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ABSTRACT

Although disruptions in supply chains occur at a low probability, they may cause huge financial effects
whose recovery will not be quickly achieved. Designing a resilient supply network may be an effective
way to hedge against these disruption effects. This feature represents the ability of the network to
maintain its operation and connection despite the absence of some chain members. Facility hardening
is one of the strategies used for designing a resilient network. In this paper, three different non-linear
resilient capacitated fixed-charge location-allocation models are developed for hedging the network
against failure by assuming that when a random disruption occurs at a facility, the facility fails to
deliver any product. In the first model, both facility hardening and equipping the network with backup
facilities for disrupted elements are considered together to prevent the supply network from failure due
to random disruption. The recovery time of the facility after a disruption event is one of the significant
features that has been considered in the second and third proposed models, capable of being
implemented in real-world applications. The sensitivity analysis confirms that the proposed models are
valid as expected. In addition, in a low failure probability condition, the superiority of the proposed
models is confirmed by comparing it to the classical model using a low additional investment. A
Lagrangian decomposition algorithm is developed to solve large-scale instances. Computational
results confirm the high efficiency of the proposed solution approach, compared to those obtained from
the classical solution approaches, in dealing with large-scale problems.

KEYWORDS: Reliable; Random disruption; Hedging system; Hardening; Resilience; Lagrangian
Relaxation.

rarely tangible. For instance, according to the U.S
Facilities represent physical components of department report, over 19 billion tons of
interrelated systems that are designed, created, shipment valued at 13 trillion dollars was
and equipped with special equipment or transferred through the U.S. multi-modal
personnel to serve a particular function. Social transportation system in 2002. Critical facility

1. Introduction

activities are extensively dependent on network
systems. Most of our basic daily activities require
interaction with a diversity of impressible facility
systems. For example, telecommunication
facilities are used in order to fulfill our financial
dealing and protect our contact with family and
friends. In addition, energy facilities are utilized
to heat our homes, power local industries, etc.
While these basic mentioned activities are usual,
the importance of a utilized facility system is
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systems specify an industrial degree of a society
so that their importance would not be
undervalued [1]. Since system operations can be
disrupted in random disruption or intentional
harm, there is a need to perceive how network
systems and their performance can be affected by
the failure of their facilities in disruption events.
A common subject, in which network elements
are debilitated causing disruption in the flow of
goods and services through the network, is
interdiction. For example, failure or decline of
power supply facilities eventuates dramatic
consequences for a society and national
economy; therefore, these facilities are
considered as vital entities. The
interconnectedness of continuous power supply
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with our daily life, industrial production, and
electronics has made today’s society more
vulnerable due to power supply stoppages. In all
countries, even a short power outage is not
acceptable because it has a significant impact on
the entire economy. Natural disasters can also
have significant impact on these network
performances and their functionalities. In 2010,
450 natural disasters were recorded across the
world. In 2011, only the USA sustained over 55
billion economic harms that resulted from natural
disasters [2].

The above-mentioned instances and their severe
consequences present an extensive geographical
dimension of supply network disruption that
made decisionmakers consider the possibility of
disruption in a facility while designing their
networks and preventing them from failure. One
of the most important features is the resilience
ability to avoid failures in systems. The resilience
of a supply network against disruptions depends
on in its ability to conserve system operations and
connection, while there is a lack in some
components or parts. There are three strategies to
improve the supply network resiliency, namely
considering the topological characteristics of the
network, providing backup components with
flexible capacity, and hardening or protection of
critical elements. In this study, the two last
strategies are assumed to improve the resiliency
of the designed network. We take a facility
location problem into consideration that
incorporates different facility characteristics such
as capacity limitation, facility random disruption
probability, facility hardening, and resilience
ability. Three integer programming models are
proposed for preventing the system from failure.
In the first proposed model, hardening decisions
are emphasized, while, in the second one, the
resilience ability is regarded. Finally, in the last
one, hardening and resilience abilities are
considered  simultaneously. A Lagrangian
decomposition algorithm (LDA) was developed
for the first and third proposed models, and the
computational ~ results  demonstrating  the
efficiency of the developed algorithm were
consequently presented.

The structure of this paper is as follows: the next
section gives a brief review of the previous
studies. Section 3 presents the proposed models
and their corresponding Lagrangian
decomposition algorithms. Section 4 gives an
analysis of numerical examples, including the
sensitivity analysis and computational results of
the solution algorithm. Finally, the last section
concludes the paper with final remarks.

2. Literature Review

A facility location-allocation problem has been
expansively considered in the literature, and
many different types of facilities in both private
and public service systems with different
conditions have been modeled. This study seeks
to determine the location of facilities and assign
customers to these locations with the minimum
cost or maximum profit. The classical facility
location-allocation models assume that facilities
are always operational, never fail during their
operation, and do not need care in the case of a
possible disruption. In other words, although it is
far from real world, it is assumed that they are
completely reliable. Because of severe
consequences arising from the facility disruption
in supply networks as explained earlier, the
possibility of disruption is one of the recent
assumptions in reliability consideration of facility
location-allocation decisions.

