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Abstract—In this paper, the reﬂection and transmission of an
electromagnetic plane wave from (through) planar layered of
inhomogeneous bi-anisotropic media are considered. Inhomogeneous
layers are decomposed into thin homogeneous sub-layers, and the
method of propagators is used for analysis of the wave interaction
with planar multi-layered of homogenous bi-anisotropic media. The
most interesting property of the presented method is its systematic
approach. Finally, the validity of the method is veriﬁed by considering
some special types of bi-anisotropic media and comparing the obtained
results from the presented method with the other reported methods.

1. INTRODUCTION
There has been increasing interest in studying interaction of
electromagnetic (EM) ﬁelds with bi-anisotropic media over the
years [1–5]. Due to anisotropy of a bi-anisotropic medium, its
constitutive
form, i.e., D =
√ relations can be written in a dyadic
√
ε0 ε · E + (ε0 μ0 )ξ · H and B = μ0 μ · H + (ε0 μ0 )ζ · E, where ε0
and μ0 are the permittivity and permeability of vacuum, ε and μ
are the relative permittivity and permeability dyadics, and ξ and ζ
are magneto-electric coupling dyadics [1]. To simplify the notations,
scalars, vectors, and dyadics are represented by italic, italic bold ,
and non-italic bold letters, respectively. Based on these constructive
relations, bi-anisotropic media, incorporating large variety of media,
such as anisotropic media, gyrotropic media, chiral and bi-isotropic
media, have been found to have various applications in microwave and
antenna engineering [6–15].
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EM scattering from planar layered media is an important and basic
problem in the electromagnetics. Although analysis of scattering from
stratiﬁed inhomogeneous media is much more complicated than that
from homogeneous media, the scattering from planar layers of simple
isotropic inhomogeneous media has been intensively investigated
and several approaches have been presented such as Richmond
method [16], solving Riccati equation [17], full-wave analysis [18, 19],
ﬁnite-diﬀerence method [20], using Taylor’s series expansion [21], using
Fourier series expansion [22], method of moments [23], equivalent
source method [24], and cascading thin linear layers method [25].
On the other hand, the scattering from planar layers of anisotropic
inhomogeneous media is investigated in [26, 27]. Furthermore, the
analysis of wave interaction with an inhomogeneous chiral slab is
recently reported in [28] using Taylor’s series expansion.
A very eﬀective and systematic approach for solving scattering
from stratiﬁed bi-anisotropic media has been discussed in [29]. In
this study, we use this method for analyzing scattering from planar
layers of inhomogeneous bi-anisotropic media including all types of
linear media. In this method the notation of propagators which is a
strong tool for solving the scattering properties of a stratiﬁed medium
is applied. The propagators propagate the total tangential electric
and magnetic ﬁelds in the layers and only outside the slab do the upand down-going parts of the ﬁelds need to be identiﬁed. In Section 2,
fundamental relations of the method of propagators, introduced in [29]
are brieﬂy presented. Then in Section 3, applicability of this method
for inhomogeneous media is shown through some examples. In order to
achieve the validity, two special cases are considered and the obtained
results from this method are compared with the previously reported
results.
2. FUNDAMENTAL RELATIONS OF THE METHOD OF
PROPAGATORS
In Fig. 1, a laterally homogenous stratiﬁed medium, composed of N
layers of bianisotropic media is considered. Analysis of scattering
from a laterally homogenous medium can be performed through the
following steps [29].
First, the electric and magnetic ﬁelds [E (r, ω) and H (r, ω)] are
transferred in to the spectral domain using the Fourier transform (FT)
by:
+∞ 
+∞

A (r, ω) exp {−jkt · ρ} dx dy
(1)
A (z, kt , ω) =
−∞ −∞
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Figure 1. Plane wave incidence upon a stratiﬁed structure of N layers.
where ρ = x̂x + ŷy is the radius vector in the xy-plane, and kt =
x̂kx + ŷky is the tangential wave vector, and A is either E or H .
Second, the FT of the electric and magnetic ﬁelds are decomposed
into tangential and normal components. For instance, for the electric
ﬁeld we have E(z, kt , ω) = Exy (z) + ẑEz (z).
Third, substituting the constitutive relations into the Maxwell’s
equations and assuming exp (−jωt) time convention, the following
system of diﬀerential equations in terms of the tangential components
of the ﬁelds is obtained




d
Exy (z)
Exy (z)
= jk0 M(z) ·
(2)
η0 J · Hxy (z)
dz η0 J · Hxy (z)
where k0 is the wave number in the free-space, η0 the free-space
intrinsic impedance,
J = −x̂ŷ + ŷx̂ the 2-D rotation dyadic, and M =


M11 M12
the fundamental dyadic of the medium. Elements of
M21 M22
the fundamental dyadic Mi j , given in [29] are 2-D dyadics, depending
on the tangential wave vector k t , and the constitutive dyadics of the
medium. Using the above analysis, the formal solution of (2) for an
observation point inside layer n (i.e., zn−1 ≤ z ≤ zn ) is
⎧
⎫



zn
⎨
⎬
Exy (zn−1 )
Exy (z)


