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1 Introduction 
 
The inverted pendulum system is a classical problem in controls. The purpose is to 
stabilize the pendulum in its unstable equilibrium point. The Furuta inverted 
pendulum is an extension type of the inverted pendulum. The goal of the Furuta 
inverted pendulum control is to stabilize pendulum in the vertical position while 
maintaining a desired position for the arm. 
 
Inverted pendulum mechanisms are divided into two main categories: Translating 
base and Rotating base. Fig 1 shows a translating base mechanism. 
 

 
Figure  1-1 Different types of translational mechanism 

 
Rotating base mechanism is so-called Furuta inverted pendulum since he was the first 
who proposed this kind of mechanism. Fig 2 shows this kind of inverted pendulum. 
 

 
Figure  1-2  Furuta  Inverted Pendulum 

 
The selected type which we are going to work on in this study is Furuta inverted 
pendulum. The reason of this selection will be discussed in following sections but at 
this point it is just intended to give the readers general view of the systems. 
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Figure  1-3  Schematic of Furuta Pendulum Case Study 
 
The design and control of the pendulum requires a number of stages. A mathematical 
model must first be obtained. From this, the control system can be designed and 
simulated to obtain optimum control. The mechanical design of the pendulum and 
arm must be light and be connected by a joint with as little amount of friction as 
possible. Once the control is designed and the apparatus manufactured, an interface to 
a PC must also be built so that the angles of the arm and pendulum can be read by the 
PC. Finally, a software user interface (Simulink) needs to be constructed that will give 
the user flexibility in allowing them to change the state feedback gains as well as 
many other options. 
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2 Analytical Modeling 
 
The mathematical model is a set of dynamic equations that provide an accurate 
description for the motion of a particular system. This is very important when 
attempting to design a controller to stabilize the system. The mathematical model of 
the Furuta inverted pendulum is discussed in the following sections. 
 
Once the mathematical model is obtained, measured values for the system can be 
substituted into the equation. These equations can then be used in finding the proper 
control gains used in the feedback of the controller. 
 
The mathematical modeling of the Furuta inverted pendulum has two parts. The first 
part is the derivation of the non-linear differential equations used to represent the 
system. The second part is to take the non-linear differential equations and linearize 
them in order to design the controller.  
 
As mentioned, Furuta inverted is described as a non-linear system. The challenge of 
that inverted pendulum is to stabilize the pendulum in the vertical position. The 
difficulty in controlling this system is that there are fewer control inputs than there are 
degrees of freedom. For the Furuta inverted pendulum, there are two degrees of 
freedom and only one control input. Below is the physical model of this kind of 
inverted pendulum. 
 

 
Figure  2-1  Furuta Pendulum schematic model 
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In order to describe the system in Figure 2-1 mathematically, a certain number of 
elements are needed. A description of these elements can be found in Table 1.  
 
 

Table  2-1   Description of symbols used for the Furuta inverted pendulum 
Symbol Description Units 

m Concentrated mass on pendulum kg 
M Concentrated mass on arm (included mass of 

Encoder and its Holder) 
kg 

mp Mass of pendulum kg 
mb Mass of arm (base) kg 
l Length of pendulum m 
lb Length of arm m 
R Distance of m From Axis of Rotation kg·m2 
R’ Distance of M From Axis Of Rotation  
d Base Excentriciry  
rbi Inner Radius of the Base Cylinder  
rbo Outer Radius of the Base Cylinder kg·m2 
rEA Encoder Axis Radius  
Jp Moment of inertia of pendulum  
Jb Moment of inertia of arm  
Jr Moment of inertia of Motor Rotor  
JC Moment of inertia of Connector  
JH Moment of inertia of Housing  
JEA Moment of inertia of Encoder Axis  
θ Angular position of pendulum rad 
φ Angular position of arm rad 
T Control torque to arm N·m 
g Gravitational constant m/s2 

 

2.1 Non-Linear Model 
 
The non-linear model that describes the Furuta inverted pendulum is a set of two 
nonlinear differential equations. These equations are found using Lagrange’s 
equation: 
 

 
 

where T is the kinetic energy, U is the potential energy, qi is the minimum number of 
coordinates necessary to describe the system, and Qi is the loading in each coordinate. 
The total kinetic energy for the system is the sum of the kinetic energies for the 
pendulum, arm and some concentrated masses and is found to be as follows 
considering some assumptions: 
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a) Base-Pendulum Connector assumed as a lumped mass (Its rotation is 

Neglected ) 

b) Encoder Axis moment of inertia due to Pendulum rotation is neglected 

c) Encoder and Encoder Holder assumed as a point mass . Their center of mass 

located at distance R’ from axis of rotation 
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The total potential energy of the system is the sum of the potential energies of the 
pendulum and the concentrated mass on the pendulum and is found to be 
 

1 1cos cos cos
2 2p pU mgl m gl m m glθ θ θ⎛ ⎞= − − = − +⎜ ⎟

⎝ ⎠
 

 
In order to use Lagrange’s equation, the matrices for qi and Qi must be determined. 
For the Furuta inverted pendulum, these matrices are as follows 
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As can be seen from equation above, the coordinates that describe the system are θ 
and φ. Since there are two different coordinates, Lagrange’s equation must be applied 
for each of these coordinates. Doing so yields two different non-linear differential 
equations. 
Solving Lagrange’s equation to these coordinates gives the following results: 
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These sets of equations represent the non-linear mathematical model shown in Figure 
2-1. 
 
From these equations, a controller can now be designed and simulated. The next part 
is to find the force applied to the cart that is provided by a DC motor. The constants 
for used in equations #1 and #2 are defined in Table 2-2 . 
 
 

Table  2-2  Symbolic values for the constants 
Constant Value 

α 1/ 2 pmRl m Rl+  

β 2
pml J+  

γ ( 1/ 2 )pm m gl+   

λ 2 2( )p b EA H Cm m R MR J J J J′+ + + + + +  
 

 

2.2 Linearized Model 
 
The linearization of the model is for the purpose of designing a controller. A linear 
model can be put into state space representation where an LQR controller can be 
designed in order to stabilize the pendulum in their vertical position. 
 
After that the equations have been rearranged to solve for the accelerations, the 
system for the Furuta inverted pendulum can be put into state space representation. 
First the state variables of the system have to be defined. 
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In rate equations we express the derivation of each state as a function of other states 
and system inputs. From equation #1 it is obtained that: 

21 ( cos sin cos sin )θ α θ ϕ β θ θ ϕ γ θ
β

= − ⋅ + ⋅ −
 

By substituting above equation in to the equation #2, ϕ  is expressed in term of other 

states: 
2 2 2 2

2 2 2 2
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In the same procedure we express θ  in terms of other states. First from equation #2 

we derive ϕ  in term of other variables. Then by substituting consequent equation in 

to the equation #1 we come up with the following relationship that expresses θ  

(derivative of second state) in term of other states: 
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The state space representation for the system has the following format. 
 

x Ax Bu
y Cx
= +
=

 

 
The matrices A, B, and C for the Furuta inverted pendulum are defined as follows. 
(Note that in this step the relation of Torque and Voltage is not applied yet.) 
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The system is now represented in state space. 
 



 14 
 

2.3 Motor Torque Model 
 
The torque being applied to the arm is due to a DC motor attached to the revolute 
joint of arm. In order to control the torque applied by the motor, the electro-
mechanical equations relating the control torque to the voltage applied must be found. 
This is needed to complete the non-linear mathematical model of the Furuta inverted 
pendulum. The voltage of the motor is given by equation  

m mV RI K ω= +  
Where V = Input voltage to the motor 
            RΩ = Armature resistance 
            I  = Armature current 
            Km = Motor torque constant 
                 ωm = Motor speed 
 
The torque generated by the motor can also be found and is directly proportional to 
the armature current being applied to the motor. The torque is found by the following 
equation. 

m m gK K Iτ =  
Where τm = Torque produced at output of shaft 
            Kg = Gear ratio 
 
The angular velocity of the output shaft is related to the linear velocity by the length 
of the radius of the output gear and is given by the following equation. 

m gKω ϕ= ⋅  
Where ωm = Angular velocity of output shaft 

ϕ = Linear velocity of cart 
 

Solving above equations for the armature current gives the following results. 

m g

TI
K K

=  

To complete the electro-mechanical model, rearranging this new equation solving for 
the torque gives the electromechanical model of the motor in terms of voltage and the 
arm angular velocity. 

2 2
m g m gK K K K

T V
R R

ϕ
⋅ ⋅

= ⋅ − ⋅
 

 
Combining the derived mathematical model and the Motor Torque model the 
mathematical equations for the Furuta inverted pendulum for a control voltage V are 
shown below. 

