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Until now single values of IRR are traditionally used to estimate the
time value of cash flows. Since uncertainty exists in estimating cost
data, the resulting decision may not be reliable. The most commonly
cited drawbacks to using the internal rate of return in evaluatton of
deterministic cash flow streams is the possibility of multiple
conflicting internal rates of return. In this paper we present a fuzzy
methodology for solving problems of multiple IRR in any type of
streams. Ultilization of fuzzy cash flow allows modeling of uncertainty
in estimating cost data. The approach of ¢ -cut is to decrease the
range of the final fuzzy set by increasing the degree of membership.
For each fuzzy IRR in an optimum ¢« -cut, and an obtained present
value of each stream, it is possible to decide on acceptance or
rejection of a project according to the type of each stream (borrowing
or investing). The upper bound of « -cut is the worst case for
borrowing and the lower bound of «-cut is the worst case for
investing. It is shown that both the internal rate of return and the
present value are important in decision making and by analyzing the
sensitivity of these values relative to the « -cut variation, one can see
the behavior of the project and choose a narrower fuzzy range.

© 2012 IUST Publication, IJIEPR, Vol. 23, No. 1, All Rights Reserved.

1. Introduction

natural or artificial language [10]. Linguistic terms

In order to model insufficient information, fuzzy
set concept can be employed to deal with the
uncertainty in the cash flow analysis. In real life,
decisions sometimes have to be made under the context
of incomplete knowledge. It is very likely that decision
makers give assessments based on their knowledge,
experience, and subjective judgment when estimating
cost data. If the cost data are not completely known,
linguistic terms are frequently used to make the
estimations. A linguistic variable is a variable whose
values are not numbers but words or sentences in a
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could be properly represented by the approximate
reasoning of fuzzy set theory and produce fuzzy
numbers by replacing the single-valued estimation for
any vague cost data.

When the numbers and linguistic terms produce a data
set, a fuzziness is required to show that
mathematically. Depending on the degree of
uncertainty, different degrees of fuzziness is used to
express a variable. For that cause an appropriate
membership function needs to be employed and
whenever the given data is expressed in fuzzy
numbers, the results will also be fuzzy.

One of the first problems that every economic analyst
must solve is to decide whether the project is accepted
or rejected based on the given cash flow. When the
given data does’t have any uncertainty, and sufficient
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information exists, the traditional approaches are
capable of reaching the appropriate decisions.

In traditional cash flow analysis, present worth, annual
worth, internal rate of return, and benefit-cost ratio are
the most widely used approaches to perform the
economic analysis. Unfortunately, decision makers
rarely have enough information to perform the proper
economic analysis. Moreover, the traditional economic
analysis uses single-value estimates therefore a small
change in the cost data may cause completely reversed
decisions. And as a result, a good alternative may have
been ignored due to a minor error in estimating the cost
data.

In case of multiple rates of return, each rate has a
meaningful interpretation with regard to the type of
investment stream. It does not matter which rate is used
for acceptance or rejection of the cash flow stream, as
long as one identifies the underlying investment stream
as a net investment or a net borrowing. When we say it
does not matter which rate is used, we mean that
regardless of which rate is chosen, the cash-flow
acceptance or rejection decision will be the same, and
consistent with net present value [2].

The discount rate often used in capital budgeting let the
net present value of all cash flows equal to zero. When
it is used appropriately, it can be a valuable aid in
project acceptance and selection.

In some cases, several zero NPV discount rates may
exist, and therefore there is no unique IRR. An IRR is
unique if one or more years of net investments
(negative cash flow) are followed by years of net
revenues. But if the signs of the cash flows change
more than once, there may be several IRRs. when
several IRR's are found, no rational means for
determination of the most appropriate IRR for
economic desirability is found [9].

In order to solve the problem of inflexibility and
incompleteness in using single-valued estimates for
cost data, the fuzzy set concept can be employed to
deal with the uncertainty in the cash flow analysis. To
solve this problem we first present fuzzy methodology
based on fuzzy cash flow and two kinds of streams in
projects that lead to valid acceptance and rejection of
the project. Then we propose the code of this
methodology in MATLAB package.

