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ABSTRACT

In today's highly competitive business market, the issues of pricing and inventory control are very
important, and they should be jointly optimized, especially in the case of deteriorating products. In
addition, some strategies should be considered that increase the profit of the supplier and the retailer
simultaneously. Trade credit based on order quantity is a strategy by which the supplier can encourage
the retailer to order larger quantities. On the other hand, the retailer can significantly increase his profit
by taking advantage of more trade credit periods. This research investigates the problem of joint
inventory control and pricing for non-instantaneous deteriorating products; while, the quantity
dependent trade credit is allowed. It is observed here that the buyer order amount is equal or more than
the amount specified by the seller. The Shortage is not permitted in the system. It is aimed in present
study to find a procedure for achieving the optimal selling price and replenish cycle and to be able to
maximize the system's profit. To do so, first, the system's total profit function is derived. Then, the
uniqueness of the optimal replenishment cycle for a given price is proved. Next, the concavity of the total
profit function concerning the price is revealed, depending on the trade credit policy. Thereafter, an
algorithm is provided to fulfill the optimal solution and eventually a dual-purpose numerical analysis
was carried out both to show the model performance and to evaluate the sensitivity of the main
parameters.
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products preserve their original quality, and
afterwards, the deterioration starts. Fruits,

1. Introduction
Inventory control and pricing are two critical

decisions to be reached in each organization. In
recent years, researchers have considered these
two items together for deteriorating products. The
products that dry, evaporate, diminish, or become
out of date over the time are determined as
deteriorating products. Therefore, the products
such as drugs, blood, evaporating liquids, and
electrical appliances are some examples of
deteriorating products.

Instantaneous deteriorating items rot away upon
(or instantly after) entering the retailer inventory
system such as Gasoline; while, the items that do
not instantly deteriorate upon entering the retailer
inventory system are called non-instantaneous
deteriorating products (NIDP). A "Period with no
deterioration” is a duration considered for these
products. In other words, within this period, the
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vegetables are among such products.

The managers and suppliers apply various
encouragement techniques in order to convince
customers for purchasing their products. One of
these techniques is a specific time interval that is
offered for the delay payment; thus, the buyer is
not required to pay instantly. This period is called
trade credit. The quantity dependent trade credit
(QDTC) is provided by the seller or supplier when
the buyer orders an amount equal to or greater than
a specific quantity identified by the seller or
supplier so that the customers would enjoy the
advantages of this trade credit.

Regarding products that are deteriorated non-
instantaneously, Wu et al. [1] studied an optimum
replenishment policy of NIDP with demand that is
stock-dependent and shortage that backlogged
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partially. Also, Yan et al. [2] considered optimum
ordering policies of the retailer and pricing for
NIDP with demand that is price-dependent and
shortage that backlogged partially. An inventory
model of NIDP with permissible delay in
payments (PDP) presented by Ouyang et al. [3].
Geetha and Uthayakumar [4] surveyed economic
design for an inventory policy of NIDP under
PDP. Maihami and Nakhai [5] presumed dynamic
pricing and ordering policy of NIDP. In their
model, the shortage is allowable and backlogged
partially when the rate of backlogging is varied
and is dependent on the next replenishment's
waiting time. Maihami et al. [6] presented pricing
and inventory planning of NIDP. They considered
a greening investment in the beef industry in their
study. Rezagholifam et al. [7] studied optimal
pricing and ordering strategy for NIDP. In their
model, the demand was price and stock sensitive,
and the capacity was constrained. Sundararajan et
al. [8] devised an inventory system for NIDP
supposing backlogging and time discounting.
Chakraborty et al. [9] developed Multi-warehouse
partial backlogging inventory system considering
inflation for NIDP under an imprecise
environment. He et al. [10] presented preservation,
replenishment and pricing technology investment
decisions for NIDP. Barman et al. [11] presumed
an analysis of optimal inventory scheduling policy
and pricing strategy for NIDP. Their model was
considered for a two-layer supply chain.
Tashakkor et al. [12] devised joint optimization of
replenishment cycle and dynamic pricing of
NIDP. They considered stock-dependent demand
and variable non-instantaneous deterioration in
their study. Khan et al. [13] presumed inventory
management with hybrid cash-advance payment
for non-instantaneous deterioration, time-varying
holding cost and time-dependent demand under
non-terminating situations and backordering.
Mahdavisharif et al. [14] developed pricing and
inventory policy for NIDP in vendor-managed
inventory systems. They considered a Stackelberg
game theory approach in their model. Almathkour
and Benkherouf [15] presented optimal policies
for a finite horizon model with backlogging, non-
instantaneous deterioration and time-varying
demand rate. Udayakumar et al. [16] developed an
EOQ model for NIDP. In their model, the demand
was time-dependent and backlogged partially.
Tavassoli et al. [17] studied a lot-sizing model for
NIDP. They proposed non-linear partial
backlogging and advance payment in their model.
Chandramohan et  al. [18]  surveyed
comprehensive inventory management system of
NIDP. They considered the model in supplier-

retailer-customer supply chains. Priyamvada et al.
[19] examined optimal inventory strategies of
deteriorating products under price-sensitive
investment in preservation technology.