( )

2

2 2
2 2
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sin cos 2 sin cos sin m g m gK K K K
V

R R

α θ ϕ β θ β θ θ ϕ γ θ

β θ λ ϕ α θ θ β θ θ ϕ θ α θ θ ϕ

⋅ ⋅ + ⋅ − ⋅ ⋅ ⋅ + ⋅ =

⋅ ⋅
⋅ + ⋅ + ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ − ⋅ ⋅ + ⋅ = ⋅

 
 
But it is better to assume the Motor Current as another state of the total system. Hence 
the complete set of governing equations is:  
 



 15 
 

( )
( )

2

2 2 2

cos sin cos sin 0 #1

sin cos 2 sin cos sin . # 2

#3

EA

g r g m

g m

J

K J K K i

K KR Vi i
L L L

α θ ϕ β θ β θ θ ϕ γ θ

β θ λ ϕ α θ θ β θ θ ϕ θ α θ θ

ϕ

⋅ ⋅ + + ⋅ − ⋅ ⋅ ⋅ + ⋅ =

⋅ + + ⋅ ⋅ + ⋅ ⋅ + ⋅ ⋅ ⋅ ⋅ − ⋅ ⋅ = ⋅

⋅
= − ⋅ + − ⋅

 
Doing like previous version but by applying the motor states relation the state space 
of total system appears as follows: 
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where 
 

Table  2-3  Symbolic values for the constants 
Constant Value 

α 
1
2 pmRl m Rl+  

β 2
pml J+  

γ 
1( )
2 pm m gl+   

λ 22 2( )p b EA H C g rm m R MR J J J J K J′+ + + + + + + ⋅  

ζ g mK K⋅  
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2.4 Numerical Representation 
 
The measured parameters for the designed Furuta inverted pendulum can be found in 
Table 4. These measured values are then substituted into the state space model to 
obtain a numerical representation for the purpose of designing a controller. 

 
Table  2-4  Measured numerical constants for the system 

Symbol Description Value Units 
m Concentrated mass on pendulum 0.030 kg 
M Concentrated mass on arm (included 

mass of Encoder and its Holder) 
0.250 kg 

mp Mass of pendulum 0.020 kg 
mb Mass of arm (base) 0.095 kg 
l Length of pendulum 0.400 m 
lb Length of arm 0.400 m 
R Distance of m From Axis of Rotation 0330 m 
R’ Distance of M From Axis Of Rotation 0.145 m 
d Base Excentriciry 0.110 m 
rbi Inner Radius of the Base Cylinder 0.006 m 
rbo Outer Radius of the Base Cylinder 0.008 m 
rEA Encoder Axis Radius 0.004 m 
g Gravitational constant 9.8 m/s2 

 
Table  2-5  Measured numerical constants for the Motor 

Symbol Description Value Units 
RΩ Circuit resistant 1.5 Ohm 
L Terminal Inductance 3.6 mH 
Jr Rotor inertia  0.00018 kg·m2 
Km Motor torque constant 0.055 N.m/A 
Kg Gear box ratio 55 - 

 
 
Substituting the values from the table above into matrices A, B, and C give the 
following numerical representation for the state space equations. 
 
a) "Without Motor" system: 
 

1 1

2 2

3 3

4 4

1

2

3

4

0 1 0 0 0
85.88 0 0 0 108.1

0 0 0 1 0
17.43 0 0 0 60.48

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

x x
x x

T
x x
x x

x
x

y
x
x

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎧ ⎫
⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎪ ⎪−⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥= ⋅ + ⋅⎨ ⎬ ⎨ ⎬ ⎨ ⎬⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪− −⎣ ⎦ ⎩ ⎭⎩ ⎭ ⎩ ⎭

⎧ ⎫⎡ ⎤
⎪ ⎪⎢ ⎥
⎪ ⎪⎢ ⎥= ⋅⎨ ⎬⎢ ⎥ ⎪ ⎪⎢ ⎥ ⎪ ⎪⎣ ⎦ ⎩ ⎭

 

 



 17 
 

b) "With Motor" system: 
 

1 1

2 2

3 3

4 4

5 5

0 1 0 0 0 0
26.96 0 0 0 4.91 0

0 0 0 1 0 0
0.25 0 0 0 5.45 0
0 0 0 840.3 500 277.8

1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 1

x x
x x
x x v
x x
x x

y

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎧ ⎫
⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎪ ⎪−⎪ ⎪ ⎪ ⎪⎢ ⎥ ⎪ ⎪⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎢ ⎥= ⋅ + ⋅⎨ ⎬ ⎨ ⎬ ⎨ ⎬

⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪−⎢ ⎥⎪ ⎪ ⎪ ⎪ ⎪ ⎪
⎢ ⎥− −⎪ ⎪ ⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎩ ⎭⎩ ⎭ ⎩ ⎭

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

1

2

3

4

5

x
x
x
x
x

⎧ ⎫
⎪ ⎪
⎪ ⎪⎪ ⎪⋅⎨ ⎬
⎪ ⎪
⎪ ⎪
⎪ ⎪⎩ ⎭

 

 
• Note that in this step the system is considered full state. 

 

2.5 Model Verification 
 
Dymola software is used to determine the validity of modeling and linearization 
process.  
 
The architecture of the Dymola program is shown below. Dymola has a powerful 
graphic editor for composing models. Dymola is based on the use of Modelica models 
stored on files. Dymola can also import other data and graphics files. Dymola 
contains a symbolic translator for Modelica equations generating C-code for 
simulation. The C-code can be exported to Simulink and hardware-in-the-loop 
platforms. 
Dymola has powerful experimentation, plotting and animation features. Scripts can be 
used to manage experiments and to perform calculations. Automatic documentation 
generator is provided [1]. 

 
Figure  2-2  architecture of the Dymola program 
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Modelica is an object-oriented language for modeling of large, complex and 
heterogeneous physical systems. It is suited for multi-domain modeling, for example 
for modeling of mechatronic systems within automotive, aerospace and robotics 
applications. Such systems are composed of mechanical, electrical and hydraulic 
subsystems, as well as control systems. General equations are used for modeling of 
the physical phenomena. The language has been designed to allow tools to generate 
efficient code automatically. The modeling effort is thus reduced considerably since 
model components can be reused, and tedious and error-prone manual manipulations 
are not needed [1]. 
 
In this section object-based model, linear & nonlinear equations are compared with 
each other. To do this, pendulum is released from a position of 5 degree away from its 
equilibrium point (inside the region that linearity assumption is still true), then time 
history of states resulted from three aforementioned models have been plotted. The 
curves coincidence admits the validity of modeling process. The motion equation 
written in the Dymola software is presented in Appendix B.  
 
The same as modeling process the verification is done in tow versions of the system: 
with and without motor. 
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Figure 2-3 shows the same behavior of linear, nonlinear and object based models of 
"Without Motor" version of system which were provided in Dymola.  
 

 
Figure  2-3  Comparison between nonliniear, object based and linear model of Furuta Inv. Pend. 
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In addition, Figure 2-4 shows the same behavior of linear, nonlinear and object based 
models of "With Motor" version of system which were provided in Dymola. Here a 
sin. input is applied to systems.  
 

 
Figure  2-4  Comparison between nonliniear, object based and linear model with Motor Version
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3 Control 
 
In order to stabilize both the arm and the pendulum of Furuta Inverted Pendulum 
system at their upward unstable equilibrium point, a closed loop controller is needed 
so that the system could be able to adjust disturbances.  
 

3.1 Controllability 
 
Before attempting to design a controller, the system must first be checked to see if it 
is controllable and observable. 
 
A system is said to be state controllable if at t = t0 an unconstrained control signal can 
be constructed causing the system to go from an initial state to some final state within 
a finite time interval. This is accomplished by checking the rank of the controllability 
matrix. 
 
In order for the system to be controllable, the rank of a n⋅n controllability matrix must 
be n. Before the controllability matrix can be formed, the system must be represented 
in state space. The controllability matrix C is formed as follows. 
 

1nC B AB A B−⎡ ⎤= ⎣ ⎦  

Where    A = n⋅n state matrix 
               B = 1⋅n input matrix 
 
The controllability matrix for the Furuta inverted pendulum system is built in 
Matlab®1 and its rank is checked to be equal to 4 for "without Motor" system and 5 
for "with Motor" one. The result is absolutely true. Therefore the system is 
completely state controllable. 
 

3.2 Closed-Loop Control 
 
In order to stabilize the Furuta inverted pendulum, a closed loop controller was 
designed and implemented so that the system would return to the desired position. 
State feedback is used to so that the poles of the system are located to the left of the 
imaginary axis.  
 