Lorie, et al [11] showed that a unique IRR does not
exist for some cash flow streams. The appeal of the
IRR lies in its interpretation as a rate of return. A half-
century has passed since the work of Lorie, et al [11]
and Hirshlifer [4]. The notion described in Jensen, et al
[12] remains unchanged.

The work of Brealey et al [13] remains one of the best
graduate textbooks on corporate finance and the
authors continue to argue for the superiority of NPV
partly on the basis of deficiencies of IRR, now called
pitfalls. However, multiple or nonexistent internal rates
frustrate this interpretation. The consensus is that
multiple  internal rates constitute a severe
drawback(White et al [14]) such as incorrect

conclusions (Canada et al [15] and Sullivan et al [16]),
difficult to explain or interpret properly ([17]and [14]),
invalid and not useful[1], meaningless ([18], [19], [20],
[21] and [16]), inaccurate, ambiguous and
contradictory [19].

When there are no real-valued internal rates of return,
then the IRR approach must be abandoned. One must
examine cash flow stream carefully to rule out the
possibility of multiple or nonexistent rates ([23], [1],
[22] and [21]).

Gordon [2] pointed out that even when there are
multiple internal rates, their interpretation as rates of
return can still be useful, valid, meaningful, correct,
explainable, and non-contradictory.

Buckley et al [24] proposed the fuzzy extension of
mathematics of finance. He develops the fuzzy
extension of the elementary compound interest
problems, as the future value, the present value and the
internal rate of return (IRR) of a cash flow. Carlsson et
al [6] considered the IRR decision rule in capital
budgeting problems with fuzzy cash flows. Kuchta [6]
proposed the fuzzy rate of return analysis and
applications.

The point of the present paper is to develop a method
of analyzing multiple uncertain IRR problems, with the
interpretation of the fuzzy results and proposal of a
more general criteria for deciding on acceptance and
rejection of project. A fuzzy modelling is proposed for
solve the problem of IRR based on the two kind of
investment streams in mixed investments projects. This
is demonstrated by analyzing an « -cut of each set
fuzzy data to determine the optimum ¢ -cut. We
choose an optimal range of fuzziness for the given
uncertain set of data. In the last section few examples
are demonstrated to show the effectiveness of this
method.

2. Economic Problems With Multiple IRR
It is very likely that decision makers give assessments
based on their knowledge, experience, and subjective
judgment when estimating cost data. If the cost data are
not completely known, linguistic terms such as:
around, approximately or about are used to describe the
parameters of cash flow. Because of underlying
uncertainty, parameters must be modeled as fuzzy
numbers. For that some kind of fuzzy numbers such as
triangular and trapezoidal are utilized.
Selecting any one of this membership functions needs a
view of the amount of uncertainty which we want to
take into account.
It is important to state that for more complex fuzzy
numbers the procedure is the same as the one presented
in this article and the triangular assumption is
sufficient.
As expected a set of fuzzy input leads to a fuzzy output
and the analyst must interpret the fuzzy results. The
fuzzy parameters utilized in this research are the
internal rate of return and the net present value.
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3. Fuzzy Internal rate of Return
3.1. The Internal Rate of Return
A cash flow stream is a finite or infinite sequence

X = (Xy, X,y %;) of monetary values. The amount
received initially is X;, and the amount received after

period tis X, . For a finite stream X = (X,, X,,*+,X;) ,
we assume that the horizon, T, is chosen so that
X; # 0. The net present value, PV (X|r), of a cash
flow stream X, with an interest rate of I is given by:

Xt
(1+r1)
It is defined for proper interest rates r >—1. For a cash
flow stream X, let IRR (X) be the set of all interest
ratess I which make PV (Xx|r)=0. (Note that
IRR (X) cannot contain 1 because PV (x|r)=-1 is
undefined.) For finite streams X = (X, X;,*++, X; ) , the

PV(x|r)=>" 1

present value function PV (X|r) is a T -degree
polynomial in (1+r)-1, so IRR(X) can contain

anywhere from 0 to T distinct values. If r e
IRR (X) , then we will call r an internal rate of return

for X.

As is well known, for conventional cash flows, the
cash flow are negative for the first few periods and
positive thereafter. In this cases the internal rates of
return exist and this rates are unique, this can be
depicted in Figure 1. It is known that if there is a
reinvestment in a project, then its IRR may become ill-
defined and IRR may have more than one solution.
This can be depicted in Figure 2.

