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The chaos analysis and chaos control system has been considered for the 

heave dynamics in this paper. In the first part of this work, dynamical 

model of the vehicle system is derived using the Newtonian dynamics. 

After simulation of the model, nonlinear behaviors consist of jump 

phenomenon and chaos in the heave motion of vehicle are studied using 

the forcing frequency tool that depicts the root to chaos from the periodic 

orbits. In the second part of this paper, controller system based on 

developed delay feedback scheme is designed to stabilize the unstable 

trajectories. For elimination of chaos phenomenon in the vertical 

dynamics, a novel sliding delay feedback controller is developed via the 

fuzzy inference system on the active suspension. In the controller 

structure, fuzzy logic can tune online the controller gain of the sliding 

delay feedback system in order to reject the chattering phenomenon in 

the sliding mode algorithm. Results of the simulations in control system 

show the enhancements of responses of feedback system with reducing 

the power consumption of system and eliminating of chaos. 
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1. Introduction 

The first chaos control system called OGY 

was designed by Ott et al (1990) based on 

linearization of Poincare’ sections to stabilize 

Unstable Periodic Orbits (UPOs). 

Implementation of the OGY controller in the 

chaotic systems requires a complex solution of 

the system's unstable orbits, and the controller 

is activated when the system dynamics reach 

near the fixed point. In 1992, Pyragas 

introduced the delay feedback control method 

for controlling the chaotic systems, which 

controls immediately the system that there is 

no need to solve the UPOs. Other limitation of 

the OGY method compared to Pyragas is the 

derivation of the Poincare’ sections, along 

with high sensitivity of the chaotic system 

relative to change the parameters in keeping 

away the periodic orbits from the basin of 

attraction [1-4]. Recently, many studies have 

been done on chaotic dynamics as well as 

chaos control of vehicle vibrations. For 

example, Litak and his colleagues investigated 

the chaotic vibrations and chaotic control of 

vehicle in quadratic model under the 

sinusoidal unevenness of the road surface [5, 

6]. Naik and Singru analyzed the stability, 

resonance, and chaos in the vehicle's vertical 

dynamics using the Melnikov standard [7]. 

Also, the effect of damping factor on dynamic 

behaviour is investigated by analyzing the 

bifurcation diagrams in the bounce model 

along with determining the specific frequency 

and time lag between wheels in the excitation 

force of the road surface under chaos [8, 9]. 

Fakheari et al studied the effect of uneven 

speed control parameters and the passengers 

on the vehicle's chaotic vibrations. Also, the 

chaotic vibrations in a vehicle equipped with 

magnetic dampers are controlled using a return 

control method [10, 11]. Delay feedback 

control system has been used in the vehicle 

control systems due to its simplicity in design 

and good performance. Among them, this 

method is used in the active suspension system 

to stabilize the rotational oscillations of the 

vehicle body [12]. Zhang et al controlled the 

chaotic lateral dynamic of the electric vehicle 

by active steering system using the adaptive 

time delay feedback method. Also, the 

stability of the vehicle was analyzed with 

delay feedback control, which led to the 

reduction of vehicle vibrations despite the hop 

bifurcation in the system [13-15]. In this work, 

the chaotic oscillations in vertical model of 

vehicle were controlled using the delay 

feedback control algorithm developed by the 

fuzzy sliding mode system. For this purpose, 

after modelling and simulation of the system 

without controller, chaos was analysed in 

nonlinear dynamics through forcing frequency 

diagrams. Furthermore, the forcing frequency 

and power consumption was measured in the 

nonlinear dynamical system with respect to the 

control parameters of the road excitation and 

the control variables in the active suspension 

for designing of chaos controller. In order to 

better stabilize the Time delay feedback 

method, a sliding mode algorithm has been 

integrated in its structure, which has used 

fuzzy inference to Time delay feedback the 

sliding delay feedback. In this control strategy, 

by online calculation of the controller’s 

coefficient in the developed Pyragas control 

system based on the sliding mode, the 

appropriate value of the control gain was 

obtained via the fuzzy system that the 

chattering phenomenon caused by the sliding 

mode behaviour around the sliding surface can 

be eliminated. The simulation results of the 

feedback system confirmed the stabilization of 

the active suspension system along with 

overcoming chaos that occurs in the vehicle.  