Several researchers have considered the trade
credit technique in their models. Shinn and Park
[20] addressed the problem of joint inventory
control and Pricing with the payment delay, and
added the shipment discount to their models.
Hwang and Shinn [21] considered the joint
inventory control pricing and of deteriorating
products by exponential deterioration and PDP.
Maihami and Nakhai [22] studied the joint
inventory control and pricing for NIDP under
partial backlogging and PDP. In another research
project, they also surveyed the joint inventory
control and pricing for NIDP under partial
backlogging and PDP and demand depending on
the time and price [23]. Aliabadi et al. [24]
survived an inventory model for NIDP with credit
period and carbon emission sensitive demand
considering a signomial geometric programming
approach. Udayakumar et al. [25] studied
economic ordering policy for NIDP. Their model
was under permissible delay in payment under
inflation and the demand was advertisement and
price dependent. Das et al. [26] survived an
inventory model for NIDP. This model was under
preservation technology and multiple credit
periods-based trade credit financing via particle
swarm optimization. Rapolu and Kandpal [27]
proposed joint advertisement, pricing, inventory
policies and preservation technology investment
for NIDP under trade credit. However, none of
mentioned researchers has focused on the QDTC
in his/her model. Tripathy et al. [28] studied EOQ
inventory model of NIDP and added constant
demand under progressive financial trade credit
facility to the model. Choudhury and Mahata [29]
considered inventory models of NIDP with fixed
lifetime products under trade credit and hybrid
partial prepayment. Viswanath and Thilagavathi
[30] proposed two warehouse inventory
dynamism of NIDP under trade credit policy and
Weibull demand. Singh and Goel [31] assumed
warehouse inventory model of perishable goods
under trade credit policy and hybrid demand.
Momena et al. [32] developed two-storage
inventory model under quantity discounts. They
added trade credit and time-varying holding cost
to their model. Mashud et al. [33] supposed an
inventory model for NIDP. They considered the
model under preservation technology, the joined
effect of trade-credit, and advertisement policy.
Mondal et al. [34] devised two-warehouse
inventory model of deteriorating products with
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trade credit policies and partially backlogged
demand.

With respect to the QDTC, Chang et al. [35]
devised an EOQ model for deteriorating products
under the QDTC. Chung et al. [36] proposed an
optimal inventory policy in the presence of the
QDTC. Chang et al. [37] developed the optimum
ordering policy and pricing of an integrated
inventory model in the presence of QDTC. Chen
et al. [38] studied economic order quantity of the
Retailer in a situation where the supplier
conditionally offers the QDTC. Chung et al. [39]
presented a model of inventory with receipt that is
non-instantaneous and products that deteriorate
exponentially for an integrated three-tier supply
chain system with two levels of trade credit.
Ouyang et al. [40] proposed an optimized
approach to the joint problem of ordering and
pricing in an integrated inventory system with
QDTC. Yang et al. [41] studied the retailer’s credit
policies and optimal order amount when a supplier
presents either a delay payment or cash discount
based on the order quantity. Shah et al. [42]
represented the optimum ordering policy and
pricing for an integrated model of inventory with
demand that is quadratic in the presence of QDTC.
Shah and Barron [43] developed retailer’s
decisions model for credit policies and ordering of
deteriorating products when a supplier presents a
cash discount or QDTC. Chang et al. [44]
proposed optimal ordering policies and pricing for
NIDP under QDTC. Shah et al. [45] developed an
inventory model for stock-price-advertisement
dependent probabilistic demand and trade credit
financing. Their inventory model is a non-
instantaneous controlled deteriorating model.
Mahato et al. [46] assumed an inventory models
for NIDP under carbon tax policy. They
considered a bi-level trade credit policy under
pricing and preservation technology in their
model. Tiwari et al. [47] supposed retailer’s
inventory decisions and credit for deteriorating
and imperfect quality items under two-level of
trade credit. Soni and Chauhan [48] considered
joint preservation, promotion, and inventory
decisions for deteriorating items with stochastic
demand and maximum lifetime under two-level
partial trade credit. Das et al. [49] surveyed a dual-
channel supply chain inventory model under two-
warehouse  setting. They added partial
backordering, order volume-linked trade credit,
and all-units discount to the model.