Fig. 2. Nonconventional cash flows

3.2. Fuzzy Internal Rate of Return

When the initial data (cash flows) is fuzzy, the
manipulation takes place on fuzzy numbers, and the
output will also be fuzzy numbers too. In this section,
fuzzy IRR will be introduced.

A triangular fuzzy number has a lower bound, an upper
bound and of course a center bound which has the
biggest membership share.

The membership function of fuzzy IRR’s is the same
as a fuzzy cash flow. So the output IRR has a lower
bound, a centre bound and an upper bound. In fact,
each bound needs a separate calculation.

3.2.1. Applying an & -Cut

As mentioned in the previous sections, the fuzzy
concept is employed to model uncertainty. It is
important to keep in mind that enlarging the range of
fuzzy numbers is not always a good idea. It may bring
more uncertainty to the results. So, It is desirable to
reduce the range on the cost data.

Why ¢« -cut: For this situation, decision makers can
apply the o -cut to reduce the range. Depending on
different cases, decision makers can choose different

values of & (from O to 1) to reduce this range. If the
analyst is very confident with each set of cost data, a
higher value of « may be assigned. Next
implementation will be a function of o -cut. For

example the net present value PV (X|r) of a cash

flow stream X with an interest rate of I and a specific
o -cut is given below:

PV (X|r,a)) = z% o

To find an appropriate ¢ -cut a thorough sensitivity
analysis is required. This issue is discussed in section
5. Because the upper and lower bounds of the
membership function are the worst case for any
decision making problem, our calculation are focused
on them.

3.2.2. Complications of Several Fuzzy IRRs
Existence of multiple fuzzy IRRs depends on the type
of fuzzy cash flow stream. The cash flow stream is
classified as conventional and non-conventional
investments. A conventional investment has only one
sign change thorough the cash flow, and this
guarantees a single IRR. In a non-conventional
investment, signs are interspersed through the cash
flow.

Non-conventional investment is classed as pure and
mixed investment. This classification depends on the
unrecovered investment balance stream. The

unrecovered investment balance (F,(k(a))) can be

positive, negative or zero at time t = 0. If it is negative
then one can conclude that the firm has committed
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F. (i) to the project (the firm has money invested in
the project).

If the unrecovered balance stream is positive at time t
then the firm has over recovered investment and is
actually borrowing from the project during the project

period t to t+1 and we have a borrowing stream.
Finally F (i) =0 means that the firm exactly recovered

its invested funds.
Let F, = unrecovered investment balance at t time,

and N = project life, then we have: F,=x, at t=0
and F;:

Fo(a) =%,

Fi(a) = A+k(@)F, +x, ()

: @)
Fu(@) = F (@) - (L+ k(@) + % ()

For the exact capital recovery, Ft must equal to zero

[1]. By application of these equations for the fuzzy IRR
computation, we let NPV equal to zero the calculations
will be implemented on lower, upper and the center
part seperately.

NPV (x| K,a)) = Z

1+ K)
NPV, (x| K, a)) = Z%-O @
NPV, (x| K, ar)) = Z%‘

X,(cr) and X, () can be derived straightforwardly.
Its relationships are as follow:

X (@) =X (a=0)+(X,— X (e =0)x
X, (@) =%, (@ =0)+ (X + X (a=0)a

®)

By solving equation 5, one can find the roots for any
o -cut and for each of the bounds[10].

4. Investing and Borrowing from a Project
As depicted in Figure 3, at time 0, the firm
invests $1000 invest on a project and therefore the
unrecovered balance, F,, for the firm equals to
$-1000, but the project has $1000 as investment.
In time 1 we compute F, =$+4000 which means

in time 1 the firm has over recovery (the firm borrows

from the project), so the project loses $4000 at time 1
and ¢, =$—4000, therfore F, = —C,.

Then we can calculate investment stream (from the
firm's view) as exactly equal to the negative of the
unrecovered investment: F, =-C,.

