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In this article, the optimal robust H, / H. control of self-driving car
platoons (SDCPs) under external disturbance is investigated. By
considering the engine dynamics and the effects of external disturbance,
a linear dynamical model is presented to define the motion of each self-
driving car (SDC). Each following SDC is in direct communication with
the leader. By utilizing the relative position of following SDCs and the
leader, the error dynamics of each SDC is calculated. The particle swarm
optimization (PSO) method is utilized to find the optimal control gains.
To this aim, a cost function which is a linear combination of H, and H.
norms of the transfer function between disturbance and target variables is
constructed. By employing the PSO method, the cost function will be
minimized and therefore, the robustness of the controller against external
disturbance is guaranteed. It will be proved that under the presented
robust control method, the negative effects of disturbance on system
performance will significantly reduce. Therefore, the SDCP is internally
stable and subsequently, each SDC tracks the motion of the leader. In
order to validate the proposed method, simulation examples will be
presented and analyzed.

1. Introduction

The virtual coupling of self-driving cars (SDCs)
in which each SDC communicates information
with its neighbors is called car platooning which
is recognized as a special kind of cooperative
multi-agent systems (CMASS) [1]. The main aim
in the control of self-driving car platoons (SDCPs)
is to stabilize the motion of connected SDCs
while maintaining a safe optimal distance between
them [2, 3]. By organizing motion of SDCPs and
controlling their velocity, it will be possible to
keep intervehicle distances at a desired value in
order to increase highways’ capacity, enhance the
fuel efficiency and improve the quality of traffic
flow [4, 5].

All cars in an SDCP are coupled together and
therefore, behavior of each SDC and the external
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disturbance applied to it will affect other SDCs
motion in which the spacing errors will increase
and amplify [6, 7]. In an SDCP, in addition to the
stability of individual SDCs, the stability of the
group motion is also important, which is called
internal stability [8]. Another concept of stability
is proposed, which is based on the non-
proliferation of tracking error in the platoon. In
other words, when disturbance is applied to the
leading SDC, the magnitude of the tracking error
in the following SDCs will not increase. This type
of stability is called string stability [9, 10].

In past decades, substantial research works have
been donated to control and stability of SDCPs
which led to a diversity of outcomes in the
researches. These researches fall into several
different categories and their purpose is to fulfill
all or part of the following objectives: internal
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stability [10, 11], string stability [12], car
following [13], safety of motion [10, 14], comfort
of passengers [15, 16], large-scale SDCPs [17],
robust performance against noise [18] and
disturbance [19], uncertainty estimation [20],
scalability [21], lane changing problem [15, 22],
increasing highway capacity [10, 23], network
attack prevention [24, 25], time delay analyses
[26], fault tolerant performance [27], stability in
the presence of actuator saturation [28] and
actuator faults [29], finite-time stability [30],
stabilization of complex [31] and switching
networks [32], improving stability margin [33]
and system performance in the presence of data
loss [34], etc.

Different works have been done in the field of
robust control of SDCPs. In [35], a robust
controller against uncertain nonlinearities and
time delay is devised for second-order nonlinear
SDCPs. Robust adaptive sliding mode control
(SMC) of third-order SDCPs is the subject of
[36]. A novel robust SMC is designed in [37] to
attain the string stability of SDCPs in both
transient and steady state motion. A combination
of artificial neural networks (ANNSs) and SMC to
disturbance rejection is the main idea of [38]. An
adaptive consensus method which is robust under
size-varying and uncertain dynamics of SDCPs is
proposed in [39].

One idea to design a robust control against
disturbance is to minimize the transfer function
between the disturbance and the output of system.
This objective can be achieved by different
methods such as norm 2 (H,) or norm infinity

(H,) minimization of this transfer function. If we
minimize the H_ norm of a signal, its maximum
amplitude will reduce and if we minimize the H,

norm, the average value of it will decrease. By
doing this, the effect of disturbance on target
states will be reduced and as a result, the system
will be robust against external disturbance. In this
paper, by considering the engine dynamics, a
third-order linear model (in terms of position)
which is under external disturbance is used to
define each SDC motion. The communication
structure is centralized uni-directional in which
each car is in direct communication only with the
leader. In other words, each SDC receives the
position and velocity of the leader and therefore,
has access to relative position and velocity with
respect to leader. The position error is defined as
the difference between each SDC’s position and
the leader position. Based on this definition, the
error dynamics of each SDC is calculated. A
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linear feedback controller utilizing both relative
position and velocity is introduced to guarantee
stability of individual SDC and whole of SDCP.
To use advantages of H, and H_ controllers

simultaneously, we combine both of them and
constitute a linear cost function. By using the
particle swarm optimization (PSO), this cost
function is minimized and consequently, the
optimal control gains will be obtained. In order to
evaluate this method, simulation studies are
investigated. In summary, the most important
novelty of this paper is designing a linear optimal
controller in which the optimal gains are
calculated by minimizing the cost function which
is a linear combination of H, and H_ norms. By

doing so, the transfer function between target
states and disturbance will be reduced through
optimal gains obtained by particle swarm
optimization which means the robust performance
of the SDCP.