= S exp jk0
(3)
Mn (z )dz ·
η0 J · Hxy (z)
⎩
⎭ η0 J · Hxy (zn−1 )
zn−1

where Mn (z) is the fundamental dyadic computed for the constitutive
dyadics of layer n and S the spatial ordering operator. Due to
the continuity of tangential ﬁelds, their values at the left-hand side
boundary (z = 0) can be simply mapped to the right-hand side
boundary (z > 0). Therefore, at the boundary (z = zN ) we have




Exy (z = 0)
Exy (zN )
=P·
(4)
η0 J · Hxy (zN )
η0 J · Hxy (z = 0)
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where P is the propagator dyadic of the stratiﬁed media. In the case
of layered structure of homogeneous media the propagator dyadic can
be simpliﬁed to


P11 P12
P=
= e(jk0 (zN −zN−1 )MN ) · . . . · e(jk0 (z2 −z1 )M2 ) ·e(jk0z1 M1 ) (5)
P21 P22
and can be easily calculated using MATLAB expm command. In (5),
it is assumed that each layer is a homogeneous medium. On the
other hand, in the case of an inhomogeneous layer, the layer can be
decomposed into thin homogeneous sub-layers. Then considering (5),
the propagator dyadic of the layer is determined by multiplication of
the propagator dyadics of its sub-layers.
Fourth, assuming that the structure is illuminated by an obliquely
incident plane wave (see Fig. 1), the electric and magnetic ﬁelds in freespace region, z < 0, are the sum of incident (E i , H i ) and reﬂected
(E r , H r ) plane waves. Considering that incident and reﬂected ﬁelds
are decomposed into the tangential and normal components, i.e.,
Ei = Eixy +ẑEzi and Er = Erxy +ẑEzr , the wave splitting technique allows
explaining the tangential components of the electric and magnetic
ﬁelds at z = 0 by that of the forwarding (incident) and backwarding
(reﬂected) electric ﬁelds as:

 
  i

It
It
Exy (0)
Exy (0)
(6)
=
·
η0 J · Hxy (0)
−O−1 O−1
Erxy (0)
where It = x̂x̂ + ŷŷ is the 2-D identity dyadic, O−1 = k0 /kz [It +
1/k02 kt × (kt × It )], and k t and kz are the tangential and normal
components of the incident and reﬂected wave vectors, i.e., ki = kt +ẑkz
and kr = kt − ẑkz . On the other hand, the ﬁelds at boundary
z = zN is forwarding (transmitted), thus by applying the wave splitting
technique we have:
 

  t

It
It
Exy (zN )
Exy (zN )
=
(7)
·
η0 J · Hxy (zN )
−O−1 O−1
0
where E txy (zN ) is the transmitted ﬁeld at z = zN . The inverse relation
can be written as



−1 
 t
It
It
Exy (zN )
Exy (zN )
·
=
η0 J · Hxy (zN )
−O−1 O−1
0


 
1 It −O
Exy (zN )
.
(8)
·
=
η0 J · Hxy (zN )
2 It O
Substituting (6) in (4) and the obtained relation in (8) we obtain:





 i
 t
1 It −O P11 P12
It
It
Exy (0)
Exy (zN )
(9)
·
=
·
·
P21 P22 −O−1 O−1 Erxy (0)
0
2 It O
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Fifth, the transverse reﬂection and transmission dyadics rxy and
txy , whose multiplications by the transverse incident ﬁeld reveal the
transverse reﬂected and transmitted ﬁelds, are deﬁned by
Erxy (0) = rxy · Eixy (0) , Etxy (zN ) = txy · Eixy (0)
and can be obtained by ﬁrst substituting (10) in (9), i.e.,

 
 
  
 
1 It −O
It
It
P11 P12
It
txy
=
·
·
−1
−1 · r
0
O
P
P
I
−O
O
21
22
xy
2 t

(10)

(11)

and then solving the system of the obtained equations. The result is:
(12)
rxy = −T−1
22 · T21 , txy = T11 + T12 · rxy

 

 