C, =+1000

40008 ,f,»
time 1 v

“ C, =-4000

Fig. 3. Investing and borrowing from project

Cola) =~
Ci(@) =1+ k(@)% (@) +x,(a))

C,(a) = ~((1+k(a))* %, + (L+ k(@) x,(@) + X, (0)) ®)

Cra(@) = (A+k(@)" "%, + (L+k(a)" *x () +
+(L+k(2)x (@) + X4 ())
Cr (@) = (L+k(@) "%y (@)

4.1. Pure or Mixed Investment with Fuzzy Cash
Flow

A pure investment has a project investment
balance calculated at the project's internal rate of
return, k. The balances are either zero or negative
throughout the projects life, N. Pure investment also
has a single IRR despite the sign changes, and the firm
doesna€™t borrow from the project. The firm recovers
its investment F; (k() =0) at the end of project life,

earning interest at the IRR value, k, in the interim
periods. In contrast a mixed investment can have
several IRR's. Mixed investment can be defined as any
investment that is not a pure one. So a mixed

investment is a project for which F (k(e))>0 for
some values of t, and F,(k(e)) <=0 for all other values

of . A mixed investment contains unrecovered and
over recovered investment balances (from stand point
of the firm). A mixed investment stream contains both
investing and borrowing streams (from stand point of
the project). During the projects life, the firm is both an
investor in the project and a borrower from the project

[1].
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For an investment stream C, C, <0, signifies that the
investor borrows an amount F =-C, at time t from
the project, and repays the loan at the rate of k() on

period hence. If C >0, the firm has money invested
in the project and we have an investment stream.
According to [2] in either of the cash flows we have:

NPV(q,r,a) = M NPV(c,r,a)

(1+r) )

If X is a investment stream, then NPV(q|r)>0 if

and only if K>r. Also If X is a pure borrowing
stream, then NPV (q|r) >0 ifand only ifk > r.
Investment streams, C, with both positive and negative
components are known as mixed investments.
Accordingly, we distinguish two kinds of mixed
investment streams.

4.1.1. Decision Making

If the present value of the investment PV (c|r) is
positive at the market rate of interest, I, then investor
is investing funds in the project in question, and it is
called a net investment. For net investments, the
investor anticipates returns of K on C exceed the
market rate of . However, if PV (C|r) is negative,
then the investor is borrowing funds from the project, it
is called net borrowing. An investor would anticipate a
net borrowing as long as the repayment rate K for the
loan is less than the market rate . Graphically, this
can be depicted as shown in Figure 4.

F 3
unaccepiable | acceptable
investing investing
S
& F -
= acceptable | unacceptable Interest
f rate
borrowing f borrowing

Fig. 4. Decision Making based on derived IRR and
PV (Xx]|r)

5. Choosing an Optimum ¢« -Cut and
Sensitivity Analysis
In the analysis of fuzzy cash flow, the interval of
the final fuzzy set serves as the basis for the final
decision making. If this interval is reasonably small,
the prefered alternative can be selected with more

distinction. On the other hand, if the final fuzzy set
covers a wide range after the analysis, the final
decision will be difficult to reach. For selecting an
optimal interval, an optimal ¢ -cut needs to be
selected. So it is necessary to exert a sensitivity
analysis on this problem. The purpose of the sensitivity
analysis is to assess the effects of the variations of the
cost data on the final fuzzy set. Based on the sensitivity
analysis results, decision makers can pay more
attention to define the fuzzy set carefully to reduce the
final range of the fuzzy set.

As stated before, one common method to reduce the
range of a fuzzy set is called the « -cut, where o is
the degree of membership. By properly assigning a
value to o, the range of the fuzzy set can be reduced.
This research will explore the feasibility of using « -
cut to reduce the range of the fuzzy numbers.

A numerical example will be applied to illustrate the
concepts of sensitivity analysis and ¢« -cut. One must
notice that the sensitivity analysis is unique to every
single economic problem. The result of the sensitivity
analysis can only provide an indication as which cost
data is more sensitive in general.

5.1. Implication of the Sensitivity Analysis

By comparing the PV or IRR with the most certain
(ax=1) PV or IRR, the percentage change can be
served as an indicator of sensitivity for the « -cut. The
o -cut which caused the most percentage change, is
defined as the most sensitive one. By Comparison
among derived data, and their deviations, one can
choose an optimal ¢ -cut and proceed with that.