Snyder (2003) proposed an initial facility
location-allocation  model  with  reliability
consideration. He incorporated facility failures
directly in p-median and fixed charge facility
location problems [3]. Recently, reliable facility
location models have been developed to design
facility locations and customer assignment plans
when facility disruptions are possible. In the
literature, the disruption risks and the
corresponding objective functions that are
incorporated in most of reliable facility location-
allocation models are divided into two categories
based on their sources: (1) random disruption risk
by minimizing the expected cost objective
function and (2) premeditated or intentional
disruption risk by minimizing the maximum
possible cost of the objective function. The
former may occur at any point in the supply
network (e.g., natural hazards like earthquakes).
However, the latter includes components, more
probable to be targeted, whose failure will bring
about the maximum damage in a supply network.
As stated in the previous section, the resilience
ability is one way to reduce system vulnerability
and increase its reliability in order to prevent the
system from failure. Resiliency of a supply
network against disruptions depends on its ability
to conserve system operations and connections
despite the lack of some components or parts.
This is why the reliable facility location-
allocation models in supply network design
decisions have been developed based on two
basic approaches: determining the backup facility
and protecting the facility. Some researchers have
integrated these two approaches together. In the
first approach, the disruption probability is
generally  incorporated in  the integer
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programming model, in which the existing
facilities are used as a backup facility and these
facilities are reassigned to customers after their
primary facility failure. Their objective function
often minimizes the total expected cost after
disruption. Some studies in these approaches
were included in the literature [4-8]. Studies
relevant to the second approach are divided into
two categories. Models of the first category are
based on interdiction and involve only decision-
making about allocating the protection resources
among the located facilities in order to fortify
these facilities in supply networks [9]. In
contrast, models of the other category often make
a decision about facility locations, customer

assignment, and allocation of protection
resources among facilities in order to minimize
the worst-case cost [10-11].

In the compound approach, two types of facilities
(i.e., unreliable and hardened or totally reliable
facility with an extra cost) should be located in
the supply network, and each customer can be
assigned to a primary facility and a hardened
backup facility [12-16]. In this group, only three
papers make a decision about facility protection
by distinct decision variables [17-18]. Table 1
gives a brief review of the studies with reliability
consideration in designing a supply network with
their basic characteristics.

Tab. 1. A brief review of Studies with reliability consideration in the supply network design

Reference  Hardening  Backup  Disruption

Disruption  Resilient  Objective  Decision
probability  Facility Function  Variable

] [ — Multiple  Random
[19] CF One Random
6 - Multiple  Random
. Random
7] Multiple Intentional
[31 - One Random
[200 - One -
[9] wove Intentional
;] One
[22] CF One Random
[23] Multiple  Random
[17] WbV One Random
[14] CF One Random
[24 - One Random
[10] wove Intentional
[18] WbV One Random
Current WDV One Random
research

[> J— MTEC  FL,PBA
---------- MTEC  FL,PBA
ND ,ID MTEC  FL,PBA
SD,SC - MTEC  FL,PBA
---------- MTEC  FL,PBA
[> J— MTEC  FL, PBA
----- ) MTEC  PA,PRA
FL,PBA

----- RE MENR NTV
ND,SD - MTEC  FL,PBA
ND,SD - MTEC  FL,PBA
FL,FH,

ND,SD - MTEC SBA
S0 J— MTEC  FL,PBA
[> I — MIMEC  FL,PBA
----- FL,PA,

----- MIMTC SRA
FL,FH,

ND,ID - MTEC SBA
FL,FH,

SD, SC ) MTEC SRA

FL: Facility location,

maximum expected cost,

Most of the existing studies on the facility
location emphasizing on the the network
resilience do not consider the physical resilience
of each component and its recovery time in
problem modeling. Only two researchers
included these features in their proposed models,
especially in intentional disruption conditions and

PBA: Primary and backup assignment, FH: Facility

hardening, PRA: Protection resource allocation,
vehicles, PA: Primary allocation,

MENR: Maximization of expected net revenue,

NTV: Number of transportation
MTEC: Minimization of total expected cost,
MIMEC: Minimization of

MIMTC: Minimization of maximum total

discrete time periods. They do not make
decisions about the facility location and only
consider the allocation of limited protection
resources among located facilities in order to
reduce their recovery time. To the best
knowledge of us, no study has simultaneously
considered the hardening decisions and resilience
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of facilities with continuous facility recovery
time incorporated in the facility location model in
random disruption conditions. The current study
covers the mentioned research gaps to address the
non-intentional disruptions. The main
contributions of this study that differentiate it
from the previous studies in the related literature
can be summarized as follows:

o Non-linear integer programming models
are developed for the facility location-
allocation problem in the supply chain
network design, considering capacity
limitation, facility hardening, and facility
resiliency to optimize the total expected
cost in disruption events

e A comparison of the priorities of
designed networks is made with those of
classical network in facility location
problems in different facility failure
probabilities;

e The nonlinear proposed models are
linearized by suitable techniques.

e A Lagrangian decomposition algorithm
(LDA) is developed to obtain a solution

3. 2. Indices and sets

i Potential facility location
i Customer location

3. 3. Model parameters

to large-scale problems in a reasonable
amount of time.