1 It −O
It
It
P11 P12
T11 T12
·
=
·
.
where
T21 T22
P21 P22
−O−1 O−1
2 It O
3. APPLICABILITY OF THE METHOD OF PROPAGATORS FOR ANALYZING SCATTERING FROM
PLANAR LAYERS OF INHOMOGENEOUS MEDIA
In this section, three examples are provided to illustrate the
applicability of the method of propagators for analyzing scattering
from planar layers of inhomogeneous media. In the proposed method,
each layer is decomposed into 100 homogenous sub-layers and then
the method of propagators is applied to determine the reﬂection and
transmission dyadics. Although in general the proposed method allows
considering planar layers of bianisotropic inhomogeneous media, in the
ﬁrst two examples, special cases are considered in order to compare
the obtained results with those of previously published methods and
achieve the validity of the presented method.
The most valuable and interesting property of the presented
method is its systematic approach, allowing one can easily apply this
method on any types of planar layers of inhomogeneous media and
simply implement it in a programming language supporting matrix
manipulations such as MATLAB. In addition the consumed time for
this method is much less than that for numerical methods such as
ﬁnite-diﬀerence technique. For instance, the time consumed for three
examples presented in this paper was less than 5 seconds using a
computer with Intel Core(TM) I5 CPU and MATLAB program.
3.1. Example 1 (Two Layers of Homogeneous Anisotropic
Media)
In the ﬁrst example a two layered slab of homogeneous anisotropic
media with thicknesses of d1 = 4 mm and d2 = 1 mm which constitutive
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dyadics of the layers are given by ε1 = 5x̂x̂ + 4ŷŷ + 7ẑẑ, μ1 =
7x̂x̂ + 12ŷŷ + 30ẑẑ, ε2 = −1x̂x̂ + (−1.8)ŷŷ + (−1.4)ẑẑ, and μ2 =
(−1.4)x̂x̂ + (−2.4)ŷŷ + (−6)ẑẑ is considered. The magneto-electric
coupling dyadics of the media are considered to be zero. The slab is
illuminated by an oblique incidence of a linearly polarized plane wave
(TEz or TMz ) with unity amplitude, and the excitation frequency of
20 GHz. The problem of plane wave propagation through the same
two-layered slab was discussed in [30]. The amplitudes of co- and
cross-reﬂection coeﬃcients obtained from the presented method and
the method of [30] versus the angle of incidence are compared in Fig. 2.
It can be seen that the obtained results from the presented method are
in an excellent agreement with those from [30].
3.2. Example 2 (Inhomogeneous Chiral Slab)

Amplitude of Reflection Coefficients

In the second example, the scattering of a plane wave from an inﬁnite
inhomogeneous chiral slab is considered. The constitutive equations
for a chiral medium assuming√a time harmonic dependence exp
√ (−jωt)
are given by D = εr ε0 E + jκ (ε0 μ0 )H and B = μr μ0 H − jκ (ε0 mu0 )
E . Assume a plane wave with TEz polarization, unity amplitude, and
the frequency of 1 GHz obliquely illuminates an inhomogeneous chiral
slab with thickness of 0.2 m whose constitutive parameters have the
proﬁles of εr (z) = 4z, μr (z) = 1, and κ(z) = e2z . The amplitudes of coand cross-reﬂection and co-transmission coeﬃcients obtained from the
proposed method versus the angle of incidence are shown in Figs. 3(a)
and 3(b), respectively. In order to verify the accuracy, the obtained
results from the Taylor’s series expansion method discussed in [28]
are also illustrated in Figs. 3(a) and 3(b). Apparently, there is an
excellent agreement between the results of the two diﬀerent methods.
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Figure 2. Co- and cross-reﬂection coeﬃcients as functions of incident
angle θ for a two-layered slab of homogeneous anisotropic media.
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Figure 3. Reﬂection and transmission coeﬃcients as functions of
incident angle θ for an inhomogeneous chiral slab. (a) Co- and crossreﬂection coeﬃcients. (b) Co-transmission coeﬃcients.
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Figure 4. Co- and cross components of reﬂection (a) and transmission
(b) dyadic as functions of incident angle θ for an inhomogeneous
bianisotropic slab.
It should be noticed that although the existence of the derivatives of
the parameters proﬁles with respect to the z variable is a necessary
condition for Taylor’s series expansion method, the presented method
is not restricted to this constraint.
3.3. Example 3 (Inhomogeneous Bi-anisotropic Layer)
In the prior examples, the validity of the presented method was veriﬁed.
In the third example, the problem of scattering from an inhomogeneous
bi-anisotropic layer with thicknesses of 0.2 m and constitutive dyadics
given by ε(z) = exp(z/d)x̂x̂ + exp(2z/d)ŷŷ + exp(3z/d)ẑẑ, μ(z) =
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x̂x̂ + ŷŷ + ẑẑ, and ξ(z) = −ζ(z) = j[(z/d)x̂x̂ + (2z/d)ŷŷ + (3z/d)ẑẑ]
is considered. The layer is illuminated by an oblique incidence of a
linearly polarized plane wave (TEz or TMz ) with unity amplitude,
and the excitation frequency of 1 GHz. The amplitudes of the co- and
cross-components of reﬂection and transmission dyadics, obtained from
the presented method versus the angle of incidence are shown in Fig. 4.
Finally, according the discussed examples, it can be concluded that
the proposed method is eﬃciently applicable for analyzing scattering
from stratiﬁed inhomogeneous media.
4. CONCLUSIONS
This paper presents analysis of electromagnetic scattering from
planar layered structure of inhomogeneous bianisotropic media.
Inhomogeneous layers are decomposed into thin homogeneous sublayers, and the method of propagator which has been proposed for
wave interaction with stratiﬁed bianisotropic media applied. Since the
presented approach is very systematic, it can be simply implemented
in programming languages supporting matrix manipulations such as
MATLAB. The validity of the presented method as well as the
correctness of our code is achieved by providing some numerical
examples and comparing the obtained results results with the results
of previously published works for two special cases.
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