Upon reviewing the joint inventory control and
pricing literature of NIDP and taking all the
applied techniques into account, it was inferred
that the trade credit technique related to the

quantity in pricing and joint inventory control of
NIDP have not been considered. Of course,
researchers have added this technique to some
models, but it has not been assumed in the issue of
joint pricing and inventory control for NIDP.
Applying this strategy, the supplier can encourage
the retailer to order larger quantities. On the other
hand, the retailer can significantly increase his/her
profit by taking advantage of more trade credit
periods. In the present study a pricing model and
joint inventory control of NIDP is proposed under
the QDTC technique.

The rest of this study includes the following
sections. In section 2, the model is described and
the assumptions and notations are presented. In
section 3, the mathematical formulation for the
model is provided. In section 4, the algorithm used
to solve the problem will be discussed. In section
5, a numerical study is presented to show the
efficiency of proposed model as well as the
sensitivity analyses of the main parameter.
Finally, in section 6, a summary and suggestions
will be presented for future works.

2. Model Description and Notation
In the present paper, we study problem of joint
inventory control and pricing of NIDP under
QDTC for a retailer. The retailer will receive trade
credit of M, if the order be equal to or higher than.
In  this problem, order function is
D(p.t)=(x—SPe*"  This is a linear,
continuous and descending relative to price. It is
descending or ascending relative to time based on
A<0 or 4>0 _ Products which deteriorated
during the time period are not fixed or replaced.
Shortage is not allowed in the system. Lead time
is considered zero, and rate of replenishment is
considered infinite.
General Notations:
a: a parameter of demand function which shows
the potential market size
B: a parameter of demand function which shows
the price sensitivity
¢: The purchase cost per unit
h: The cost of holding per unit per unit time
excluding the cost of capital
s: The cost of backorder per unit per unit time
0: The cost of lost sales per unit
p: The price of selling per unit, where p>c
0: The rate of deterioration
t, : The length of time in which the product

exhibits no deterioration
T: The duration of the replenishment cycle (T >t

)

Q: The amount of order
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p": The optimum price of selling per unit

T": The optimum length of the replenishment cycle
time

Q": The optimum amount of order

I,(t): The level of inventory at time t<[0,t,]

I, (t): The level of inventory at time te[t,, T]

l,: The maximum level of inventory

I, : The earned interest per dollar

I, The charged interest per dollar

M: The period of trade credit

Q. : The minimum ordered quantity to be

qualified to get trade credit
t, : The length of the time in which quantity of Q_

will be depleted

TP(p,T) : The inventory system total profit per
unit time

TP* : The inventory system optimal total profit per
unit time, that is TP* =TP(p",T")

3. The Model Formulation
Upon delivering ordered amount at the beginning

of each cycle, the level of inventory is | ;. During
[0,t,] the inventory is reduced only due to
fulfilling the demands. Then in [t,,T] inventory

level is reduced due to both deterioration and
demand. As you can see, figure 1 shows the
inventory behavior of the system.

Inventory Level

. Time
;

Fig. 1. Inventory level in a typical replenishment cycle

Therefore, during [O,td ] the stock level is derived

from the following differential equation:

diy ()
t

o =D =—(a-ppet, o<t<ty (1)

With the initial condition of 1,(0)=1,, the equation
could be solved as follows.

|1(t):w[1—e“]+lo, o<t<ty 2

Furthermore, during [ty T] period, level of

inventory is reduced due to both deterioration and
demand. Subsequently the following differential
equation shows the inventory behavior at this time
interval.

L g1,0=-00), weicr @)

As | (T)=0, the level of inventory at period of
[t T] would be as Equation (4).

ot
a-Bp)e .
|2(t)=%[ewﬁﬁ—e(ﬂL g)t] y<t<T  (4)

As it can be seen in Figure 1, I (t,)=1,(,) .

Consequently, the maximum level of inventory
can be obtained as follows:
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_le=p pe % [e(ma)T _ o2+ J _(a-pp) [1_ Ha J
0 A+0 2

By substituting Equation (5) into Equation (2), we have:

1,(t) = (= 8p) [1_614]_‘_ (a—pp)e™ [e(men _e(}.w)td] (a-Bp) [l—e““:| ,

A

A A+0

®)

o<t<ty (6)

The total order quantity equals to the maximum of inventory level, that is

Q=lp= %[ewﬁﬁ ey }_ (@ —ﬂﬂ p) [1_ o }

After obtaining inventory level, the system's costs
and revenues could be calculated. The costs
include Inventory holding cost, fixed ordering
cost, purchasing cost, interest payables, and the
revenues include selling revenue and interest
earned. The formulation of these costs and
revenues is provided at the following to derive the

t T (a-ﬂp)(etd’16+e’t“m(g”)/1—e”(eu,)]
HQ—h“O |1(t)dt+jt Iz(t)dt}h 7 +

d

e (a —ﬂp)[etd(9+ﬂ)td9+eT(H”)td/l— S

e -1+ e‘di)(em)J

2(6+2)