3. Problem Development
3.1. Problem description and assumptions
This section first introduces some common
assumptions and notations and, then, proposes
three formulations for the reliable capacitated
fixed charge facility location problem under their
special assumptions and random disruption risk.
In all of them, there is a set of potential locations
for establishing capacitated facilities and a set of
demand centers that must be served by these
capacitated facilities.
The main assumptions of this study can be as
follows: 1) Customer demands are deterministic;
2) the transportation cost is related to the distance
between a customer and its assigned facility; 3)
each facility can be hardened with an extra cost
during its establishment; 4) the disruption
probability in facilities is independent of each
other. 5) Hardened facilities are completely
reliable and are immune against failure. 6) Once
a facility fails, it becomes unavailable and its
assigned customers should be reassigned to the
nearest hardened facility.

a; Opening cost of facility i

P Failure probability of facility i

b Hardening cost of facility i

hij Distance of customer j from facility i

tr; Recovery time of facility i

c, Capacity of facility i

rc; Recovery cost of facility i

5 Penalty cost of facility i

d; Demand of customer j

m;; Partial demand of customer j assigned to facility i

that Supply from another one
K Total hardening budget
B Total penalty budget
u Total recovery cost budget
3. 4. Decision variables
X Opening facility in location i
z Hardening facility in location i

Xoij Primary assignment of facility i to customer j
Xy Backup assignment of facility i to customer j
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3.5. Problem formulations

This section proposes three formulations for the
reliable capacitated fixed charge facility location
allocation problem considering facility hardening
and resiliency as the two main features. In the
first one, only the hardening ability in the
network design is considered, and its
corresponding model is called “RFLA&H” (i.e.,
reliable facility location-allocation with the
hardening ability). In the second one, another
model that enjoys the resilience ability is
proposed, which is called “RFLA&RE”. The last
one includes an integrated model, which contains

mirW=za,» XX + E E Xaij <hyj xdj x(1—p; x(1-7))
i i

+ E E X]ijthdjXZXOrjXer(l_Zr)+zZi xb
i r# i

Xoij <X

Subject to

X < X

ZXOiﬁXJijXi

j
Z Xoij =1
lexlijsl

Xgij S Z;

Z Xy 2 o x (1=2,)

i=r

Z Xy <1= (X x 2;)

i=r

7 < X

Z(Xoij xdj +(d x Xy szoij x(1-z,))) <¢;

] r#i
z Xoij 2 X
i

ZzibeSK

Xis Xoij» Xjj» Zj € {0.1}

Equation (1) is the objective function that
minimizes the total expected cost. This cost
includes the fixed cost of opening and hardening
of facilities and variable transportation costs.
Constraints (2) and (3) guarantee that only an
open facility can serve as a supplier. Constraint
(4) assures that the opening facility can serve
customers as either primary or backup supplier.
Constraints (5) and (6) assure that each customer
should be supplied from only one facility as
either primary or backup. Constraint (7) assures
that only hardened facility can be assigned to
customers as the backup supplier. Constraints (8)
and (9) assure that only customers of failed
facilities can be reassigned to a backup facility.

both hardening and resilience abilities called
“RFLA&H,RE”.

3.5.1. Reliable capacitated facility location
allocation problem using hardening ability
This problem is called RFLA&H as a nonlinear
integer programming model that minimizes the
total expected cost by opening optimal facilities,
deciding about hardening of opened facilities and
allocating customers to normal and hardened
facilities as primary and backup assignments. The
RFLA&H model is presented below:

@

w,j )

M, 3
k| 4
vj ®)
vj (6)
M, (7
M ®
M ©)
W (10)
W (11)
W (12)
(13)

M, (14)

Constraint (10) guarantees that only an open
facility can be hardened. Constraint (11)
considers the capacity limitation of each facility
to serve customers. Constraint (12) guarantees
that a backup assignment can occur if it has at
least one primary assigned customer, and
Constraint (13) limits the hardening budget.
Constraint (14) defines decision variables type.

3.5.2 Reliable capacitated facility location
allocation problem with resilience ability

In this section, a capacitated fixed charge facility
location-allocation problem is formulated with
the resilience ability in a random disruption
condition called RFLA&RE as a linear integer
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programming model with the following special
additional assumptions. 1) The events of facility
failures occur before servicing. 2) Each facility
has an associated penalty cost, recovery time, and
recovery cost that it takes to become fully
operational after a failure. 3) Recovery cost of a
facility is related to its capacity.4) penalty cost of
a facility is related to its customers demand. 5)
Backup allocation is not allowed in this model,
therefore, customers of a failed facility will
receive a penalty cost during the facility recovery
time to be served instantaneously. The
RFLA&RE model is presented below.

minW =Z:ai XX +ZZX0” xhy x( (15)
i i
+ZZXOU x Py xtr xs; xd;
i

+in><rci><pi><ci
i

Subject to Constraint (2),(5),

> xxre;xc <U (16)
Zz Xy xthxs;xd; <B ()]
i
Y xp,xd, < s (8)
]
X;, Xoij € o1} Y, j (19)

The objective function minimizes the total
expected cost, including the fixed cost of opening
facilities, variable costs of transportation, penalty,
and recovery costs. Constraints (16) and (17) are
the recovery and penalty cost budget constraints,
respectively. Constraint (18) limits the capacity
of serving facility. Constraint (19) defines the
decision variables type.