6. Results and Discussion
Some classic examples are considered in this section.
Table 1 shows the examples.

Tab. 1. Examples of Projects with Uncertain Cash

Flow
Example year Lower Center Upper
Bound Bound Bound
example 1 0 -3000 -3000 -3000
(market rate of
interest=20%) 1 13500 15000 16000
2 13500 -15000  -16000
?;ZTkFgféte s 0 1000 1000 -1000
. e
interest=10%)) 1 5500 6000 6500
2 10500 -11000  -11500
3 5500 6000 6500
?r):]szTfrzte of O -1000 1000  -1000
market rat
interes=10%) 1 3800 4000 4500
2 3800 -4500  -4500
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For all of the examples, the procedure proposed in the
former sections are applied. First internal rates of
return will be computed for each of the bounds then for
each roots of the IRR, Present Value and other
assesment are derived.

Example 1

In this example, IRR roots for o =1 are 38.20% and
261.8% . The data for o =0 (the biggest interval of
approximation) are given in table 2.

In this case, the cash flow has multiple IRR's, and for
each of them, a separate investment is obtained.

NPV variation as functions of the interest rate

1000 —— = : : : : :

7 S0 == Lower Bound
| === Centre bound | |
1 — — — Upper Bound

-2500

0 5;0 1 60 1 .;)0 260 250 360 350 460 450
interest rate (percent)

Fig. 5. Present values of bounds as functions of the

interest rate (example 1)

By checking the signs of each present value in table 2,
we realize that if the internal rate is lower or higher
than the market rate, for each corresponding
investment stream c, decision can be made. In this
example, all of the IRR roots are exceeding the market
rate and by checking the sign of the present value for
each, one can see that the corresponding investment
streams are net borrowings from the project. Since the
repayment rates k exceed the market rate, the project is
undesirable. So, regardless of which internal rate we
use, the conclusion is the same and consistent with the
present value evaluation at the market rate: “"Project is
undesirable".

Tab. 2. IRR roots and calculated PV (c|r) for o -
cut=0 (example 1)

The analysis of « -cut and the sensitivity analysis are
shown in figure 3. By assesing figure 3, the best option
for the value of « will be an average one (because af
the inverse sensitivity effect onn IRR and present
value). Based on the importance of both IRR and PV in
decision making, it is important to give credit to the
behavior of these parameters.

varkeion of IRR I varous -col #t Roct

7 -
0| SN —— Gentro bound o9 \
I RN ~ — — UpperBond / T Cpparcan
08 ; . I 0 ; Il
/ \
o7] ’ \ ol
os|

Josf .
o N Bos

oz

| e U C) ,
IRR (percent) 3o 20

240 280 20 300
IRR (peroent)

vartaian of PV{ck) 28 functions of the a-cutfrat Roat.

/N ~— LowerBound == Lower our |
03) AN —— Genire bour| o) . ,
N — - - Upper Bound " |L.=_ = tpar Beumd |
03 . v 08 ; T 1
¥ <

Variation of FV(cl) a5 funchions of the a-cut sacond Root

07 s S . o]
’ N
o8| < : kN : 08|
' N
! . o3
ot , i
04 o4
03| o3

7 02|
o2f -

’ ot
off - .
’

. 760 700 600 B0 00 500 450 400 30 300
7000 =) 8000 5500 5000 4500 NPV,
v, i

Lower Bound Center Bound Upper Bound

IRR PV IRR PV IRR

PV
c|r (clr) (clr)
Rootl  50% —4500 38.2% -60451 33% —7000

Root2  200% -750 261.8%  -%491  300% —333

Fig. 3. IRR and Present Value variation for each
Root (example 1)

In example one, because of the smooth behavior of
Present Value one can choose a higher ¢ . If decision
makers have more confidence with the fuzzy set of an
alternative, a higher value can be assigned to the final
fuzzy set. In order to minimize the disturbance caused
by the fuzzy range increments, decision makers should
focus on the most sensitive cost data. Because division
and power factor are involved in the fuzzy number
operation rules, the percentage differences are
changing faster in increasing direction rather than in
decreasing direction for the results.

Example 2

This example is an uncertain version of a classical
problem that was discussed in [4] and later in [2]
thoroughly. In this paper the effect of uncertainty on
this example is illustarted. As it is depicted in figure 6,
the ordinary problem without any uncertainty (center
bound in the figure) has three internal rates of return
0%, 100% , 200% .