Furthermore, Let PC denotes the purchasing cost
at a replenishment cycle. It is obtained by

o el @=ppe (+0)T _(A+0)ty | (@=BP)[, it
Pc_cQ_clo_c{—M& [e e d} = [1 ed}

Now let SR denotes the selling revenue during a
replenishment  cycle, which  equals to

SR— p“OT D(p,t)dt}: p(a_ﬂp)i(_“em)

3.1. Interest payable

Other elements of profit function are interest
payable (denoted by IP), and interest earned
(denoted by IE). We apply the approach applied in
Maihami and Kamalabadi [20]. When the retailer
pays for the purchased goods, opportunity cost is
considered for the paid money. This is due to the
fact that if he had bought the goods by credit, he
could receive interest for his money until due time.
In fact, IP is the opportunity cost of the money

()

profit function.

A: fixed ordering cost in a replenishment cycle
Let HQ denotes the cost of inventory holding per
replenishment cycle. This cost is obtained by
multiplying the cost of holding per unit per time
unit to the mean of the system inventory.
Therefore,

©)

multiplying the unit cost to the order quantity per
cycles.

)

multiplication of the unit selling price to the
amount of sold items.

(10)

paid for the inventory. To obtain IP, we should
consider four cases separately, as follows.

Case 1: 0<T<T,

In the case 1, the retailer's order (Q) is less than
Q. (T <T_). Therefore, the retailer should pay

instantly after receiving goods. Thus the
opportunity cost is
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IR, =C|p[tj 1,(t)dt +] |2(t)dt} =

(a—-p p)(e‘“‘@ +e T et (9 + i))

0A(0+ 1)
Cl,
e—tdﬂ(a _ﬁp){etd(6+i)td9 + e'r(¢9+/1)td/1 _ e (_1+ eﬂj )(9 + /’L)]
A(0+2)
Case2: T <T <M
In the case 2, the amount of retailer’s order (Q) is IP,=0
equal to or greater than Q (T, <T), and Case3: T, <Tandwm <t,
therefore, the credit period M would be provided. In the case 3, the amount of retailers order (Q) is
Also the credit period is expired after depletion of equal to or greater thanQ, . However, the credit

inventory or replenishment cycle (T, <M) . period would be finished beforet,, . Consequently,

Hence, no opportunity cost would be occurred. the opportunity cost will be

IR, =ClI p{‘j I, (t)dt +]' Iz(t)dtj =
(a—/fp)(e‘“"0+e’“’””(”*")l—e”(ehl))
6A(6+4)

e (a-pp) |,
22(0+ 1)

+

Cl

o

(€M =) 27 4 (04 2) 4 (24 0(-1-MA+1,2)))

Cased: T <T,t3<M<=T

In the case 4, the amount of retailers order (Q) is would be finished between t, and T. Thus the
equal to or greater than Q, , and credit period opportunity cost is

T CI b _ eMlg efMH+T(€+l)l _ eTZ 9 ﬂ,
IP, = c1, [1,(t)dt = (= pp)(e" o+ (0+2))

J 0A(6+2)
3.2. Interest earned Case 1: 0<T <T,.
Another component of profit function is Interest In the case 1, the retailer's order (Q) is less than
earned. We apply the approach applied in Q, - Therefore, there would be no credit, and
Maihami and Kamalabadi [20]. When the retailer IE -0
receives trade credit, he can put off the payment to E =
a specific time. In this case, during trade credit Case 2:T, <T <M
period, he can obtain interest for the money earned In the case 2, the interest earned could be obtained
by selling goods. Received interest is obtain in as

four cases as follows.

IE, = pl, H D(p,t) tdt +(M—T)j D(p,t)dt} =

[(—u e )(a—pBp)(M-T) (a—ﬁp)(1+e”(—1+T/1))J
Pl A N A2
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Case 3: T, <Tand M <ty

M MA
|E3 = p|e‘[ D(p,t)tdt — p|e(0!—ﬁp)(1+e (—1+ Mﬂ.))
0

12
Case4d: 1, <1, ty<M<T
pl (@ —Bp)(1+e"* (-1+ M 1))
/12

M
IE, = plej D(p,t)tdt =
0

Now that all costs and revenues of the inventory system are obtained, the system total profit could be derived
as