 

 

Figure 1: Model of vehicle with active 

suspension system under the road roughness 

 

2. Vehicle dynamics modeling 

The vertical model of open-loop system in 

vehicles with active suspension is 

demonstrated in figure 1. The model consists 

of the main rigid body and two tires. State 

variables of the system are heave motion (𝑥𝑏) 

and rotation of main body (θ). Also, vertical 

motions of front and rear tires are stated as 

(𝑥𝑓) and (𝑥𝑟). 
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 In this modelling process, rotations around 

the other axis are neglected. Also, all of 

springs and dampers in the suspension system 

and tire model are considered with nonlinear 

effects and the front and rear actuators force in 

the active suspension system are modeled as uf 

and ur respectively. 

Nonlinear model of springs and dampers in 

the suspension system are as follows [16]: 

where, K and C are the stiffness coefficient of 

the spring and dampers of the suspension 

system. 𝑋0 is the displacement of the input 

excitation from the road surface that is 

assumed as an alternating sinusoidal function 

and expressed by X Asin(2 ft)fd =  and
X Asin(2 ft )rd =  +  for the front and rear tires, 

respectively, where A is the amplitude, f is the 

frequency of the excitation force and   

represents the time delay between the 

displacement applied by the unevenness of the 

road surface affecting the front and rear tires. 

Also, vehicle tires are modeled with non-linear 

spring and viscous damper, and the 

mathematical relationship for tire spring force 

equals s s sf k ( )=  and Xtc t tf c ( )=   as tire damper 

force.  

By applying the Newton-Euler laws, the 

vehicle motion equations are as follows: 

(2) 

b b f 2 bf 2 f 2 bf 2

r2 r2br2 br2 b f r

m x k ( ) c ( )

k ( ) c ( ) m g u u

= −  − 

−  −  − + +

 

(3) 
f 2 bf 2 f 2 bf 2 f

rr2 r2br2 br2

j (k ( ) c ( ))(l cos )

(k ( ) c ( ))(l cos )

 =  +  

−  +  
 

(4) 
f f f 2 bf 2 f 2 bf 2

f1 bf1 f1 bf1 f f

m x k ( ) c ( )

k ( ) c ( ) m g u

=  + 

−  −  − +
 

(5) 
r r r2 r2br2 br2

r1 r1br1 br1 r r

m x k ( ) c ( )

k ( ) c ( ) m g u

=  + 

−  −  − +
 

In above relations we have 

bf 2 b sf 2 f f

bf 2 b f f

r rsr2br2 b

r rbr2 b

bf1 f sf1 fd

bf1 f fd

r sr1br1 rd

rbr1 rd

x x l sin

x x l cos

x x l sin

x x l cos

x x

x x

x x

x x

 = − − − 

 = − − 

 = − − + 

 = − +  

 = − −

 = −

 = − −

 = −
    (6) 

where sf 2


 and sr2


 are the static length 

variations of the suspension springs, sf1
, sr1

 

are the static length variations of the equal 

stiffness in tires. The simulation parameters 

numerical values are shown in Table 1. 

 

3. Forcing frequency analysis 

   Dynamic simulation of the open loop system 

of the vehicle vertical motion under the active 

suspension system was performed by 

numerically solving the differential equations 

of the motion of the system based on the 

relations (2)-(5) with fourth order Runge-Kutta 

numerical method. The numerical values of 

the system parameters in the simulation 

system are considered according to table 1 and 

the values of the input excitation parameters of 

the road surface are as A=0.08m and phase   

α=π/9 rad. The system's responses in the 

steady state mode indicate the occurrence of 

chaos in the uncontrolled system, which the 

forcing frequency diagrams is used to prove 

the chaotic vibrations. 