3.5.3 Reliable capacitated facility location
allocation problem of resilient facilities with
hardening ability

In this section, an integrated integer nonlinear
programming model called RFLA&H,RE is
presented. In this proposed model, it is assumed
that customers are served gradually with the fixed
velocity in unit of time; therefore, the penalty
cost should be paid for their non-served part of
demands during the facility recovery time. This
model is presented below.

MW =) 3 xX; + > Xy xhy xd x(1-py x(1-7))
i i
+§ E Xlijxhijszﬂrjxm'jxprx(l_zr) (20)
i r#
+§ E Xoij ¥ Py x(1—z;) xhy; < (dj —my)
[
+ E E Xﬁijxpix(l—zi)xmijxsi
[

+Zx‘- XIG X B XC; +Zzi xhy
i i

Subject to Constraints(2)-(13), (16),

szouxmijxsix(l—zi)SB (21)
T

JZ((XOU xd;) +0xg xéxou x(L-2,)xmy) < o 22)

Xi, Xoij » Xij» 2; € {0,1} Yi, j (23)

Constraint (21) limits the penalty cost to its
budget, and Constraint (22) is the facility
capacity constraint. Constraint (23) defines the
decision variables type. Table 2 shows a
comparison of three proposed models with basic
characteristics.

Tab. 2. A comparison of three proposed models considering a basic characteristic

Model Decision Objective  Customer Information Penalty Facility Facility
Variables Function ~ About Facility Status Payment Features  Disruption
RFLA&H OF,HF,PBA TEC Incomplete - HA RIS
Facility incurs
RFLA&RE OF,PA TEC Incomplete penalty during REA RIS
recovery time
Facility incurs HA
RFLA&H,RE OF,HF,PBA TEC Incomplete penalty during REA RIS

recovery time

HA: Hardening ability, REA: Resilience ability, RIS: Random, Independent, Site
dependent, OF: Opening facility, HF: Hardening facility, PBA: Primary and backup
assignment, PA: Primary assignment, TEC: Total expected cost

4. Solution Algorithm
Since the classic solution algorithms for the
capacitated location-allocation problem need a

huge amount of computational time, especially in
large cases, it seems to be essential to propose an
efficient solution approach for solving the models
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in large instances. Here, a Lagrangian
decomposition-based algorithm is proposed to
solve the problem efficiently.

Lagrangian decomposition algorithm
Lagrangian relaxation is one of the important and
popular  techniques for solving integer
programming problems. In Lagrangian relaxation
algorithm, the main issue is to identify a set of
complicated constraints of a general integer
programming that increase the computational
complexity of the solution approach and add
them to the objective function by multiplying by
Lagrangian coefficients. On the other hand, the
decomposition approach is a general procedure
for solving a problem by decomposing it into
smaller ones and solving each of them separately.
Because of the ability of the Lagrangian
Decomposition Algorithm (LDA) to provide
equal or better lower bounds to/than Lagrangian
relaxation, in this paper, by the relaxation of
constraints that relate allocation and hardening
variables to location ones, the problem is
decomposed into two sub problems. Both sub
problems can be solved optimally to generate
lower and upper bounds concurrently. The
penalties are adjusted based on the violation of
relaxed constrains, and the process is repeated
until achieving a deterministic stopping criterion.

4.1. Lagrangian formulation for RFLA&H
model

In the RFLA&H model, by the relaxation of
constraints  (2),(3),(4),(10),(12), the relaxed
problem can be expressed as follows:

minw g = E a XX + E E xoijxhijxdjx(l— pi x(1-12;))
i i
+ E E xlijxhijxdjx E xorjxprx(l—zr) (24)
i

r#i

+Zzi xby +Zzu1ij x (Xoij = Xi)
i I

+Zzu2ij * (X _xi)+zu3i x(X; —Z(Xoij + X))
I i ]

+Z“4i x(X; _Zxoij)+zu5i x(z=%)
i ] i

Subject to: Constraints (5)-(9), (11), (13),

(14).

The parameter u stands for the array of
Lagrangian multipliers. In order to apply
Lagrangian decomposition, the proposed model is
modified by adding a new set of binary variables
Vi s Yau Vs (hat are equal to variables