SR-A-HC-PC-IR+IE

TR(p.T)= = 0<T<T,
TRy (p.T)= SR—A-HC-PC-IP,+IE, T <T<M
Mpm = SR-A-HC TPC IR+ IE
TR(pT)= —— _T ~ 1Ry +1Eg M <ty andT_ <T
TRy(pT)= SRoAZHC _TPC_ ParlBs <M <TandT, <T
Where
pla-pp)(-1+e™)
A
etd(em)tdg_'_eT(eM)td/l_ ]
_ _ . e (a=PBP)| v (~1+ev*)(0+4)
(a7’8p)(etd10+e—tnéx+T(aM)l7eT4 (9+/1)) 2
—h +
oA (6+A) A(0+2)
1 J
Tpl(va) = T _c (ax *ﬂp)efm“ I:e(/1+9)T _glror :I_ (x—-pBp) [1—e““ ] (11)
A+6 A
e“’(””‘>td¢9 " e‘r(()M)td/1 _
e’ (a—Bp)| evw? (—1+ e‘“)(9+i)
(a7ﬂp)(exd10+e—tdsﬂ(é)+1)ﬂ7eT;, (0+/1)) 2
— +
F 6A(0+2) A(0+2)
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TR (p.T) =

TR (p,T)=

TR (p.T) =

pla-pp)(-1+e™)
Ji
etd(em)tdg_i_eT(aM)tdl_ ]
e’ (a-pp) e‘d”<—1+e‘“‘)(9+/1)
(a-pp)(e+0+e 1" (04 ) f
-h
. 01.(6+ 1) ' 2(6+7)
?
—c (a-pp)e™ [e(zm)T _ U0y :I_ (a-5p) |:1_eltd :|
A+0 J1
[(—1+e”)(a—ﬁp)(M -T) (a—ﬂp)(1+e”(—1+m))J
+pl, + 5
2 J1
| (pla-pp)(-1+e”) ]
2
eld(0+l)td0+eT(0+l)tdﬂ,* 7]
e (a=pp)| ev (-1+e+)(6+4)
A (a-pp)(ev0+e " T 2-e(6+2)) P
- 02(0+2) ! 2(0+2)
1 _c (a—pp)e™ |:e(1+a)T_e(ma)tﬂ]_(a_ﬂp) [1_eitd:|
T A+6 2
(o —ﬁp)(et‘”9+ O A A i))
A i
—Cl,
e’t“g(a—,Bp)(—eT("”)(M —ty) A% +e4 M (4 A)+e4 ) (—l+6’(—1—Ml+td/1)))
22(6+2)
I.(a—pp)(1+e" (-1+M A
| Plua—p)( ;e (-1+M2))

pla-pp)(-1+e™)
2
e'[d (0+ﬂ.)td9 + eT(g-M')tdA _
e-tdﬁ(a_ﬂp) et"” (—1+e‘°*)(9+ﬂ)
) (a_ﬂp)<etdig+e—td9+T(€+l)l_eTl (9+l)) a1
| 02(6+2) " 2(6+2)
?
—c (x —,BFJ)EBtd I:e(me)T _ 0 :'_ (a—pp) |:1_eﬂ.td :I
1+6 P
Cl.(a —ﬁp)(ewme*W”W*M —e' (9+/1)) pl.(a— Bp)(1+e" (-1+ M 1))
- 02(6+2) ’ 22
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4. Solution Procedure
The purpose of this paper is to present the optimal
selling price and inventory policy to maximize the
profit. To do this, at first, the optimal T for a given
p is provided as a function of p. Next, by
substituting the obtained optimal function in the
profit function, the optimal p would be presented.

Since the profit function is piecewise function, the
approach is discussed for all 4 cases.
Casel. 0<T<T,

is a continuous, non-linear function in P and T.
Thus for a given P, the necessary condition to
maximize profit function is

(- Bp) (-7 A(0+4)+e " T2 (0+ )

14 _ 1_gh’ _ gl eT(9+i) ol (6+4) o -
e ple ﬁp)_c[_( Ja-pp) e @-pp))
A A 0+ 1
(a—ﬂp)(e‘”9+e“dg*T("*l),l—eTﬁ(9+,1))
aTR(P.T) _, 0A(0+2) "
oa cl W(_11et)(0+2)) |-
e (a- ﬁp)[ @2 4", PR ( P )( )]
1
R A(0+2) +
(0(_ﬁp)(etdle_’_ef'(GOJrT(OJr/l)/l_e‘r;L (6-}-2))
64(6+ 1) !
h W (_1+ev*)(6+ 2
e (a— ﬂp)[ @D 64", a-s ( p )( ) (15)
A(0+2)
_Ce—td€+T(9+l)(a_ﬁp)+eTl p(a—ﬂp)—
ORI _ 1] | guorionn : (a—Ap)(-€"2(0+2)+& " T3 (0+ 1))
oT TP € (a- Aoty + 610+ 1) -

h[e—luﬂ-ﬂ (6+4) (a ,Bp)td +

Conjecture 1: for a given p, Equation (15) has a
unique solution, which satisfies the condition of
second degree to become global maximum.