NPV variation as functions of the interest rate example 2
T T T T T

600
----- Lower Bound
= Centre bound
— — — Upper Bound ||

1
1
400 |
|

|

200

[0

NPV(@)

-200 -

-400 -

600 i i i i i i
-300 -200 -100 ] 100 200 300 400 500
interest rate (percent)

Fig. 6. Present values of bounds as functions of the
interest rate (example 2)
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For the uncertain case the data are given in table 1. In
figure 6, the lower bound, the center bound, the upper
bound and the present value of the cash flow stream are
shown. As It is shown, the upper bound stream has one
internal rate of return and the lower bound stream has
no roots. In this example, IRR roots and Present values
for a- cu t=0 (the beiggest interval of
approximation) are given in table 4.

Tab. 4. IRR roots and calculated PV (c|r) for « -
cut=0 (example 2)

Lower Bound Center Bound Upper Bound
IRR PV IRR PV IRR PV
clr) c|r) clr)
] N
E -
o 2 S
g g &
2 g 3 g
g = & 2 &
o

By checking the sign of its present value (14132 >0),
the corresponding investment stream is indeed a net
investment. However, since k=0 falls short of the
market rate, the project is undesirable.

On the other hand, at internal rates 100% Or 200% , the
corresponding investment streams are net borrowings
from the project, having negative present values
causing both ones to be undesirable projectss.

The most interesting part of this example is the
different behaviour of each bound. Refering to table 4,
the nearest roots of upper bound IRR and Center bound
IRR, are 200% from center and 306.37% from upper
bound but the sign of the Present Value is different and
the type of investing is different.

For the center bound, it is a borrowing stream and the
project is rejected, but for the other bound, the stream
is investing and it is desirable. So it is not always safe
to approximate an uncertain fuzzy number to a crisp
number.

Example 3

This example is like the former one and is an uncertain
version of a classical problem that was discussed in [5]
and [2]. The effect of uncertainty will be discussed
here. As in figure 7, the ordinary problem without any
uncertainty (center bound in the figure) has one
internal rates of return k = 1000% .

For the uncertain case, as it was in figure 7, one can see
the lower bound, the center bound and the upper bound
Present value of cash flow stream. It is depicted that
the upper bound stream has two internal rate of return
and the lower bound stream has not any roots. In this

example IRR roots and Present values for ¢ -cut=10
or the beiggest interval of approximation are presented
in the table 5.

NPV variation as functions of the interest rate example 3
200 T T T T T T T T

e R Lower Bound
e S~ B 7 Centre bound | |
— — — Upper Bound

-200 -

-400 -

NPV(q)

-600

-800

1000 i i i i i i i i
0 50 100 150 200 250 300 350 400 450
interest rate (percent)

Fig. 7. Present values of bounds as functions of the
interest rate (example 3)

In this case all of the roots exceed the market rate, and
the present value is negative for all of the IRR's. But
caution is needed in this case, because the first root of
upper bound IRR is close to the market rate and one
can encounter a problem if this root falls

Tab. 5. IRR roots and calculated PV (c|r) for o -
cut=0 example 3

Lower Bound Center Bound Upper Bound
IRR PV(c|r) IRR pv(c|r) 'R PV(c|r)

Rootl

100% -818.181 50% -1727

100% -818.181 200% -363.6

Root2

7. Conclusion

By selecting a simple fuzzy number to model an
uncertain number, a global approach for uncertain
economic problems has been proposed. In this
approach by data analysis and assesing their sensitivity
to o -cut, an optimum ¢ can be selected. With this
approach, decision makers can have more space to
define each cost data and by reducing the range of
fuzzy number, they can obtain more information from
the final result.
Both Internal rate of return and Present value are
important in decision making and by analysing
sensitivity of these two relative to the ¢ -cut variation,
one can see the behavior of the project. For comparison
of the competing projects, this study may be helpful
and the amount of uncertainty has an obvious effect on
the comparison. Being aware of the type of investment
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(borrowing or investing) is necessary and it is
important to compare two streams with the same
investment type (borrowing/investing).

For modeling linguistic estimations with more detail,
one can use a more complex membership function like
trapezoidal membership functions.
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