 
Table 1: Values of parameters in the numerical 

solutions 

Value System parameters 

1180 kg Mb 
633.6 kg m2 J 

50 kg Mf 
45 kg Mr 

36952 N/m Kf2 
30130 N/m  Kr2 

140000 N/m Kf1, Kr1 
500 kg/s 

360kg/s 

10kg/s 

Cf2  
Cr2 

Cf1,Cr1 

1.123 m lf 

1.377 m lr 

 

(1) 3 3
1 2 1 b 0 2 b 0

3 3
1 2 1 b 0 2 b 0

F K X K X K (x x ) K (x x )s

d d
F C V C V C (x x ) C ( (x x ))sc

dt dt

= + = − + −

= + = − + −
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The natural frequencies of the system are 

calculated from the relationship 2

n[K] [M] 0− =  and 

1[A] [M] [K]−=  that are equal to the eigenvalues of 

the matrix [A]. These frequencies for the half-

vehicle model after calculation in Matlab 

software are equal to 

1 2

3 4

1.0750Hz, 1.8234Hz

9.4976Hz, 9.8139Hz

n n

n n

f f

f f

= =

= =

 as can be seen from the graphs in figure (2), 

approximately at the frequency f=1.823Hz 

which is the dominant frequency of the 

system, the frequency of the system's 

excitation force is in the same range as the 

natural frequency of the system, and 

probability there is a phenomenon of 

frequency amplification. In order to verify the 

values of the natural frequencies, Table 2 

summarizes the results obtained in this 

research compared to the results of reference 

[10]. The results of the comparisons showed 

that the natural frequencies obtained in this 

research are in the same range as the reference 

that clearly indicated the correctness of the 

calculations. 

 
Table 2: Comparison of the results of natural 

frequencies are obtained in this research with 

reference [10] 

n4f n3f n2f n1f  

9.8139 9.4976 1.8234 1.0750 

Natural 

frequency 

in this 

research 

(Hz) 

9.26 9.08 1.80 1.28 

Natural 

frequency 

in ref [10] 

(Hz)  

 

The relationship between the speed of the 

vehicle and the frequency of the driving force 

is /=f v   where f is the frequency of the driving 

force and is the wavelength of the roughness 

of the road surface, which was previously 

defined as a sine wave. The values of the 

vehicle speed, taking into account the 

reference [6] and the values of the first and 

second natural frequency and the jump 

frequency [f=1.075, 1.8234, 3.6] Hz are equal 

to [v=12.92, 21.92, 43.28] km/h. The dynamic 

analysis of the frequency control parameter of 

the road surface excitation force is shown in 

the graphs of Figure (2), which includes the 

maximum absolute value of the displacement 

of the state variables according to the 

frequency control parameter of the road 

surface excitation force, which indicates 

different behaviors in the responses of the 

system with increasing and decreasing 

frequency of the driving force. The range of 

increasing and decreasing frequency, for 

example, in the frequency range 1Hz<f<6Hz in 

parts of the frequency range 3Hz<f<5Hz, we 

see the behavior of frequency jumping. 

 
(a) 

 
(b) 

 
(c) 

 
(d) 

Figure 2: Frequency response diagrams for state 

variable when the forcing frequency f  is slowly 

increased and decreased: (a)
bmax x (t) , (b) max (t)  

, (c)
fmax x (t) , and (d)

rmax x (t)  
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4. Chaos control system design 

Sliding Chaos control via Pyragas method 

based on the delay feedback control for 

stabilizing the UPOs has been conducted, in 

which a UPO is estimated by a time-delay 

state variable. The feedback used in this 

control strategy is based on the difference 

between linear state and its time delay, and the 

time constant associated with the delay is 

considered to be equal to the periodic orbit of 

UPOs. One of the advantages of delay 

feedback is that it does not require basic 

knowledge of the UPOs except for its 

fluctuation period and can be easily 

implemented. Therefore, the control input 

signal is extracted in a simple way

 u(t) k y(t ) y(t)= −  −  that is the output signal, 

is time delay and K is adjustable control gain, 

which by selecting appropriate value, ensures 

the stability of UPOs [2,3]. 
 