Argumentation: Due to the complexity of the
model, the straightforward proof of the above
conjecture is so complicated that we cannot prove
it mathematically. However, solution of (15)
satisfies the condition of second degree for the
maximum and also, a simpler version of this

01(6+ 1) J

conjecture has been proved in relevant literature
for example in Ouyang et al. [3], Geetha and
Uthayakumar [4] and also Maihami and
Kamalabadi [20]. Therefore, we consider this
conjecture as a correct expression and use it to
present our solution procedure.

To obtain the optimum amount of selling price for
a given T*, the necessary condition is
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op

_ﬁ(—1+e”) p . (_1+em)(a ) c ﬁ(lfe‘“) B ﬁe—tag(eT(€+A) _etd(em)) )
A A A O+ A
eld (H+/L)td0 + eT(5+Z)tdﬂ, _
] pe’ e’ (-1+e"*)(0+4)

aTP . ’B(etdle+e—ld€+T(9+/L}ﬂ —e”(@—kﬂ,)) S
—BT) (Ol - 01 (0 - - 16

o (6+2) A(0+A4) (16)

|

. ﬁ(e‘“@ +e T T (94 4)

) pe’ [e‘“ Ot 0 +e" Dt 2 —

e’ (~1+e"*) (0 + A)J

A

6A(6+ 1)

With  assumptions 1<0,|4|>6,8p<a<2B8p

Equation (16) would have solution if
Bc—Bp+(a—pBp)<0 Moreover the second
derivative of TR(p,T") with respect to p is always

less than or equal to zero:

2(6+4)

Consequently, for each T°, TR(p,T) is a concave

function with respect to p. So the obtained quantity
of p from Equation (16) will be unique
Case2: T, <T<M

TR,(p,T) IS @ continuous, non-linear function in p

p(1—evt) pe (eT<M) _ g <9+1)) and T. Thus for each p, the necessary condition to
- maximize the profit function with respect to T is
<0

82TP1(DIT,) 3 A O+
o T
aTR(PT) _,
or
1 TA _ 1—gl? _ eftde eT(€+/l)_etd(€+/l) _
—A+( +e" ) pla ﬁp)_({_( e“*)(a ﬂp)+ ( )(a Bp) |
A A 0+
(0!7ﬂp)(etd'{9+e_t”mT(‘gM)lfe” (9+ﬁ.))
01(0+ 1) i
1
——|h W0 ( ty A
T2 etd0(a_ﬂp){etd((wrl)tdg_'_eT(8+i)tdﬂ_el ( l+e )(6+1)J + +
A
2(0+2)
,ep[(—lw”)(a;ﬂp)(M 1), (a—ﬁp)(u;”(—um))J

_Ce_tng-ﬂ(awl)(a _ ﬂp) +e™ p(a —ﬁp) -
(@—Bp)(-e"A(0+2)+e TV (0+ ’1))}
+

|+

h e—th+T(6+/l) _ t +
[ (@=Ap)ty 02(0+ 1)

TR, (p,T) _
o

|ep[e”(a—ﬁp)(|v| Ly (el pp) (@ pp)(eTate ’1(_“”))}

A 22 (17)

Conjecture 2: for a given p, Equation (17) has a unique
solution, which satisfies the condition of second degree
to become global maximum.

Argumentation: Please refer to Conjecture 1.

Now for a given T", the optimum value of the selling
price should be obtained. For a given T, the necessary
condition to obtain the optimal value of p is
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2(6+2) "

(-1+e")(@-Bp)(M -T) .
2

A A?

Now by assuming 4 <0,|4|>6,8p<a<28p , itisclear

that if Sc—Bp+(a—pBp)<0 Equation (18) would
have an answer. Moreover, the second derivative of

TP,

2(p1") _ A O+ A

ol [_,B(—l+ e )(M-T) B(1+e"(-14T2))
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TR(p,T") with respect to p is always less than or equal
to zero:

A A?
<0

op?

Consequently, TR,(p,T") , for each T" is a concave

function of p . So the obtained quantity of p from
Equation (18) will be unique.

T

TRy (p,T) is a non-linear and continuous function in p

and T; thus for each p, the necessary condition to
maximize profit function is

Case 3. M <tgq and T <T
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Conjecture 3: for a given p, Equation (19) has a unique
solution, which satisfies the condition of second degree
to become global maximum.

Argumentation: Please refer to Conjecture 1.

function could be changed into a single variable
function based on the price. Thus to obtain the optimum
amount of price, it is sufficient to consider the first
derivative of profit function equal to zero. Therefore,

Also for each optimum quantity of T, the profit we have
TPaory oo Ter) _
ap ap

ﬁ(_1+eT}.) D . (—1+e”)(a—ﬁp) _C{ﬂ(l—ew) ) ﬂe—tdé)(eT(/HZ) _etd(ﬁ+/1))J
A A A 0+ A

pl.p(1+e" (-1+M1)) I (a-pBp)(1+e" (-1+MA))
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02(0+ 1) 2(0+2)
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ﬂ(e‘“e +e T, _eTh (04 ,1))
- 62(6+2) -
| g (=€ (M —ty) 22 46N (0 + 2) +64 ) (<2 + 0(-1- M A +1,2)))
220+ 2)

o]

(20)
answer. Moreover, the second derivative of TR,(p,T")
with respect to p is always less than or equal to zero.