In order to find the appropriate feedback gains (K matrix), the design used the linear 
quadratic regulator method or LQR. The purpose of using this method is to provide 
stability while minimizing the amount of energy input to the system. This method has 
an advantage over the pole placement method because it allows gain values to be 
determined that will result in the minimum amount of energy being required to 
stabilize the system. This is important since the output of the Data Acquisition cart 

                                                 
1 MATLAB® is trademark of The Math Work. Inc. 
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has a maximum range of ±10 volt. The state feedback matrix K is designed to 
minimize the performance index J. 

 

( )
0

T TJ x Qx V RV
∞

= +∫  

 
Where Q is a positive semi-definite real matrix and R is a positive definite real matrix. 
By adjusting the value of R, the amount of control input can be varied. Increasing R 
will result in less energy being used to control the system. The matrix Q determines 
the amount of weighting or importance assigned to each of the state variables. A 
larger value puts more emphasis on that particular variable. 
 
In order to find the values of K*

 that will minimize the performance index, the Riccati 
equation must be solved for the matrix P. If a positive-definite matrix P exists, then 
the system is stable or A-B.K has all its eigenvalues with negative real components. 
The Riccati equation is given below. 

1 0T TA P PA PBR B P Q−+ − + =  
 

Once the matrix P is found, the state feedback matrix K can be solved. The state 
feedback matrix K is given by 

1 TK R B P−=  
 

Now that K has been found such that the performance index J is minimized, the 
matrices Q and R can be chosen to stabilize the system at its unstable equilibrium 
point.  
 
A suitable choice for Q and R matrices is to define: Q11= (1/ θmax )2    Q33= (1/ φmax )2     
and     R= (1/ Tmax )2   and set the other components equal to zero. 
 
Actually after a number of different simulations and trials with the actual mechanical 
setup, the choice of the Q and R matrices that gave the smoothest response while 
minimizing the amount of voltage would be applied. 
 
Related to the Furuta Inverted Pendulum subjected in this study some desired values 
of states are listed bellow: 

20 45 3Max Max MaxI Aθ ϕ= = =  
Thus: 

[ ]

8.16 0 0 0 0
0 0 0 0 0
0 0 1.65 0 0
0 0 0 0 0
0 0 0 0 0.1

0.01

Q

R I

⎡ ⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥=
⎢ ⎥
⎢ ⎥
⎢ ⎥⎣ ⎦

= ×
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Full state feedback process is quite simple as it can be automated in Matlab®2 using 
LQR comment. The result is: 
                           [ ]27.34 2.32 11.42 3.04WithoutMotorK = − −  

[ ]134.12 25.31 12.81 13.39 1.89WithMotorK = − − − −  
 

3.3 Simulation Results 
 
The simulation is a very important step in deciding how to choose the Q and R 
matrices. By examining the response of the system, the weighting on each variable 
can be adjusted to give the best response for the system. Since mathematical models 
are not always exact due to other factors that act on the system, like friction, the 
values obtained may not necessarily be the values that make the system stable as 
simulated. Therefore simulations give a very good approximation of what the values 
should be. When testing the simulated values on the actual system, it is most likely 
that small adjustments will have to be made. 
 
In order to simulate the control of the Furuta inverted pendulum, Matlab’s Simulink 
and Dymola were used to test the controller. 
 
By using Dymola, in addition to building an object oriented model of system small 
disturbances can be simulated and applied to the system and the response of each state 
variable plotted. This is done for different gains and disturbances and allows for the 
gains to be adjusted for the best results. This also allows for the limits of the 
controlled system to be obtained. The system built in Dymola to control the Furuta 
inverted pendulum is shown in Appendix   . 

 

 
Figure  3-1  Simulation Resulted from Dymola - Without Motor Version 

 

 
Figure  3-2  Simulation Resulted from Dymola - With Motor Version 

                                                 
2 MATLAB®

 is trademark of The Math Work. Inc.  
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Linear State-Space model of the system in a state feedback closed loop control 
simulated in Simulink results in Figure 3-3. Simulink loops are presented in 
AppendixC. 
 

 
Figure  3-3   Simulation Resulted from Simulink - With Motor Version 

 
 
Comparison of object oriented and linear models control simulation results shows a 
perfect adjustment. It again proves the accuracy of analytical model.  
 

3.4 State Observer-based Control 
 
Up to now, we have assumed that the state vector is available for use in a state 
feedback law. In practice the complete state vector is not measured; all required 
sensors are not available and furthermore they add to the systems' cost and 
complexity. 
 
To continue the control process and before attempting to design a controller, 
considering the sensor limitations, the system must first be checked to see if it is 
observable. 
 
An LTI system is observable if the initial state x(0) = x0 can be uniquely deduced 
from knowledge of the input u(t) and output y(t) for all t between 0 and any T>0. This 
is accomplished by checking the rank of the controllability matrix. 
 
In order for the system to be observable, the rank of a n⋅n observability matrix must 
be n. The observability matrix O is formed as follows. 
 

1n

C
CA

CA −

⎡ ⎤
⎢ ⎥
⎢ ⎥Ο =
⎢ ⎥
⎢ ⎥
⎣ ⎦
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Because for the actual mechanical system of Furuta system, measurement of only tow 
states which are angles of Pendulum and Arm is possible, so the C matrix is: 
 

1 0 0 0 0
0 0 1 0 0

C
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

 

 
The observability matrix for the Furuta inverted pendulum system is built in Matlab®3 
and its rank is checked to be equal to 4 for "without Motor" system and 5 for "with 
Motor" one. Therefore the system is completely state observable. 
 
In such cases it is possible to estimate the states of the system, provided the system is 
observable. It is done by designing a dynamical system called a state observer whose 
inputs are the system inputs and outputs and that produces as outputs estimates of the 
unmeasured states of the system. It is possible to recover much of the behavior of a 
state feedback law by using state estimates instead of states in the feedback law. 
 

 
Figure  3-4  Schematic Diagram of Observer-based Control 

 
The observer acts as [2]: 

( )ˆ ˆ ˆx A x B u L y C x= ⋅ + ⋅ + ⋅ − ⋅  
 
Since for the actual mechanical system of Furuta Pendulum, it is not possible to have 
full measurement of states that means only angles could be measured during the run 
process, so an Observer is required to estimate all the states in real time. 
 
State observer gain calculation is quite simple as it can be automated in Matlab® using 
LQR comment as done for state feedback. The result is: 

 
10.38 0.03
53.62 0.17

0.03 0.41
0.18 0.00

0.31 0.00

L

−⎡ ⎤
⎢ ⎥−⎢ ⎥
⎢ ⎥= −
⎢ ⎥−⎢ ⎥
⎢ ⎥−⎣ ⎦

 

 
Figure 3-5 shows a closed loop which includes an observer-based controller. 
 

                                                 
3 MATLAB® is trademark of The Math Work. Inc. 
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Figure  3-5   Observer-based State Feedback Control Closed Loop 

 
 

Since a state estimator generated by an observer converges to the actual state. It seems 
appropriate to close the loop by using the state estimate, rather than the (unavailable) 
state, in a state feedback law. So the corresponding transfer function equation is [?]: 
 

( ) 1( ) ( )u s K sI A B K G C G y s−Δ = ⋅ − + ⋅ + ⋅ ⋅ ⋅Δ  
 

Control loop of obtained system is shown in Figure 3-6. 
 

 
 

Figure  3-6  Observer-based State Feedback Controller in TF Form 
 
 
 

Figure 3-7 shows the simulation results. It is obvious that the estimates converge to 
the states, albeit with some oscillations. 
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Figure  3-7  Angular Position of Pendulum & Arm  vs. Time 

 
 

 
Figure  3-8  Difference between Angular Position of Pendulum & Arm  obtained from plant and 

bserver 
 

 
Figure  3-9  Motor Required Voltage (Controller Output) 
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3.5 Reduced Order Observer 
 
Occasionally, some of the state variables are measured directly with good precision. 
In such cases, it makes little sense to estimate them, since they are directly available. 
The reduced-order observer uses the available information to reduce the order of the 
observer by the number of directly measured variables. 
 
Let us assume that the first m components of the state, m<n, are measured. State 
equations could be always rearranged so that the measured states are numbered 1 to 
m. 

m

u

x
x

x

⎡ ⎤
⎢ ⎥= −⎢ ⎥
⎢ ⎥⎣ ⎦

 

 
Doing some calculation [2] non-measured states are obtained using the equation: 
 

ˆu mx L xφ= + ⋅  
 

In which Ф is an auxiliary state vector that could be derivate using the procedure 
mentioned in Ref [2].  
 
