobes 
and the number of unstable islands are similar.
 The realistic model for milling operations is a two 
DOF vibratory system which will be addressed in 
future work.
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