By assuming A<O0|4>0,8p<a<2Bp  from

Equation (20), it would be clear that if
pc—pBp+(a—pBp) <0, Equation (20) will have an

) A(l-e+) pe s’ (&7 —eu (1) _2p1,(1+e" (-1+ M2))

o°TP A O+ A A?

a;(zpﬂ _ = <0 Consequently, TR,(p,T") , for each

T", is a concave function of p, so the obtained quantity of p from Equation (20) will be unique.
Case 4. ty <M<Tand T <T
TR, (p,T) isanon-linear and continuous function in p and T; thus for each p, the necessary condition to maximize profit

function is:
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Conjecture 4: for a given p, Equation (20) has a unique
solution, which satisfies the condition of second degree
to become global maximum.

Argumentation: Please refer to Conjecture 1.

Therefore, the optimum answer of T* for a given p,
could be obtained. Furthermore, for each optimum
quantity of T-, the profit function should explored to
obtain the optimal price. The first-order condition is:

TPapr)
ap
b(—1+e™ _ TA _ 1_ gle? be e (T(0+4) _ gla(¢+2)
~ (-1+e )p+( 1+e)(a bp)_c[b( e )_ e (e e )
2 A 2 0+ 4
bel, (M0 +e ™72 —e™ (0+ 4))
.
TPy 1) _ 02(0+ 2) -
ap 1l bip(t+e" (-1+M2a)) 1, (a-bp)(L+e"i (~1+M2))
T 22 N 22 -
. e’ (-1+e"")(0+2)
i be4?| 4@t g 4 T+ 5 _
o _b(e‘”9+e WOT(012) —e”(9+ﬁ.)) B [ ¢ ¢ A
0A(6+ 1) 2(60+ 1)

Assuming A < 0,|/1| >0,p<a<2p8p,if pc—pp+(a—-pFp)<0 Equation (22), it would have an answer. Moreover, the
second derivative of TR,(p,T") with respect to p is always less than or equal to zero:

62TP A O+ A /12

MCADI

, ﬂ(l—e‘”) . ﬂe—tde(eT((JM) _etd(9+i))]_ 2/)’Ie(1+eM"(—1+ M/I))

<0 Consequently, TP,(p,T") for each T" isa

op®

T

concave function relative to p. Hence, the obtained quantity of p from Equation (22) will be unique.

5. Solution Algorithm
Based on the presented formulation, an iterative
algorithm proposed to solve the model. First, the
retailer's qualification to use the trade credit
should be identified. In case of presenting the trade
credit, based on its amount, it should be identified
that which case could be chosen for calculating the
optimal amount of the order, price, and total profit.
To do so, first the initial amount Q should be
obtained to identify whether it is equal to or

A+ 6

p[(a — pp)e I:e(/us)‘r e+t :' _(x _2’/3 P) [1_ et :'] _A

greater than the amount considered by the
supplier. Regarding the equation (7), for
calculating Q, quantities of P, and T are

calculated. Then, the following formula used to
find the initial amounts of P; and T by equating its

derivative to zero, once relative to T and again
relative to p. This is the equation used for
calculating the total profit without using earned
and payable interest.

OA(0 + A)
e (—1+e™ )1+ 0)

_h|:e—etd (e(s+ﬂ.)td O + e@+DT 3 _ AT +0t (0 + ﬂ.))(a _ ,6’p) N

|k

e (x —ﬂp)[— 5

4 @M ot, + e(6+ﬂ)Tﬂtd] =0 (23)

(0 + A)

A+ 6O

The proposed algorithm is as follows.

Algorithm 1: find optimal solution

Step 1: by applying Equation (23), the initial
amount of p and T is identified.

—c|: (x — Bp)e ™ [e(ﬂ+6)T _ eGror :I  (« —ﬂﬂ P) I:l_ e :|:|

Step2: after obtaining p and T, an initial amount
for Q is calculated.
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Step3: compare Q withQ, . If Q is less thanQ,,

then the first case is chosen to obtain the optimum
amounts of p, Q, T and TP, otherwise go to step 4.
Step 4: in this step, the quantity M is examined to
choose the cases.

If M>T, the second case is chosen to calculate p,

T°,Q and TP".
If 0<M <1, , the third case is chosen to calculate
these quantities.
If t; <M <T, the fourth case is chosen to calculate

these quantities.

Step 5: after choosing appropriate case, we do
following sub-steps (here, we explain following
sub-steps for first case):

Sub-step 5-1: by using p; obtained in the first

step and by using Equation (15) the amountof T *
will be acquired.