In the case of the Furuta Pendulum in this study the reduced-order observer gain is 
designed as: 
 

1.68 0.05
0.05 0.07
0.08 0.11

reduced orderL
⎡ ⎤
⎢ ⎥= ⎢ ⎥
⎢ ⎥− −⎣ ⎦

 

 
Two original measured states are shown in Figure 3-10 and other three observed 
states are shown in Fig 3-11. Simulation shows a rapid convergence of actual and 
estimated states.  

 
Figure  3-10  Two Original States 
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Figure  3-11   Three Observed States 

    
3.6 Digital Control 

 
As intended to implement the control of Furuta pendulum via a PC it is necessary to 
analyze the closed loop system in digital domain.  
 
Figure 3-12 shows a component block diagram of a sampled data system for a SISO 
system. The analog-to-digital (A/D) block samples the system output at constant rate 
and gives the computer a string of digital signals. The computer performs the control 
calculations.  
 

 
Figure  3-12  Component Diagram of a Sampled Data System 

 
If a controller is designed in analog domain, its digital version can be achieved very 
easily using a Z transformation. Tustin is a very commonly used transformation from 
continuous to digital domain which is used in this study. 
 
Conversion of transfer functions via the transformation below is known as Tustin’s 
method. 

1
2

1
2

T s
z T s

+
=

−
 

 
In which "T" is the sampling rate. Thus each point in the s-plane corresponds to a 
point in the z-plane such that G(s) and G(z) have the same value. 
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Comparison of simulation results of Figure 3-9 and Fig 3-13 shows that in the Furuta 
system of our subject the sampling rate of "0.01s" give a suitable result. 
 

 
Figure  3-13  Controller Output vs. Time with two different Ts 
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3.7 Fuzzy logic control 
3.7.1 The fundamental Principle 
 
The fuzzy set notion enables us to define the progressive membership of an element to 
a class, that is to say it belongs to this class more or less strongly. The membership of 
an object in a class defines a degree of membership given between 0 and 1. 
To illustrate this idea an interesting example is person's age for which 3 classes are 
defined: 
"Young ", "Middle-aged "and "old "within a span going from 0 to 100 years old. 
 

 
Figure  3-14 Membership degree vs. age graph 

 
 
According to this logic a 38 year old person is 20% young and 80% middle-aged, with 
therefore 0.2 degree membership to the Y fuzzy set and 0.8 the M fuzzy set. 
The Y. M and O fuzzy sets are represented by membership functions (in Z for the Y 
set, trapezoidal for M and S for the O set). 
The field in where fuzzy logic has been most applied is, in the control of industrial 
processes of which we do not possess a mathematical model or ones, which are too 
strongly non-linear. 
 
The fuzzification stage consists in defining the fuzzy sets for the input and output 
variables. For each of these variables we must know a priori its definition spaces. In 
most cases, the fuzzy regulator receives input variables such as the error between the 
output of the process and the target signal, as well as this error variation. 
Thus the control law can be represented as follows 
 

 
Figure  3-15 Fuzzy control loop 

 
 

This is the Inference stage where fuzzy rules are established. These rules enable us to 
obtain the signal control value according to the error and its variation. 
A fuzzy rule includes a premise such as: "if the error is Negative AND the error's 
variation is Negative" and a fuzzy deduction such as "Then u is Positive Great ".  
During the fuzzification, for each real input variable we calculate the membership 
degree to fuzzy sets that are linked to it. 
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During the defuzzification stage, the contrary operation is carried out, that is to say : 
obtaining a real output value from the surfaces obtained in the inference stage. Several 
defuzzification methods exist, of which the one used the most is the centre of gravity 
method. 
Marndani's method, dating back to 1975, is much more widespread in the process 
control theory. Sugeno's method (1985) differs by the output variable definition and 
therefore the defuzzification method.Nothing changes for the input variables 
fuzzification. The output variable takes either a constant value (singleton) 
independent of input values, or a linear combination of these. 
This singleton will be balanced by the input variables membership degrees during the 
defuzzification stage.For a system having 2 inputs el and e2, a Sugeno-type general 
rule is: 

if e1 is A AND e2 is B then output = p*e1+q*e2+r 
with A and B representing membership functions, respectively, of e1 and e2. The 
coefficients p, q, and r are constants chosen by the user in order to define the inputs 
linear combination 
These constants are defined in the graphic interface by the vector line Params in the 
membership functions editor. The fact of choosing singletons is like zeroing the p 
and q params vector components. 
 

3.7.2 Design the fuzzy controller for a Furuta pendulum  
 
Since one method of designing fuzzy controller is based on the expert information or 
the information based on physics and behavior of the system under control, as for the 
inverted pendulum also we should first study the characteristics and dynamic behavior 
of simple pendulum  
According to figure (1) the purpose of control in the inverted pendulum is to keep the 
suspended bar in standing state (Ө=0).This position is obtained by using torque 
control (in rotation state)or force (in linear state)Hence , the first step in designing the 
fuzzy controller is to discover the relationship between deviation angle(Ө) and change 
rate of angle(θ ) with Suitable force ( f ) to correct the error  
 

 
Figure  3-16  diagram of simple inverted pendulum 

 
 
In an experimental staid conducted on the operation of a linear pendulum the 
relationship between force ( f ) and angle (Ө)was obtained as the curve in figure (2) 
change rate of angle has been supposed zero (θ =0) in this experiment  
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Figure  3-17  behavior graph of a simple pendulum(Ө=0) 
 
Now if (Ө) has positive and negative values the curve in figure (2) will be shifted in 
accordance with (Ө) values.  
This issue for the structure of figure (1) can be represented as figure(3) 
 

 
 

Figure  3-18  Behavioral graph of simple pendulum ( ) 
 

Variations of the control force ( f ) in terms of θθ ,  in figure (2) and (3) submit the 
operation and approximate behavior of a inverted pendulum to the extent for us to 
from the base of fuzzy rules regulations based on it  
 
Another instrument used to control non-linear system such as pendulums is the 
behavior of a linear – inverted control that is designed within the linear domain of the 
system  
For this purpose an LQR controller has been used  
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Figure  3-19  Diagram of rotation inverted pendulum 

 
Three main stages exist in the implementation of a fuzzy regulator such as shown in 
the following diagram. 

 
Combing the above-mentioned strategies for designing fuzzy controller, we will act as 
follows 
 

3.7.2.1 Fuzzification stage 
 
Considering the system structure in the figure (4) we will suppose the inputs and 
output of the fuzzy control system as: 
θ : angle of deviation from pendulum balance 
θ : change rate of pendulum angle 
φ : deviation angle of base  
φ : change rate of the deviation angel of base 
I : stimulation current 
V : engine stimulation voltage 
 
 

 
 

Figure  3-20  Inputs and output of fuzzy control system 
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We choose these domain values  

3030
88
55
33
44

11

≤≤−
≤≤−
≤≤−

≤≤−
≤≤−

≤≤−

V
I
φ

φ
θ

θ

 

 
Each of these variables defined by 2 fuzzy sets, which are themselves defined by 
triangular membership functions (N for Negative, and P for Positive) 
. 
If the applied voltage to the truck engine, which is the output of the regulator, is 
limited to the [-30V; 30V] interval, we choose to define it by 26 fuzzy sets of 
triangular shapes. The stage of fuzzification consists in having a fuzzy definition of 
the input and output variables. Also the membership functions to represent an 
appendix. 
 

3.7.2.2 Inference stage 
 
In the case where each of input variables is defined by 2 fuzzy sets, we obtain 32 
fuzzy rules, which in this particular inverted pendulum case are given by the -called 
inference table to represent a appendix. We must notice that in this table, the fuzzy 
regulator provides a control increment that is to be added at every sampling step to the 
previously applied control 
After the rules edition stage, we still have to calculate the membership degrees of the 
output variable to each fuzzy 
 
Each rule is composed of premises linked by the AND/OR operators which permits to 
succeed to "Then " operator implication. 
 
The Mamdani's method consists in using the min operator for the AND and the max 
operator for the OR. 
Several rules can be simultaneously activated when each of their premises has a non 
null membership degree. 
This depends on the membership functions used in this case; all rules are at each 
sampling instant, more or less activated, if we choose the Gaussian type of 
membership functions. 
 
The aggregation of these rules is an operator that must end-up to only one output 
variable value, and which is carried-out by the MAX operator, as if the rules were 
linked together by the OR operator.  
This method is called "max-min inference ". Another method by the name of "sum-
prod" consists in using the product for the AND and the half sum for the OR operator. 
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3.7.2.3 Defuzzification stage 
 
During the fuzzification, for each real input variable we calculate the membership 
degree to fuzzy sets that are linked to it. 
During the defuzzification stage, the contrary operation is carried out, that is to say : 
obtaining a real output value from the surfaces obtained in the inference stage. Several 
defuzzification methods exist, of which the one used the most is the centre of gravity 
method. 
The "Fuzzy Logic TOOLBOX" comprises several defuzzification types such as : 
 
centroid :         Centre of gravity, 
bisector :          Surface bisector,  
mom :               Average of maximums, 
Som :                Smallest of the maximums in absolute value, 
lom :                 Greatest of the maximums in absolute value. 
 