The continuation of the article is organized as
below. In part 2, the problem definition and
preliminaries are introduced. in part 3, the control
design procedure is presented. Part 4 describes the
optimization process design. Part 5 considers
related simulation studies. Finally, the article is
concluded by part 6.

2. System formulation

Figure 1 illustrates a SDCP of a leading SDC
and N following SDCs. Each SDC is in direct
communication with leader and receives its
position and velocity. x, and v, are position and
velocity of leader, |, is the length of SDC i and s

is a constant value. The leader dynamical equation
is described as:

%o (1) =, (1) M)

In which x,(t) is position of leader and ¢, (t) isa

determined function. The motion of i-th SDC is
describe through the below equation (it should be
noted that other nonlinear effects such as tire
dynamics, cornering  dynamics, etc. are
compensated by the lower-level dynamics [3]):

8 (1) +a, (1) =u; (1) +w () )

where @ is time constant of engine, a(t), u,(t)
and w(t) are acceleration, control law and

external disturbance associated with the i-th SDC.
The position error of i-th SDC is defined by:
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Figure 1: An SDCP with a centralized network and non-identical cars

e 0=x,0-x0)-is -3, ®

Accordingly, one can write:

€ (1) =Vvo (1) — v, (1),

€M) =p () —a (), (4)
g =@ (1) —a ()

Combining (2), (3) and (4) yields the following
error dynamics of the i-th SDC.

JE ) +€ ) =—u (1) —w () + S + 9 =
& (t) + € (t) = Bu, (t) + BW,(t)

where o; =1/3, B =-1/8 and W(t)=3¢, +
@0 — W (t) .

()

3. Control design

In this section, a state feedback consensus control
method is introduced to achieve the stability of
the SDCP.

By defining that:

e=r,&=r,6&=r (6)

It is worth-noting that since Eg. (2) is a third-
order model (in term of position), we need three
error variables. The state-space representation of
(5) will be derived as below:

F(t) = Ar(t) + By, (1) + B, (1) W)
01 0 0

where A;=|0 0 1 and B, = 0 |. We
0 0 —o B

define the following target states:

z,(t)=nme(t), z,(t) =n,E(t) (@)

where 7, and 7, are positive values that
m, 17, >1. Therefore, the dynamical equation of

the i-th SDC by considering the output and target
states is written as follows:

F(t)
z(t) |=
y(®)
where Clz(
(z t
z(t) =
z

The transfer function of the open-loop system will
be obtained as below:

I(s)= (?J(SI ~A,)'(B, B,)=

_ 1—‘11(8) | 1—‘12(3) er (S) | l—‘zu (S)

(10)
‘(rm(s) | rzz(s)Hryd [T, (s)j

where

I.(s)=Ty,(5)=C, (sl -A,) "B, =

(mp s (s+ ) (11)
B Is(s+a;)

FZl(S)zrgg(s)zcz(Sl _Ai )71 Bi =
(B (s+a) (12)
A\ Bls(s+a)

The following state feedback control is designed
for the i-th SDC:

u; (t) = ke (t) + ko€ (t) (13)

Figure 2 describes the controller and the closed-
loop block-diagram of i-th SDC.
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Figure 2: Closed-loop dynamics of i-th SDC

The necessary, but not sufficient condition for
stability of (5), is its stability without disturbance.
Replacing (13) in (5) and neglecting disturbance
yields to:

‘9|e| (t) + éi (t) + kzéi (t) + klei (t) =0 (14)

By taking the Laplace transform of (14) and
utilizing the Routh-Hurwitz technique, we find
that under the below condition, the SDCP is
asymptotic stable without disturbance:

k, > k.3 (15)

4. Optimal performance using particle
swarm optimization (PSO)

In the early 1990s, various researches were
conducted on the social behavior of animal
groups. These researches indicated that some
animals that belong to a certain group, such as
birds, fishes and others, are able to share
information within their groups and such ability to
these animals. It conferred significant survival
benefits. Inspired by these studies, Kennedy and
Eberhart introduced the Particle Swarm
Optimization (PSO) algorithm in an article in
1995 [40]. The PSO algorithm is a metaheuristic
algorithm that is suitable for optimizing non-
linear continuous functions. The authors of the
mentioned article have inspired and created the
PSO algorithm from the concept of particle
intelligence which usually exists in groups of
animals such as herds and packs of animals.