Sub-step 5-2: by using the amount of T* Obtained
in sub-step 5-1 and from Equation (16) the amount

P;,, will be obtained.
Sub-step 5-3: p,,, and p; are compared. If their

difference is smaller than a specific amount, then
set p” = p,,, and the amounts of p and T~ are
the optimum ones. Thus, the algorithm is stopped
and we go to sub-step 5-4. Otherwise, set
p = p,,, and return back to sub-step 5-1. (In this
study, 0.001 is considered to examine the
difference between p; and p;,, ; this amount can
vary).

Sub-step 5-4: obtain the amounts of TR+ and Q *

using Equations (11) and (7), respectively. Present
best-found solutions and stop the algorithm.
End of Algorithm 1.

6. Numerical Analysis and Sensitive
Analysis

This section presents a numerical example in order
to prove the solution method as well as results. We
use the discussed algorithm to solving this
numerical example. Moreover, we perform
sensitive analysis for values of parameters to
showing results. We obtain the results by using
Matlab.

A=8250/per order, c=3820/per unit, 6=0.06,

=112, px)=e*™  M=006, 1p=0.15,
f(t,p)=(200-4p)e**™ | le=0.12. Q, =60 ,
Q_, =20, h=$1 per unit time

First, the model is solved by Q,=60 . The

following results are reached:

p=36.0719, T=0.93384 , Q=34972, TP
= 240.6484

Now, the model is solved by Q_,=20. Now, the

model is solved by M =1.75 and the following
amounts are acquired.

p=338672 T=0.67175 Q =32.3316 TP =
517.058

By comparing the obtained results in two above
conditions, we will realize that the retailer would
reduce the price to increase selling and the
acquired total profit in the second case, (TP =
517.058), is higher than the first (TP = 240.6484);
this is due to trade credit. Also, the retailer prefer
to order lower quantity with shorter replenishment
cycle.

6.1. Sensitive analysis

Doing the sensitive analysis is a suitable way for
model performance’ comprehension. We can
present sensitive analysis for some parameters. In
this research, the sensitivity analysis on acquired
total profit, replenishment cycle and order amount,
will be presented based on different trade credit
guantities.

Tab. 1. Sensitivity analysis on total acquired profit, replenishment cycle and order amount

based on different quantities of trade credit

M 0 0.03 0.06 0.08 0.40 0.80 1.10 1.40 1.80 2.10

TP 240.65 243.81 247.03 250.32 290.196 339.38 39441  450.10 526.21  584.55
T 0.93 0.93 0.93 0.92 0.88 0.83 0.722 0.697 0.668 0.6648
Q 34.97 35.00 35.02 35.04 35.07 34.94 32.61 32.49 32.30 32.14
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Fig. 2. Sensitivity analysis for total profit based on trade credit amount

Table 1 shows the total profit based on different
trade credit rates. As it can be seen from fig. 2, the
more trade credit, the more total profit.

0.95

Now, sensitivity analysis for replenishment cycle
for different trade credit rates will be examined:
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Fig. 3. Sensitivity analysis for replenishment cycle based on trade credit

As it can be seen from Table 1 and fig. 3, along
with increasing the trade credit, the replenishment
time will be reduced. This reduction means that
the retailer refers a shorter replenishment cycle for
ordering and earning extra profit.
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Fig. 4. Sensitivity analysis of order amount based on trade credit

As observed in table 1 and fig. 4, through
increasing the trade credit amount, the order
amount is reduced. As mentioned in sensitivity
analysis of replenishment cycle, the retailer
prefers shorter replenishment cycle for ordering
with lower amounts.

7. Conclusion

In this research, we studied joint inventory control
and pricing for NIDP under QDTC. In this study,
the retailer was supposed to order equal to or more
than a specific amount identified by the supplier if
he/she wants to enjoy the advantages of the trade
credit. It was underlined that the optimal answers
are present and unique and therefore an
appropriate algorithm was proposed for finding
the optimal answers. Then by solving a humerical
example, the efficiency model was proved.
Finally, the results obtained from the example
were examined by sensitivity analysis.

The findings demonstrated that when the QDTC is
presented by the supplier, the retailers are
encouraged to buy more and consequently to
benefit more. Eventually, s/he could enjoy the
advantages of this technique through additional
profit. Via applying this technique, the retailer
prefers to decrease the replenishment cycle and
then he/she increases the number of ordering and
thus his/her total profit is boosted. In this way, s/he
can earn the most amount of profit.

We added the QDTC approach to the price-
dependent strategy and inventory control for
NIDP. The demand function was detected to be
dependent on the time and price. Other researchers
are suggested to consider probable demand
function for future studies. Moreover,

supplementary techniques such as advertisement
tasks could be added to the model for further study
paths.
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