Among these methods the most used are the method of the center of gravity 
'centroid'and the 'mom' method. The 'centroid' method calculates the center of gravity 
of the surface obtained after the inference stage and projects it onto the horizontal 
axis. We achieve thus the average of all values of the output variable each weighted 
by its degree of membership 
 
 

3.8 Stages of implementation of a fuzzy controller 
 
We may check the process response to the initial condition vector notice X0= [0.1745  
0  0  0  0]T which corresponds to initial pendulum inclination of 0.1745 rd 
 
 

 
Figure  3-21   Response of states 
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Figure  3-22  Response( )](&)(),(),(),([ tItttt φθφθ  ) to initial condition 

 
 

 
 
 
 

 
Figure  3-23  ResponseV(t) to initial condition 
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Figure  3-24  Response(Ө(t) & Φ(t)) to initial condition 
 
 
 
 
 

 
Figure  3-25  Response( )](&)(),(),(),([ tItttt φθφθ ) to initial condition 



 39 
 

 
 
 
 
 

 Figure  3-26  ResponseV(t) to initial condition 
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4 Sensors and Actuators 
 
 

4.1 Measurement sensors 
In this project, measurement of angles of two links is needed. As shown in Figure 4-1 
one of these links is the base link and the other is the pendulum link. 
 

 
Figure  4-1  Rotary movement of Link1 and 2 must be measured 

 
 
So two rotary angle measurement sensors in needed. Many types of these sensors are 
available. After comparing the specifications of these available sensors it is necessary 
to choose the best one for this purpose. Important parameters for choosing sensor 
include: 

• Accuracy 
• Repeatability 
• Resolution 
• Reliability 
• Output Type (Digital / Analogue) 
• Output compatibility 
• Cost 
• Ease of Use 
• Safety 

 

4.1.1 Choosing the type of sensors  
There are two kinds of rotational sensors that are suitable for this purpose. These two 
sensors are: 

• Potentiometers 
• Shaft Encoder 
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Each type of these sensors has different kinds and specifications. Some general kind 
and specifications of these sensors is listed below: 
There are different types of potentiometers: 

• (a) Linear motion  
• (b) Turn counting dial potentiometer 
• (c) Multi turn Potentiometer  

 
Different types of potentiometers are shown in Figure 4-2. 
 

 
Figure  4-2  Different types of potentiometers 

 
 
Potentiometer sensor errors occur due to these reasons: 

• Non-linearity due to limited number of turns per unit distance 
• Contact wear as a result of frictions 
• Noise of Potentiometer 

 
The important parameters for choosing a suitable potentiometer are: 

• Temperature 
• Shock and vibration 
• Humidity 
• Altitude 
 

Also there are different types of encoders: 
• Tachometer encoder  
• Incremental encoder 
• Absolute encoder  

 
Optical encoders provide digital output as a result of linear or angular displacement. 
Usually three concentric tracks with three sensors are used: 

• One slot on inner track to locate the 0o angle 
• Two tracks with n slots on each, half slot width offset to detect the direction of 

rotation and angle 
 
Structure of optical rotary encoder is shown in Figure 4-3.  
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Figure  4-3  Structure of rotary encoder 

 
 
After comparing each kind of potentiometers and encoders, the most suitable one 
must be selected to measure angles of links. Finally in this project, the most suitable 
types of sensors for measuring the angles of links is limited to these types: 

• Rotary potentiometer 
• Incremental shaft encoder 

 
The output of rotary potentiometer is analogue, so its analogue output must first 
convert to the digital. It could be possible with Analogue to Digital converter card. 
There wasn’t any limitation in this matter, because there was I/O card (PCL-818HG 
manufactured by Advantech Co.) in Digital Control Laboratory, which includes an 
ADC. After converting the analogue output of potentiometer to digital, it is necessary 
to use Anti Aliasing Filter to avoid lose data. It is explained in filtering section. But 
the output of incremental shaft encoder is digital, therefore its output can transfer 
directly to the computer. This is the most important advantage of incremental shaft 
encoder to potentiometer in this project. Also there was not any accurate rotary 
potentiometer available in Iran market. So finally the incremental shaft encoder is 
selected for measuring angle in this project. 
 
General characteristics of Incremental Shaft Encoder are listed below: 

• Includes two or three sets of tracks and detectors 
• One track is 1/4 of a cycle behind the other 
• Indicates direction as well as magnitude of the motion 
• Many incremental encoder also have a an index pulse, (3rd track which counts 

cycles) 
• Indicates direction of motion but not origin - no absolute measurement 

 
Optical encoders can be used to measure the position of rotating equipment. They 
provide a cost effective solution for digital position and velocity feedback to a 
microcontroller. Encoders produce two pulse trains which give an incremental 
position count. Velocity and acceleration may be calculated by measuring the number 
of counts in a given sample period. Or, in a slow speed system, velocity and 
acceleration can be measured directly from the time between edges of the pulse train. 
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There were only two suitable and cost effective models of incremental shaft encoders 
available in Iran market. NEMICON (Japan) and Autonics (Korea) are two companies 
that manufactured Incremental Shaft Encoders and their products are available in Iran 
market. Among different models of incremental shaft encoder products of these two 
companies, only one model of each company was suitable. These two models and 
their static and dynamics specifications are listed in Table 4-1. 
 
 

Table  4-1  Static and dynamic specifications of available encoders. 

 
 
 
The reliability dynamics specifications of NEMICON shaft encoder are better than the 
other one and there was a little difference in their costs. So finally the NEMICON 
shaft encoder (Model NOC-S) is selected for measuring angular displacement of the 
couple of links in this project. Full static and dynamic specifications of this encoder is 
appended in Appendix D. 
 
Resolution of shaft encoder and also outer diameter shaft are two important 
parameters that affected on dynamics of system and control system. After modeling 
and simulation of this rotary inverted pendulum in Dymola software, the outer 
diameter and the resolution of shaft encoders is determined. Simulation results show 
that the suitable resolution for both of the encoders is 1024 pulse/turn. It means that 
with this resolution the accuracy of measuring the angle of links is about 0.3 degree, 
which is adequate to control the system.   
 

4.1.2 Design of Direction Detection Circuit 
The incremental shaft encoder which is chosen to measuring angles in this project has 
three output channels as shown in Figure 4-4 the outputs of these three channels are 
quadratic signals. The resolution of NEMICON shaft encoder (Model NOC-S) which 
is chosen for this project is 1024 pulse/turn. It means that 1024 quadratic signals 



 44 
 

produce in channel A and channel B per one complete turn of shaft encoder.  Channel 
Z is the index channel, which produce only one quadratic per each complete turn. 
There is π/4 phase delay between channel A and channel B. By means of this phase 
delay, it is possible to recognizing the direction of rotary motion. 
 
 

 
Figure  4-4  Output Channels of Incremental Shaft Encoder 

 
 
There are prepared incremental shaft encoder counter packs available in market, but 
in order to reduce costs of this project, design and manufacturing of counters is 
preferred. There are several prepared incremental shaft encoder counter ICs. For 
example one of them is QUADRATIC DECODER / COUNTER INTERFACE IC 
Model HCTL-2000 manufactured by HP. This IC can count the output quadratic 
signals of encoder and also recognize the direction of motion. Pin configuration of 
this IC and structure of it is shown in Figure 4-5 and Figure  4-6 respectively. 

 

 
Figure  4-5  Pin configuration of HCTL-2000 
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Figure  4-6  Structure of HCTL-2000 

 
 
As shown in Figure 4-6, there is a binary up/down counter in structure of HCTL-
2000. This IC and other similar ICs are not available in Iran market. Therefore design 
and manufacturing of counter and direction detector done by the electronics group in 
this project.  
 
The simplest direction detection circuit is shown in Figure 4-7. This circuit contains 
one D-Type Flip-Flop and two and gates. Channel A and channel B of the encoder are 
inputs and the output of circuit is the direction bit (0 for up count and 1 for down 
count).  
 

 
Figure  4-7  The simplest direction detection circuit. 

 
 
The reliability of this circuit isn’t adequate, so more reliable circuit is needed. 
Another direction detection circuit is shown in Figure 4-8. This circuit contains four 
D-Type Flip-Flop and two NAND gates. 
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Figure  4-8  More reliable direction detection circuit. 