(Xoi % Z; ) (Xg % Xop )y (Xg5 X Yai5) and new

constraints ~ (29)-(37) in  the following
formulation:

mifW_RZEaiXXi+Zz>bijxthdj*ZZ>binthdeF
i i i (25)
+E Eyﬂjxhjxdj><p,+ZZZy2ijr><pr><hj><dj
i

i or=

*ZZZYWX P, %y xd; +zzi xb +ZZquj x (X —%)
i i

iojorA

+ E E Upij % (% —X;) + E Ug X (% — E (%ij + %))
i i i

+ E Uy < (% — E Xoij) + E Ug; % (2 —%)
i i i

Subject to: Constraint (5)-(7),(13),
leij 2 Xyrj = Yirj I, (26)

i£r

leij 21—y I, (27)

i#r

D (% % dj) + (A x D (Vaie — Yaip ) < vi o (28)
j

r#i

Vi < 7, vi,j  (29)
Vij < Xoi vi,j  (30)
Vay = 21+ Xy 1 viii (31)
Yaijr < Xorj vi, i, (32)
Vair < % vi,j, (33)
Vot 2 Kog % Xy —1 Vi, (34)
Yaijr < Xorj Vi, j, (35)
Yaijr < Yarj Vi, j, (36)
Yaijr = Xqij X Yo — 1 vi, i, (37)
Xo Xoij Xai Zi Yaij» Yaije - Yair € 01 vi,j, (38)

The above formulation can be decomposed into
two sub-sub-problems to be solved in a separable
and easier manner, referred to here as Subl and
Sub2, respectively. The first sub-problem, Subl,
which is expressed in terms of the x binary
variables only, is given below:

minWg,y = zai XX _zzulij XXi (39)
i i

S g 6%+ S g
i i i

S g 1%
i

Subject to:
X; € {O,l } Vi (40)

The second sub-problem (Sub2), which is

defined in terms of the Xy Xuy» 2,
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Vi Yau » Vs DINAryvariables, is given as
follows:

min W, :szou x by xd; _ZZXOU xhyy xd e p;
+ZZY1U Xhu Xd x P +Zzzy2ur x prxhij de

i or=

_ZZZY3IJrXerhIJ xd; +ZZ xb; +ZZU1U X Xojj

i o=

+Zzu2ijxxlij ZUSi Z(Xoij+xlij) ZUM Zxou
i i ] i ]
+Z:u5i><zi
i

(41)

Subject to: Constraints (5)-(7), (13), (26)-(37),
Xoij» Xaij» Ziv Y1ij » Y2ijr + Ysijr € o1} vi, j,r - (42)

4.2 Lagrangian formulation for RFLA&H,RE
model

In order to apply the Lagrangian decomposition
for RFLA&H,RE model, our proposed model is
modified by adding a new additional binary
variable y, (equivalent to (x, x z,) ), previous

additional  variables vy, vy, ,y, ., and

additional Constraints (44)-(50); then,
Constraints(2)-(4),(7),(12),(29), and (31) are
relaxed in the following formulation:

minw g = Za, XX +ZZXOU xhy xd; —ZZXOU xhy xdjx
+zzylu Xhu Xd X Py x zzzymr Xhu X Pr erj

i or=

_zzzy3ljr th X Pr X mrJ +ZZXO'J th x P X(d

i or=
*ZZYanthPiX(dj*”\j)*ZZXoinpiX”\jXSi (43)
i i
7zzylu X P ij XS +le X P XTIGXG 7Zy4| X Py X TG xG
i i i
+ZZ| ><b| +ZZU1U X(Xou 7X|)+ZZUZ|J X(Xiu 7X1)
i [ L}

+zzu3ij x (Xgj — ;) +zu4i x (% —ZXOij)+ZU5i x (% —Z(Xou X%
] i i i i
+zzu6ij * (Y _Zi)+zzu7ij x(2; + Xoij — Yuj —1)
] ]

Subject to: Constraints
(5).(6),(10),(13),(26).(27).(30), (32)-(37),

Yai < Z Vi (44)
Yai £ X Vi (45)
Yai 2 X +2;-1 Vi (46)

Z ((XOU xd; ) + (Z (y2ur y3ur ) x mrJ )) < Cj VI (47)

r=i

Zx XIG XC; Zy4, xrg x¢; <U (48)
ZZXou xmyxs, ZZyﬂ,- <y x5 <B (49)
i
vi i
Xi» Xoij» Xaij» Zi s Yaij» Yaijes Yaijro Yai efol | L) (50)

The above formulation can be decomposed into
two separable sub problems, referred to as
subland sub2, respectively. Sub 1, which is
expressed in terms of x and z, binary variables, is
given below:

Mg :Zai xX; +in XP; XIG G —ZYAi XPi XIG G
i i i

(51)

+Z:zi xby —ZZu]jjxi _ZZUZU XX —ZZua-j XZ;

i ij ij ij
+Zu4i XX +Zu5i XX _ZZUGU *Z; —ZZUN XZ;

i i i i
Subject to: Constraints (10),(13),(44)-
(46),(48),
Zi, %, Y4 € 01 } Vi (52)

The second sub-problem (Sub2), which is defined
in terms of the binary  variables
Xoy s Xy s Yig o Yoy » Yoy ONIY, 18 given as follows:

minW,,» :ZZXOU xhyj xd; —ZZXO,J xhyxdj xp;
JrZ:Z:ylu Xhu Xd x P +Zzzy2ur Xhu X Pr erj

i oA

—ZZZySUr xhyj x pp xmy +ZZXO” x by x py = (dj —my)

i orA

- sz xchy < py x(d —my) + ZZXO” X pyxmy xS, (53)
- szlym X Py XMy XS + ZZU i XJXO”