The condition (15) is necessary but not
sufficient for the stability of the proposed SDCP.
To achieve stability, the effect of disturbance on
target states should be reduced as much as
possible. To this aim, the magnitude of the closed-
loop transfer function between the disturbance
and the target states should be decreased. By
combining (10) to (13), the closed-loop transfer
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function between z(t) and W (t) is obtained as
below:

Ta(s)=Tp(s)+

4 (16)
+T,(9)K ( 1-T, (S)K) [,(5)

To reduce the magnitude of the above
transformation function, the H, or H_ norms

can be considered. By reducing the H_ norm, the
maximum magnitude of T,(jw) will decrease.
On the other hand, if H, norm be reduced, the
average magnitude of T, (jw) will be decreased.
Here we want to take advantage of both H, and
H_norms. Therefore, we define the following
cost function which is a linear combination of H,
and H_ norms:

CF =v[T(jo), + (1-v)[T.s (jo)l, (17)
where v is a positive value such that 0 <v <1.

To obtain the optimal values of gains k, and
k,, we employ the PSO method. By minimizing
(17) through PSO, the optimal gains are obtained.

5. Method validation

In this part, simulation studies are offered to
verify the proposed technique.

5.1. Simulation results

For simulation study, we consider a SDCP with
10 following SDCs and a leader. The

specifications of the SDCs are as below:
§=01s", 1. =4.2m, s=8m,k, =2.4,

, (18)
k, =2.3,w(t) =0.005v + 0.001v

Distance error between two successive SDCs is
defined as:

ri(t) =Xi(t)_xi—1(t)_|i—1 —-S (19)

Moreover, we choose v =0.5. In other words, the
weights of both H, and H_ norms are equal.

First case study. We consider a zero-acceleration
motion of leader according to the following:

@, (t)=0, v,(t)=20m/s (20)

The initial velocities of following SDCs are
chosen arbitrarily as follows:
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(21)
=[10,15,5,12,8,17,22,25,19,24] m / s

Distance error of SDCs is plotted in Figure 4. This
figure shows the stability of SDCP since the
distance errors tend to a small region around the
origin. The position of each SDC is depicted in
Figure 5. According to Figure 5, distance between
all neighbor SDCs is positive. So that, we have no
collision between SDCs. Velocity of all SDCs is
shown by Figure 6. As we infer from this figure,
all SDCs reach the velocity of leader.

Second case study. A movement with positive
acceleration is assumed for leading car according to the
following profile:

1,0<t<10

, V.(0)=10m/s 22
0. else 2(0) (22)

@ (1) :{

All initial potions and velocities are same as
previous example. Figure 6 depicts the distance
error of SDCs and Figure 7 shows the velocity of
all cars. These figures These figures confirm the
stability of the SDCP. Moreover, the instant
position of cars is plotted in Figure 8. This figure
infers that the collision is prevented in the
SDCP’s motion.

Second case study. A movement with negative
acceleration is assumed for leading car according to:

-1,0<t<10

, V.(0)=10m/s 23

@, (1) = {

All initial positions and velocities are same as the
previous case study. The results are presented
through Figures 9 — 11.
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Figure 3: Distance error of first case study
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Figure 7: Velocity of second case study
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Figure 8: Position of second case study
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Figure 9: Distance error of third case study
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6. Conclusions

The problem of robust optimal Hz / H.. control of
SDCPs under external disturbance was studied in
this paper. It was assumed that each SDC
communicates directly with the leader and has
access to its position and velocity. The main
objective was designing a robust controller to
weaken the effect of external disturbance on the
target states and the outputs of the SDCP. To this
aim, we defined a cost function which was a
linear combination of H, and H_ norms of the

transfer function between disturbance and target
states. By employing the PSO, the optimal control
gains which minimized the cost function were
derived. To show the merits of this method,
different numeric studies were presented. For
future works, the LQR method can be employed
to design an optimal controller. The results of
LQR can be compared with this paper.
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