 
 
All of these circuits are simulated with Electronic Workbench Ver. 5.12 software. 
After simulation the most reliable circuit is chosen. The most reliable direction 
detection circuit is shown in Figure 4-9. This circuit contains D-type Flip-Flop, 
Exclusive OR gate and NAND Gate.  
 

 
Figure  4-9  Encoder outputs. 

 
 
Pulse trains from an encoder can vary from two pulses per revolution for low cost 
applications, to over 5000 pulses per revolution for high resolution requirements. 
Figure 4-10 shows an eight line encoder along with the associated waveforms. A 
small amount of external logic and a few discrete components decode a position count 
and a direction indication from phase A and phase B.  
 
 

 
Figure  4-10  External logic for encoders 

 
 
External logic for encoders is shown in Figure 4-10. Figure 4-11 shows a timing 
diagram of the circuit. Bold type denotes the input and desired output waveforms. The 
phases from an encoder are mechanically produced electrical signals. When the motor 
rotates slowly, the phases inherently exhibit slow rise and fall times. The four Schmitt 
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triggers in the circuit protect against oscillation in the digital circuit due to these long 
rise and fall times. 
 
A simple one-shot is constructed with an RC circuit and an XOR gate to generate a 
pulse on each edge of each phase. ASHOT clocks phase B and BSHOT clocks phase 
A. This technique of digital filtering insures repetitive edges on a single phase without 
an edge on the other phase are not passed on to the processor. Repetitive edges occur 
when the motor changes direction. 
 

 
Figure  4-11  Timing diagram for logic circuit 

 
 
Further logic obtains a direction or UP/DN bit. Note the first edge after a direction 
change is lost. A lost edge does not affect the count since the first transition is lost in 
both directions. Since an edge is lost in each direction, the circuit has an absolute 
resolution of one edge. 
 
Finally direction detection circuit which is shown in Figure 4-10 is chosen for this 
project. The simulation file of this circuit with Electronics Workbench Software is 
appended. In order to manufacturing this direction detection circuit three kinds of 
TTL ICs is needed. These TTL ICs is listed below:  

• 7474 Dual D-TYPE FLIP-FLOP with preset and clear 
• 7404 Hex INVERTER 
• 7486 Quad 2-input Exclusive OR 
 

Full specifications of these TTL ICs are appended in Appendix D. 
 

4.1.3 Design of Counter Circuit 
After design of direction detection circuit, the counter circuit must be designed. 
Resolution of both incremental shaft encoders is 1024 pulse/turn, therefore 10 Bit 
Up/Down Binary Counter is needed for each of them. Because of there wasn’t any 10 
Bit Up/Down Binary Counter in Iran market, three TTL 4-Bit Up/Down Binary 
Counter is used in counter circuit. These three 4-Bit counters is connected serially, 
therefore they can count 12-Bit. Counter circuit with direction detection circuit is 
simulated with Electronics Workbench software. This simulation file has been 
appended. For 4-Bit Up/Down Binary Counter, a TTL IC is used in counter circuit:   

• 74191 SYNCHRONOUS UP/DOWN 4-bit BINARY Counter 
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Full specification of this TTL IC is appended in Appendix D. 
 

4.1.4 Manufacturing of Direction Detection and Counter Circuit 
After design and simulation of direction detection and counter circuit for incremental 
shaft encoders, the Printed Circuit Board (PCB) of this circuit is designed by Protel 
software. The diagram of Printed Circuit Board of direction detector and counter is 
appended in Appendix D. 
 
Direction detector and counter circuit outputs are connected to the computer via I/O 
card (Model PCL-818HG, manufactured by Advantech Co.). There are two separate 
direction detector and counter circuit in this project, because there are two encoders in 
structure of this Rotary Inverted Pendulum. Pin configuration of the output of each 
circuit is shown in Figure 4-12 and also appended in Appendix D. 
 

 
Figure  4-12  Pin configuration of direction detector and counter circuit 

 
 
Two layers metalize direction detector and counter circuit is manufactured by means 
of printed circuit board which appended in Appendix D. Two layers metalize circuit 
before soldering the ICs is shown in Figure 4-13.  
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Figure  4-13  Two layers metalize circuit before soldering the ICs 

 
 

After manufacturing of circuit, the ICs is soldered. The final manufactured direction 
detector and counter is shown in Figure 4-14. 
 
 

 
Figure  4-14  Final manufactured direction detector and counter circuit 

 
 
Finally all of the electronics circuits of this project are gathered in a box and all of the 
connections between this box and other devices such as I/O card, encoders, motor and 
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power supply can easily plug and unplug. This electronic box is shown in Figure 4-15. 
This box includes direction detector and counter circuits and also driver circuit. 
 
 

 

 
Figure  4-15  Connection plug and unplug electronic box 
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4.2 I/O Device 
For transmitting data between sensors and controller and also from computer to motor 
driver we need some devices.   
 
Computers are digital but in real world all of the quantities are analog, so we need to 
Analog to Digital converters (A/D) and also Analog to Digital converters (A/D). 
 
Important parameter for I/O device includes: 

• Accuracy 
• Resolution 
• Compatibility 
• Speed of conversion 
• Ease of Use 
• Cost 

 
There are different types of A/D and D/A, with different type of method for 
converting Digital and Analog data. But here we just focus on different types of 
available type for implementation 
 

4.2.1 Different possible types of I/O device implementation 
• Microcontroller A/D 
• Use of Computer parallel and serial Port 
• I/O Card 

 

4.2.2 Microcontroller A/D 
Because broad use of A/D even Microcontrollers are able to convert digital and 
analog data. But they are not fast enough and also they have constraints in resolution. 
Also it is necessary to design circuit board for work with them. 
Another problem is difficulties for synchronization with computer clock 
 

4.2.3 Use of computer parallel and serial port 
It is possible to use computer ports for data transmission but they don’t act as D/A. 
We need analog voltage for motor drive as command signal. Also there is some 
restriction for bits that can be used. 
 

4.2.4 I/O Card 
One of the easiest methods which are safe enough for this purpose is use of I/O cards. 
They can establish connection between computer and real world, and also they have 
A/D and D/A converters. One of the best features of these cards is compatibility with 
Matlab and XPC Target Package. 
 
Our choice 
The card that is used was Advantech PCL 818HG which is shown in Figure 4-16, its 
feature include: 
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• A/D 
• D/A 
• Digital input 
• Digital output 
• Timer/Counter 

 
 

 
Figure  4-16  Advantech PCL 818HG 

 

4.2.5 Technical specifications 
• Programmable Gain: 0.5 ,1 ,5 ,10 ,50 ,100, 500 ,1000 
• 12 bit A/D , 100 KHz 
• On board 1K FIFO buffer 
• Software selectable analog input range: 

Bipolar : +/- (0.625 , 1.25 ,2.5 , 5, 10) 
Uniploar : 0 to 1.25 , 2.5 , 5 ,10 

• 16 Digital input/ output , TTL Compatible 
• One 12 bit ,analog output channel 

 
For our project we used encoder as angular sensor so, input will be digital and it’s not 
necessary to use A/D. This card can also be used for digital input, and has 16 bit.  
Resolutions of encoders are 1024 part in 360 degree that is equal with 10 bit of 
information. We have 2 encoders and so we need 20 bit as necessary input, if we want 
to measure both of angles in full range (360 degree). 
 
There is 2 way to solve this problem 

• multiplication of data 
• limitation of measurement range 

It’s a little hard to multiplication data because we should synchronize counter and 
computer for data transmission. So we limited the range of measurement as: 
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• 7 bit for pendulum angle (45 degree) 
• 9 bit for base angle (180 degree) 
 

Because we want to control the pendulum near linear range it is completely enough, 
and also because spatial constraints for base 180 degree is completely enough. 
 

 
Figure  4-17  Block diagram for transform digital measured data to degree 

 
 
As shown in Figure 4-17 we multiply gains correspond to value of each bit. 9 bit used 
for base angular measurement  and also 7 bit used for pendulum both with 360/1024 
degree/part resolution. Last bit (blue blocks) has negative gain for measurement in 
positive and negative direction. 
 
For output we used A/D channel. Our used card has only one analog output and it 
could be enough. We used this output as motor driver command signal (0 to 5 volt). 
We also need another output for direction command. It should be 0 Volt for CW 
direction, and more than 2 volt for CCW direction. It is TTL compatible voltage 
range, and because our card has 16 free digital outputs, we used one of them for 
direction command. Card digital output is TTL compatible. 
 

4.2.6 Switch and Jumper Setting 
For use of card it is necessary to set some jumpers as presented in Table 4-2. 
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Table  4-2  Switch and Jumper Setting 

Switch No Name Available 
Options 

Used 
Option 

Switch 1 Channel configuration Single Ended 
Differential 

Not 
Important 

Switch 2 Base address selection 

000 – 00F 
010 – 01F 
200 – 20F 
210 – 21F 
300 – 30F 
3F0 – 3FF 

300 

Jumper 1 DMA channel selection Channel 1 
Channel 3 Channel 3 

Jumper 2 D/A reference voltage External ref. 
Internal ref. Internal ref. 