*IZJZUZ., MR " DI

_ Zu;. x ZJ:(XO.J +Xg )J+ szlueu XY+ Zlizjlum < (g~ Yy )

Subject to: Constraints (5),(6), (26),
(27).(30),(32)-(37),(47),(49),

Xoij » X1ij » Yij» Y 2ijr » Y3ijr € {0,1 } (54)
Vi, j,r

4.3. Sub-gradient optimization

In order to solve the mentioned decomposed
problems, a sub-gradient algorithm is used to
calculate the Lagrangian multipliers. The sub-
gradient optimization is applied by using the
following notations and steps.
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256t L= puxWuB~Wip)

W Best lower bound u W
q
W Best upper bound 356t ugtL — Max (0,08 + (L x s})
Em Max Of relative gap 4.Set t<——t+1and return to Stepy
L: Stepsize
u. Stepsize coefficient
t Number of iterations 5. Result
e Max iteration Some numerical analyses from different aspects
i Violation of relaxed constraint q from are described in two parts. In the first one, the
&q subl. sub2 solutions in iteration t validity of the proposed mathematical models is
M, Max iteration without improvement evaluated. In the sec_ond one, the p(_arformance of
the proposed model is compared with that of the
Step0: Initaize the parameters (U 1 .y M E ) classic model in different failure probabilities.
et W i W, Max o M Then, in the next part, the efficiency of the
' B B proposed solution algorithm (LDA) is considered
Step L: in terms of both solution quality and
1. Solve subl computational time.
2. Solve sub2
3. Set Wip ~Wept +Weuo 5.1. Sensitivity analysis
4.1f W(R =W g Set Wi g =Wg In order to analyze the validity of the proposed
Otherwise 1M = IM+1 models, some instances with different sizes are
5. Fix the sub1 solution in the main problemand get (W * ) considered. The small-sized one comprises 7
B.0F (W* <Wyg) > set Wyg =W* facilities and 5 customers. For the mentioned
Zset 5 Mg ~Wig) inst_a_nce, different_ parameters ((_e._g._, capa_city,
Wig facility construction cost, facilities failure
Step 2: probability, facility hardening cost, recovery
LIF(t > tmax Or £<Ep) stop time, recovery cost, and penalty cost) are
Otherwise, go to the next step analyzed individually on the model behavior.
step3: Then, the effect of simultaneous changes of these
L IFIM> 1M, then =2 parameters is analyzed, too. The results are
reported in Tables 3 to 11.
Tab. 3. Analysis of capacity effect on the model’s performance
Model Capacity
600 800
RFLA&H (0,0011,0,1) (0,000,011 (0,0,0,1,0,0,0)
RFLA&RE (1,0,1,01,00) (1,0,10,0,0,0) (0,1,0,0,0,0,0,)
RFLA&H,RE (1,1,0,01,00,) (1,0,00,1,0,00 (1,0,0,0,0,0,0)
Number of opened facilities 3 2 1
Tab. 4. Effect of construction cost on the model’s behavior
Model a, X
RFLA&H (100,200,200,200,100,200,200) (1,0,0,1,1,0,0)
RFLA&RE (100,200,100,200,100,200,200) (1,0,1,0,1,0,0)
RFLA&H,RE (200,200,200,100,100,100,200) (0,0,0,1,1,1,0)
Tab. 5. Analysis of facility failure probability on the model’s performance
Model P, X,
RFLA&H (0.001,0.3,0.6,0.001,0.5,0.1,0.4 (1,0,0,1,0,1,0)
RFLA&RE (0.001,0.3,0.6,0.001,0.5,0.1,0.4) (1,0,0,1,0,1,0)
RFLA&H,RE (0.001,0.3,0.6,0.001,0.5,0.1,0.4) (1,0,0,1,0,0,1)
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Tab. 6 Analysis of hardening cost on the behavior of three models

Model b, X,
RFLA&H (270,100,150,180,120,300,300) (0,1,1,0,1,0,0)
RFLA&RE e e
RFLA&H,RE (110,100,150,180,120,300,300) (0,1,1,0,1,0,0)

Tab. 7. Analysis of recovery time on the behavior of three models

Model tr, X
RFLAGH e s

RFLA&RE (2,6,8,5,1,3,6) (1,0,0,0,1,0,0)

RFLA&H,RE (4,6,10,2,1,8,6) (0,0,0,1,1,0,0)

Tab. 8. Analysis of recovery cost on the behavior of three models

Model rc; X
RFLAGH e e
RFLA&RE (10,5,2,9,4,3,7) (0,0,1,0,0,1,0)
RFLA&H,RE (10,8,2,1,4,5,7) (0,0,0,1,1,0,0)