4.1. Delay feedback control algorithm 

The Time delay feedback control algorithm is 

a linear feedback controller for stabilizing 

unstable periodic orbits in the system. If the 

dynamic system is defined as follows: 
(n)x f (t, x) g(t, x)u= +  (7) 

where x is the state vector, u is the control 

input signal, f and g are uncertain functions 

and in u = 0, the system has chaotic behavior 

[17]. For this reason, at first, the delay state of 

is defined. It is obvious that the  x(t) x(t T)= −

delay state should meet the following relation. 
(n)x f (t T, x) g(t T, x)u= − + −

 
(8) 

where, u u(t T)= − . The dynamics of error 

system is obtained by distinguishing between 
two equations (7) and (8) as follows: 

(n) (n)x x f (t, x) f (t T, x)
g(t, x)u g(t T, x)u

− = − −
+ − −  

(9) 

where e x x= −  the error vector and the 

differential equation of error system are 

expressed as follows: 
(n)e f (t, e x) f (t T, x)

g(t, e x)u g(t T, x)u

= + − −

+ + − −  (10) 

Therefore, the stability of an UPOs in a 

chaotic system according to equation (9) leads 

to the stabilization of the error dynamics (10) 

that in order to increase the speed of 

convergence of the system to its stable fixed 

points, due to the uncertainties of the system, 

the robust control strategy based on the sliding 

mode has been used with definition of the 

sliding surface as follows [17]: 
n 1

i i

i 1

ˆS e

+

=

=   (11) 

where 
t t

(i 1)
i i

T T

ê (t) e (s)ds e (s)ds−= =   and i 0   that to 

achieve a stable dynamic for reaching sliding 

mode, the system must be placed in S 0= . In 

order to extract the control input u that 

satisfies the reaching mode and the trajectory 

of the system in a limited time to cross the 

intersection of the sliding surface, a definite 

positive Lyapunov exponent function is 

defined as 2V (1/ 2)S= , which is ultimately 

derived from the Lyapunov function and, 

assuming g(t, x) 0  and simplifying the 

calculations, the control input u is extracted as 

follows [17]. 

n n
n m

n

i i

i 1

1 ˆ ˆu ( f (t, x) f (t T, x)
g (t, x)

e Ksign(S))

=

= −  − −


+  +
 (12) 

 

where, the coefficient k in order to satisfy the 

Lyapunov stability condition of the system 

must apply to the following inequality. 

 
n

M
i i n n

m i 1

n n M

g (t, x)
K ( 1) e f (t, x) f (t T, x)

g (t, x)

F(t, x) F(t T, x) g (t T, x) u

=

 −  + − −

+ + − + − + 


 (13) 

 

5. Stability and robustness analysis 

The responses of closed loop system under the 

delay sliding mode controller that control 

gains are determined by the fuzzy logic depicts 

a stable behavior, since the responses of the 

simulated system are inclined towards their 

desired values in distinct time and are 

completely bounded. Also for the stability 

analysis of the feedback system, the Lyapunov 

stability criterion was used, which is based on 

the linearization of the system around the fixed 

point, the eigenvalues of the system are 

1 0.56 = − , 
2 7.87 = − , and 

3,4 4.6 0.343j = −   

that placed in the left hand of the complex 

plane, which depicts system stability. 
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Figure 3: Feedback Control of block diagram 

in Carsim simulation 

 

In order to consider the robustness of the 

designed controller, at first, the robustness of 

the control system against the parametric 

uncertainties is examined so that the mass and 

inertia moments of the vehicle model is 

increased as 8% of initial values and applied to 

the feedback system. Therefore, the new 

simulation results show the appropriate 

performance of the closed loop control system 

in compared with the changes of parameters. 

Also, in order to analyze the robustness of the 

controller relative to the structural and un-

modeled uncertainties, the designed control 

system is linked to the Carsim software 

simulator and controller is applied to a SUV 

vehicle model with 27 degrees of freedom 

based on the figure 3. Ultimately, the results of 

feedback simulation in Carsim model indicates 

the entirely adaptation of controller responses 

in simulator with the designed feedback 

controller. 

 

6. Control force of active suspension    

actuator 

The force of the front and rear actuators of the 

active suspension system under the Time delay 

feedback controller is shown in figure (4) as 

below. 