Jumper 3 Internal voltage reference -10 V 
-5 V -5 V 

Jumper 4 Timer clock selection 10 MHz 
1 MHz 1 MHz 

Jumper 5 FIFO enable/disable FIFO disabled 
FIFO enabled 

FIFO 
enabled 

Jumper 6 
 (upper jumper) Source for external trigger DI0 

EXT. EXT. 

Jumper 6 
 (lower jumper) Counter 0 gate controller DI2 

G0 G0 

Jumper 7 FIFO interrupt selection IRQ2 through 
IRQ7 IRQ2 

 
Just highlighted rows are important. Other options are for professional jobs.  
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4.3 Filtering 
In order to measuring the angles of links in this project, if the rotary potentiometer 
was chosen instead of incremental shaft encoder, then it was necessary to use filter. 
Because the output of potentiometer is analogue and it must be filtered before 
converting to digital. In this section converting the analogue signal to digital signal 
will be investigated. 
 

4.3.1 Channel Configuration 
You can configure input channels in one of these two ways:  

• Differential  
• Single-ended 
 

Your choice of input channel configuration might depend on whether the input signal 
is floating or grounded. 
 
A floating signal uses an isolated ground reference and is not connected to the 
building ground. As a result, the input signal and hardware device are not connected 
to a common reference, which can cause the input signal to exceed the valid range of 
the hardware device. To circumvent this problem, you must connect the signal to the 
onboard ground of the device. Examples of floating signal sources include 
ungrounded thermocouples and battery devices. 
 
A grounded signal is connected to the building ground. As a result, the input signal 
and hardware device are connected to a common reference. Examples of grounded 
signal sources include nonisolated instrument outputs and devices that are connected 
to the building power system. 
 

4.3.2 Differential Inputs 
When you configure your hardware for differential input, there are two signal wires 
associated with each input signal -- one for the input signal and one for the reference 
(return) signal. The measurement is the difference in voltage between the two wires, 
which helps reduce noise and any voltage that is common to both wires. 
 
As shown in Figure 4-18, the input signal is connected to the positive amplifier socket 
(labeled +) and the return signal is connected to the negative amplifier socket (labeled 
-). The amplifier has a third connector that allows these signals to be referenced to 
ground. 
 

 
Figure  4-18  Differential Input 
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National Instruments recommends that you use differential inputs under any of these 
conditions: 

• The input signal is low level (less than 1 volt).  
• The leads connecting the signal are greater than 10 feet.  
• The input signal requires a separate ground-reference point or return signal.  
• The signal leads travel through a noisy environment 

 

4.3.3 Single-Ended Inputs 
When you configure your hardware for single-ended input, there is one signal wire 
associated with each input signal, and each input signal is connected to the same 
ground. Single-ended measurements are more susceptible to noise than differential 
measurements because of differences in the signal paths. 
As shown in Figure 4-19, the input signal is connected to the positive amplifier socket 
(labeled +) and the ground is connected to the negative amplifier socket (labeled -). 
 

 
Figure  4-19  Single-Ended Input 

 
 

 
National Instruments suggests that you can use single-ended inputs under any of these 
conditions:  

• The input signal is high level (greater than 1 volt).  
• The leads connecting the signal are less than 10 feet.  
• The input signal can share a common reference point with other signals. 

 
You should use differential input connectors for any input signal that does not meet 
the preceding conditions. You can configure many National Instruments boards for 
two different types of single-ended connections: 

• Referenced single-ended (RSE) connection  
The RSE configuration is used for floating signal sources. In this case, the hardware 
device itself provides the reference ground for the input signal.  

• Nonreferenced single-ended (NRSE) connection  
The NRSE input configuration is used for grounded signal sources. In this case, the 
input signal provides its own reference ground and the hardware device should not 
supply one. 
 

4.3.4 Noise 
Noise is considered to be any measurement that is not part of the phenomena of 
interest. Noise can be generated within the electrical components of the input 
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amplifier (internal noise), or it can be added to the signal as it travels down the input 
wires to the amplifier (external noise). Techniques that you can use to reduce the 
effects of noise are described below.  
 

4.3.5 Removing Internal Noise 
Internal noise arises from thermal effects in the amplifier. Amplifiers typically 
generate a few microvolts of internal noise, which limits the resolution of the signal to 
this level. The amount of noise added to the signal depends on the bandwidth of the 
input amplifier. 
 
To reduce internal noise, you should select an amplifier with a bandwidth that closely 
matches the bandwidth of the input signal. 
 

4.3.6 Removing External Noise 
External noise arises from many sources. For example, many data acquisition 
experiments are subject to 60 Hz noise generated by a.c. power circuits. This type of 
noise is referred to as pick-up or hum, and appears as a sinusoidal interference signal 
in the measurement circuit. Another common interference source is fluorescent 
lighting. These lights generate an arc at twice the power line frequency (120 Hz). 
 
Noise is added to the acquisition circuit from these external sources because the signal 
leads act as aerials picking up environmental electrical activity. Much of this noise is 
common to both signal wires. To remove most of this common-mode voltage, you 
should: 

• Configure the input channels in differential mode. Refer to Channel 
Configuration for more information about channel configuration.  

• Use signal wires that are twisted together rather than separate.  
• Keep the signal wires as short as possible.  
• Keep the signal wires as far away as possible from environmental electrical 

activity. 
 

4.3.7 Anti-Aliasing Filter 
Filtering also reduces signal noise. For many data acquisition applications, a low-pass 
filter is beneficial. As the name suggests, a low-pass filter passes the lower frequency 
components but attenuates the higher frequency components. The cut-off frequency of 
the filter must be compatible with the frequencies present in the signal of interest and 
the sampling rate used for the A/D conversion. 
 
A low-pass filter that's used to prevent higher frequencies from introducing distortion 
into the digitized signal is known as an antialiasing filter if the cut-off occurs at the 
Nyquist frequency. That is, the filter removes frequencies greater than one-half the 
sampling frequency. These filters generally have a sharper cut-off than the normal 
low-pass filter used to condition a signal. Antialiasing filters are specified according 
to the sampling rate of the system and there must be one filter per input signal. 
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4.3.8 Matching the Sensor Range and A/D Converter Range 
When sensor data is digitized by an A/D converter, you must be aware of these two 
issues:  

• The expected range of the data produced by your sensor. This range depends 
on the physical phenomena you are measuring and the output range of the 
sensor.  

• The range of your A/D converter. For many devices, the hardware range is 
specified by the gain and polarity. 

 
You should select the sensor and hardware ranges such that the maximum precision is 
obtained, and the full dynamic range of the input signal is covered. 
 
For example, suppose you are using a microphone with a dynamic range of 20 dB to 
140 dB and an output sensitivity of 50 mV/Pa. If you are measuring street noise in 
your application, then you might expect that the sound level never exceeds 80 dB, 
which corresponds to a sound pressure magnitude of 200 mPa and a voltage output 
from the microphone of 10 mV. Under these conditions, you should set the input 
range of your data acquisition card for a maximum signal amplitude of 10 mV, or a 
little more. 
 

4.3.9 How Fast Should a Signal Be Sampled? 
Whenever a continuous signal is sampled, some information is lost. The key objective 
is to sample at a rate such that the signal of interest is well characterized and the 
amount of information lost is minimized. 
 
If you sample at a rate that is too slow, then the signal is undersampled, and aliasing 
can occur. Aliasing can occur for both rapidly varying signals and slowly varying 
signals. For example, suppose you are measuring temperature once a minute. If your 
acquisition system is picking up a 60 Hz hum from an a.c power supply, then that 
hum will appear as constant noise level if you are sampling at 30 Hz. 
 
Aliasing occurs when the sampled signal contains frequency components greater than 
one-half the sampling rate. The frequency components could originate from the signal 
of interest in which case you are undersampling and should increase the sampling 
rate. The frequency components could also originate from noise in which case you 
might need to condition the signal using a filter. The rule used to prevent aliasing is 
given by the Nyquist theorem, which states that: 

• An analog signal can be uniquely reconstructed, without error, from samples 
taken at equal time intervals.  

• The sampling rate must be equal to or greater than twice the highest frequency 
component in the analog signal. A frequency of one-half the sampling rate is 
called the Nyquist frequency. 