Tab. 9. Analysis of penalty cost on the behavior of three models

Model S X
RFLAGH
RFLA&RE (10,3,5,9,1,2,6) (0,0,0,0,1,1,0)
RFLA&H,RE (4,10,7,9,11,5,2) (1,0,0,0,0,0,1)
Tab. 10. Pair wise analysis of hardening cost, recovery time and recovery cost on the model’s
performance
Model (b;,tr;, x;) (i, rei %)
----- (600,300,500,300,600,300,400)
RFLAZR . (10,10,20,40,10,30,10)
(0,1,0,0,1,0,0)
(10,60,15,50,60,20,20) (600,300,500,300,280,300,400)
RFLA&H, (6,1,7,2,1,5,5) (10,13,20,40,15,30,10)
(1,1,1,0,0,0,0) (0,1,0,0,0,0,1)

Tab. 11. Pair wise analysis of failure probability, hardening cost, and recovery time on the models’
performance

Model (CHTR) (pi,tri, %)
(0.9.0.1,0.001,0.0001,.01,0.9,0.9)

RFLA&H (25,25,15,15,15,30,25)  emmemmeeeeeeee-
(0,0,1,1,1,0,0)

(0.95,0.001,0.99,0.1,0.9,0.1,0.008)
N E—— (2,9,1,4,3,6,10)
(0,1,1,0,0,0,1)

(0.0001,0.1,0.0001,0.99,0.8,0.001,0.02)

(0.0001,0.9,0.0001,0.00001,0.99,0.01

RFLA&H, (30,70,30190160,30’30) (10,6,5,1,3,2,9)

(0,0,1,1,0,0J0]) (0,0,0,1,0,1,0)
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5.2. Comparison of networks designed of the
proposed model and the classic network

To compare the behavior of the proposed models
with that of the classic model, which is called
CFLA model, this paper compares their objective
function values in different failure probability
conditions. Moreover, they are compared in a

condition where the hardening cost is less than
the recovery and penalty costs (i.e., case 1), in a
condition with the similar hardening, recovery,
and penalty costs (i.e., case 2), and finally in a
condition that we impose with a higher hardening
cost rather than others (i.e., case 3). The results
are reported in Figures (1)-(3), respectively.

25000

20000

15000

BCFLA
mRFLA&H

Total Expected Cost

10000 -

5000 -

1 0.01 0.001
Decreasing Rate of Failure Probability

0.0001 1E-05

“RFLA&RE
®RFLA&H,RE

Fig. 1. Comparison of objective function values of CFLA, RFLA&H, RFLA&RE, RFLA&H,RE
models in Case 1
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1 0.01 0.001
Decreasing Rate of Failure Probability

mCFLA

BRFLA&H

" RFLA&RE

BRFLA&H,RE
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Fig. 2. Comparison of objective function values of CFLA, RFLA&H, RFLA&RE, RFLA&H,RE
models in Case 2
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" RFLA&RE
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0.001 0.0001

Fig. 3. Comparison of objective function values of CFLA, RFLA&H, RFLA&RE, RFLA&H,RE
models in Case 3
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The results shown in Tables (3) to (9) confirm
that the proposed models are valid. These results
show that all the models tend to open facilities
with a smaller number of the mentioned
parameters in variation of the facility failure
probability, construction cost, recovery time,
hardening cost, penalty cost, and recovery cost.
Moreover, it can be concluded that a smaller
number of facilities will be opened by increasing
the facilities capacity. Tables (10) and (11) show
a pairwise analysis of the failure probability,
hardening cost, recovery time, and recovery cost
on the models’ performance.

The concurrent consideration of the failure
probability and hardening cost in RFLA&H,
RFLA&H,RE models shows that the models tend
to open facilities with the lowest hardening cost,
and if there is a need to open extra facilities
because of capacity limitations, models will open
facilities with a lower failure probability to
decrease the total hardening  expenses.
Simultaneous consideration of the failure
probability and recovery time in the RFLA&RE
model shows that facilities with lower failure
probability have a greater chance to be opened
because of the existing penalty cost. In contrast,
the RFLA&H,RE model tends to open facilities
with lower recovery time. By considering the
hardening cost and recovery time simultaneously,
the RFLA&H,RE model tends to open facilities
with lower hardening cost; then, if opening more
facilities is needed, the model establishes
facilities with a shorter recovery time among
others. Finally, simultaneous consideration of the
capacity and recovery cost confirms that the
RFLA&RE model tends to open facilities with
the lowest total recovery cost; however, the
REFLA&H,RE model tends to open facilities
with the lower recovery cost per unit of the lost
capacity. The mentioned studies confirm that the

proposed models are valid corresponding to their
expectation. For more analysis, the problem in
medium- and large-sized instances and the results
of our analysis confirm the validity of the
proposed models.

The results of the comparison of the designed
networks of the proposed models and the classic
network showed the following:

o Where the hardening costs of facility are
high, the RFLA&RE and RFLA&H,RE
models are more appropriate,
respectively, because they propose a
reliable network with lower additional
cost than the classical network.

o While the hardening costs of facility are
low, in the high facility failure
probabilities, the RFLA&H and the
RFLA&H,RE models  are more
appropriate; however, in the low facility
failure probabilities, the RFLA&RE and
the RFLA&H,RE models propose a
secure network with very low additional
cost over the classic network.

As for managerial implications, it can be noted
that these proposed models can be used in the
supply chain network design to decrease the
negative effects of disruptions.