 

Figure 4: The front and rear actuator control 

force of active suspension 

 

7. Power consumption 

Actuator power consumption is very 

significant performance criteria in active 

suspension systems to quantify the proposed 

controllers. Power consumption 
acp  can be 

determined using the following mathematical 

equation [18]: 

(14)         

T

0
ac

U(t) (SWS)(t) dt

P
T

  
=


 

Where, U is the control force, SWS is the 

suspension working space across the actuator, 

and T is the simulation time. Figure (5) shows 

the displacements of the front and rear wheels 

relative to the vehicle body. According to 

figure (6), the average power consumption of 

the Time delay feedback controller for the 

front and rear suspension systems is equal to 

1.2117kW and 0.4114kW, respectively. From 

the values of the average power consumption, 

it is evident that the average power 

consumption in the rear suspension system is 

lower than the front suspension system. 

 

 
((a
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(b) 

Figure 5: displacement of the front and rear wheels 

relative to the vehicle body, (a) displacement of the 

front wheel relative to the body, (b) displacement 

of the rear wheel relative to the body. 

 

 
(a) 

 
(b) 

Figure 6:  power consumption of the suspension 

system under the Time delay feedback controller, 

(a) front suspension system, (b) rear suspension 

system 

8. Conclusion 

The chaotic vibrations of the bounce model of 
vehicle in the face of uneven road surface 
were investigated in this paper, and then with 
the new sliding delay feedback fuzzy 
controller, the irregular oscillations are 
eliminated. Therefore, the mathematical model 
of the system is derived based on the Newton-
Euler formulas and simulated the open loop 

system. Then forcing frequency diagrams are 
used to analyze the chaos in the nonlinear 
dynamics. According to the results of the 
forcing frequency diagram, the range of 
changes in control parameters in periodic, 
quasi-periodic, and chaotic behavior are 
demonstrated in the uncontrolled system that 
can be used in design of the control system in 
terms of disturbances and control signals 
values. In order to control the chaotic 
responses, chaos control based on the delay 
feedback strategy is developed with no need to 
solve the UPOs in the active suspension 
system. To increase the system rapid 
stabilization, a sliding mode control was used 
in the structure of time delay feedback 
controller. Also, in order to eliminate the 
chattering phenomenon in the sliding mode 
and to online estimate the controller gain 
accurately, the fuzzy inference system is 
combined with the sliding delay feedback 
system. The simulation results of the feedback 
system based on the Fuzzy SMC-Pyragas 
indicates the stabilization of the dynamics 
along with the elimination of chaotic behavior 
by reducing the settling time without any 
overshoot in the responses. Comparison of 
results in this work with [19] depicts 15% 
reduction at the settling time besides the 
system response overshoot rejection. Also the 
comparison of control signals the controller 
input amplitude with [19], in addition to 26% 
reduction in actuators effort, the saturation 
problems in suspension actuators can be 
solved and 34% decrease in the energy 
consumption according to the subplot area in 
the control signal diagram. Comparison with 
[20] depicts 20% reduction at the settling time 
by the system responses overshoots rejection. 
Also, compared to [20], in addition to 35% 
reduction in the amplitude of the controller 
input and delete the saturation problem in 
suspension actuators, 20% the energy 
consumption decrease was demonstrated in the 
control signal diagram. Additionally, the 
power consumption of the proposed controller 
was examined, whereas, the mean values of 
the power consumption in this work is 
improved as 48% relative to reference [18]. 
 

9. Notation 

Mb vehicle body mass 

J vehicle body inertia 
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Mf front unsprung mass 

Mr rear unsprung mass 

  Xb(t) displacement of Mb 

    θ(t) angular displacement of Mb 

   Xf(t( displacement of Mf 

   Xr(t) displacement of Mr 

  Xfd(t) excitation to the front tire 

  Xrd(t) excitation to the rear tire 

lf front length 

lr rear length 

    Kf2 front suspension spring stiffness 

   Cf2 front suspension damping coefficient 

    Kr2 rear suspension spring stiffness 

   Cr2 rear suspension damping coefficient 

   Kf1 front tire stiffness 

   Cf1 front tire damping coefficient 

   Kr1 rear tire stiffness 

   Cr1 rear tire damping coefficient 

   Ks stiffness of the suspension springs 

   A amplitude of the excitation force 

   f 

  uf 

  

  ur 

frequency of the excitation force 

the force of the front actuators of the 

active suspension system 

the force of the rear actuators of the 
active suspension system 

  Α the time delay between the road 
roughness to the front and rear tires 
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