5.3. Lagrangian decomposition algorithm
computational results

In this section, in order to compare the exact
solution approach with Lagrangian
decomposition algorithm, some instances with
different sizes from small to large sizes are
considered. The results are reported in Tables
(12), (13), and Figures (4)-(7), respectively. The
exact solution approach, which is the binary
integer programming model, was coded in
GAMS and solved by CPLEX solver.

Tab. 12. The computational results of LDA for the RFLA&H model

CPU(

Instance ~ (F-C)  CPLEX LB UB RG 5  CPUG
D, CPLEX

1 (7-12) 14325100 _14299.600 14415200 0008 13 25

2 (9-15) 18101 18099.700 18101000 0000 003 ___ 0.07

3 (10-17) 17501.000 17431.895 17501000 0.004 3L1 143

2 (12-20) _21101.000 _21019.895 21101000 0004 47 1001

5 (15-25) _ 28625.100 _ 28574.600 28625100 0.002 _ 39.4 189

6 (17-30) _34901.000 34779.895 34901.000 0.003 877 1001

7 (20-35) 39625100 39553.600 39625100 0.002 126 1002

8 (23-40)  46901.000 46739.895 46901.000 0.003 126 1002

of LDA,

F: Number of facilities,
UB: Upper bound of LDA, RG: Relative gap,

C: Number of customers,
CPU(s): Computational time

LB: Lower bound
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Tab. 13. The computational results for the RFLA&H,RE model

CPU(s)  CPU(s)

Instance (F-C) CPLEX LB uB RG LDA CPLEX
1 (7-12)  14450.200 14295.800 14549.800 0.018 0.85 0.58
(9-15)  17750.200 17568.100 19225.100 0.094 1.29 1.56
(10-17)  19950.200  19747.100  19950.200 0.010 1.67 2.84
(12-20)  23250.200 23017.800 23474.800 0.020  3.33 7.34

28750.200 28495.800 28974.800 0.017  7.405 1000.385

(17-30) 34250.200 33969.300 34474.800 0.015 19.796 1000.951

(20-35)  39725.700  39430.

800  39926.300 0.013 127.572 865.313

(23-40)  45225.700  44902.

700  45426.300 0.012 44.057 808.916

2
3
4
5 (15-25)
6
7
8
9

(30-50) 56150.200  55849.

100 56426.300 0.010 115.753  1004.388

F: Number of facilities, C: Number of customers, LB: Lower bound of
LDA, UB: Upper bound of LDA, RG: Relative gap, CPU(s): Computational time

The results presented in Tables (12), (13) show
that, in both RFLA&H and RFLA&H,RE
models, the Lagrangian Decomposition solutions
are closer to their optimal solutions. In addition,

in RFLA&H,RE and RFLA&H models, the
Lagrangian Decomposition generates a very good
near-optimal solutions in a shorter computational
time than the exact solution.
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P N WA OO N

E| DA
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0 10000 20000
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30000 40000 50000
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Fig. 4. Comparison of objective function values of exact and LDA solutions (LB) in RFLA&H model
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Fig. 5. Comparison of objective function values of exact and LDA solutions (LB) in RFLA&H,RE
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Fig. 6. Comparison of the computational time of exact and LDA solutions (LB) in RFLA&H model
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Fig. 7. Comparison of computational time of exact and LDA solutions (LB) in RFLA&H,RE model

6. Conclusions
Today, many supply chain networks face
disruptions and other unexpected events
throughout their chain. Although some of these
disruptions are short-term, they can lead to
serious negative financial and operational
consequences. It should be noted that, due to the
inability of the classical design networks against
disruption, this problem should be considered
when designing these networks. Designing a
resilient network is one of the disruption
management strategies that has been considered
for this purpose during design of supply
networks, demonstrating the ability of the
network to conserve operations and network
connections despite the lack of some parts of the
chain. This paper considered the capacitated
fixed charge facility location-allocation problem
in the supply network design in a random
disruption condition. For this purpose, three
integer programming models with different
facility abilities were proposed that minimized
the total cost and the expected transportation cost
after facility failures. In the first model, the
hardening ability was considered, while, in the
second one, the resilience ability was
investigated; moreover, in the last one, the
hardening and resilience abilities were considered
together. In order to analyze the validity of the
presented models, this study considered some
instances of different sizes. The results of the
analysis confirmed the validity of the proposed
models. The comparison of these models and
CFLA showed that the network designed by the
CFLA model was not reliable; however, in the
lower facility failure probabilities, the system
reliability could have increased by very low
additional investment by adding the hardening or
resilience abilities to the facilities, while, in the
higher failure probabilities, to ensure a reliable
network, the difference between the cost of the
proposed model and that of the CFLA model
would increase. Computational results of the
presented solution approach confirm that the
Lagrangian  decomposition  algorithm in
RFLA&H and RFLA&H,RE models has a good

ability to generate very near-optimal solutions to
the exact ones in a shorter computational time.
Consideration of uncertainty of customer
demands can be a new direction for the related
future study. Additionally, considering the
possibility of allocating more than one facility to
a customer as a primary or backup assignment
can be as another future work.
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