 
However, if your input signal is corrupted by noise, then aliasing can still occur. 
For example, suppose you configure your A/D converter to sample at a rate of 4 
samples per second (4 S/s or 4 Hz), and the signal of interest is a 1 Hz sine wave. 
Because the signal frequency is one-fourth the sampling rate, then according to the 
Nyquist theorem, it should be completely characterized. However, if a 5 Hz sine wave 
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is also present, then these two signals cannot be distinguished. In other words, the 1 
Hz sine wave produces the same samples as the 5 Hz sine wave when the sampling 
rate is 4 S/s. This situation is shown in Figure 4-20. 
 

 
Figure  4-20 

 
 
In a real-world data acquisition environment, you might need to condition the signal 
by filtering out the high frequency components. 
 
Even though the samples appear to represent a sine wave with a frequency of one-
fourth the sampling rate, the actual signal could be any sine wave with a frequency of 
 

(n ± 0.25) ×(Sampling Rate) 
 
where n is zero or any positive integer. For this example, the actual signal could be at 
a frequency of 3 Hz, 5 Hz, 7 Hz, 9 Hz, and so on. The relationship 0.25 x (Sampling 
rate) is called the alias of a signal that may be at another frequency. In other words, 
aliasing occurs when one frequency assumes the identity of another frequency. 
 
If you sample the input signal at least twice as fast as the highest frequency 
component, then that signal might be uniquely characterized, but this rate would not 
mimic the waveform very closely. As shown in Figure 4-21, to get an accurate picture 
of the waveform, you need a sampling rate of roughly 10 to 20 times the highest 
frequency. 
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Figure  4-21 

 
 
As shown in the top figure, the low sampling rate produces a sampled signal that 
appears to be a triangular waveform. As shown in the bottom figure, a higher fidelity 
sampled signal is produced when the sampling rate is higher. In the latter case, the 
sampled signal actually looks like a sine wave. 
 

4.3.10 How Can Aliasing Be Eliminated? 
The primary considerations involved in antialiasing are the sampling rate of the A/D 
converter and the frequencies present in the sampled data. To eliminate aliasing, you 
must: 

• Establish the useful bandwidth of the measurement.  
• Select a sensor with sufficient bandwidth.  
• Select a low-pass anti-aliasing analog filter that can eliminate all frequencies 

exceeding this bandwidth.  
• Sample the data at a rate at least twice that of the filter's upper cutoff 

frequency. 
 
Aliasing and application of Anti-Aliasing Filter is shown in Figure 4-22. 
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Figure  4-22  Aliasing and Anti-Aliasing Filter 

 
 

As mentioned before, in this project if the rotary potentiometer which is analogue 
sensor, was used to measuring the angles, then it was necessary to use the anti-
aliasing filter. The first order low pass filter (RC) that is shown in Figure 4-23., can 
uses for this purpose. There is a special circuit on the input/output terminal of PCL-
818 HG I/O card for this purpose.  
 
 

 
Figure  4-23  First order low pass filter 
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The amount of R and C of this filter determining with below formulations: 
T= RC         
RC = 1/ 2π  
ωs = 1/T          
ωs = 1/ RC   
2πfs =1/RC fs 
Which ωs is the cut-off frequency that and estimated by simulation. 
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4.4 Power Supply 
All of the electronics devices of the Rotary Inverted Pendulum and the range of their 
external power current and voltage are listed below: 

• Motor 
♦ Power Voltage: Max. 24 V 
♦ Power Current: Max. 5 A 

• Incremental Shaft Encoders  
♦ Power Voltage: 10.8 V to 26.4 V 
♦ Power Current: 60 mA 

• Driver 
♦ Power Voltage: 15 V 
♦ Power Current: Max 1 A 

• Direction Detector and Counter Circuit 
♦ Power Voltage: 6 V  
♦ Power Current: Less than 0.2 A 

The range of power voltage and current of power supply is determined according to 
the power voltage and current of electronics devices. The output voltage and current 
of power supply which is shown in Figure 4-24 is listed below: 

• 24 V / 6 A for Motor 
• 15 V / 1 A for Driver and Incremental shaft Encoders 
• 6 V /  1 A for Direction Detector and Counter Circuit 

 
 

 
Figure  4-24  Power Supply 
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4.5 Actuator: Electrical Motor 
In this section, operational specification of selected electrical motor is determined and 
an operational model of electrical motor for testing and simulating the motor and 
driver operation and performance is introduced. This model is used in inverted 
pendulum model for testing and simulating the operation and performance of total 
system, by using Dymola software. 

4.5.1 Electrical motor selection 
The main reason of selecting a PM (Permanent Magnet) DC motor for actuating the 
inverted pendulum system is: 

 The PM DC motor is ideal for control applications because of the linearity of 
its torque-speed relation. Therefore, the design of controller is always easier.  

 The speed of a PM DC motor can be smoothly controlled and are reversible. 

 A PM DC motor has quick respond, since it has a high ratio of torque to rotor-
inertia. 

 Quick stops and dynamic / regenerative breaking characteristics 
Depend on how the stator magnetic fields are created, DC motors are classified into 
four categories: permanent magnet (PM), shunt wound, series wound, and compound 
wound. The main differences between these categories are electrical schematic, 
torque-speed curves, and current-torque curves. Each categories of DC motor has 
some benefits and can be used in specific conditions. The torque-speed curve and 
current-torque curve of a typical PM DC motor is shown in Figure 4-25.  

 
Figure  4-25  - torque-speed and current-torque curves of a typical PM DC motor 

 

4.5.2 Determination of required torque of DC motor 
For estimation of required torque capacity of motor, a simplified model of the selected 
inverted pendulum is considered as shown in Figure 4-26. This simplified model is 
design based on the structure of selected inverted pendulum and its dimension and 
material is selected based on primitive plan of system.  
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Figure  4-26 simplified model of system 

 
Based on the simplified model, operation and performance of system is simulated in 
some conditions by WORKINGMODEL software. In this simulation, some 
assumption is considered and by considering 5 as safety factor, maximum required 
torque of motor is estimated about 3500 mN.m.  

 
Table  4-3  simulation assumption for simplified model 

Parameter Value 

Material and Dimension Based on primitive plan 
of system 

Max. required speed 360 deg/s 

Sampling time 30 ms 

 

Based on the above assumptions, maximum required acceleration of motor is 
estimated about 12000 deg/s^2 and some conditions are considered for simulating. 
Fro example, a typical operating condition of motor is considered as Figure 4-27. The 
required torque curve of motor in this typical orientation is shown in Figure 4-28.  

As a result of simulation, required torque of motor is estimated about 3500 mN.m. 
The adequate motor is selected based on this value and accuracy of this estimation is 
tested by simulating the motor and driver assembly and whole of inverted pendulum 
system by using operational model of them and Dymola software and if it is required 
the selection is corrected.  
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Figure  4-27 A typical orientation of motor 

 
Figure  4-28  required torque curve of motor for typical orientation 

 

4.5.3 Selected motor specification 
The main specifications of a typical PM DC motor are listed in Table 5-7. 

 

4.5.4 DC motor modeling 
Electrical equivalent structure of a DC motor is shown in Figure 4-29, where Va is 
applied voltage, Vb is induced back emf voltage, Ia is armature current, L is armature 
winding inductance, R is armature resistance, ω is motor output speed and T motor 
output torque.   
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Figure  4-29  electrical equivalent structure of a DC motor 

 

 

Table 4-4 is selected for final evaluating. Based on the three main factors (cost, 
reliability and accessibility of complete data sheet), the number 2 motor is selected. In 
following, accuracy of this selection is tested by simulation of operation of motor by 
using DYMOLA software. As a result of simulation, this selection is approved.  

 
Table  4-4  main specifications of a typical PM DC motor 

unit symbol Comment variable 

V VN Voltage for which nominal data are valid Rated voltage 

mV/r.p.mkE Ratio between induced voltage and angular velocity w with 
motor driven as a generator 

Voltage Constant 

mN.m/A kt Ratio between internally generated torque and motor current Torque Constant 

W R Mean value of ratio between rated voltage and stall current Terminal 
Resistance 

ms tE Time required to reach 63 % of final value of current in locked 
rotor condition 

Electrical Time 
Constant 

ms tM Time required to reach 63 % of speed under no load condition 
with rated voltage applied 

Mechanical Time 
Constant 

A Io Current under no load condition at rated voltage No Load Current 

A IN Current under rated load at rated voltage Rated Current 

W Pout Mechanical power at rated torque and rated speed available at 
motor shaft 

Rated Output 
Power 

W PoutMax Maximum mechanical power at rated voltage. Normally not 
applicable for continuous running 

Maximum Output 
Power 

mN.m TN Torque defined for a given motor available at motor shaft Rated Torque 

r.p.m nN Speed at rated voltage and rated torque Rated Speed 

r.p.m nO Speed at nominal voltage under no load condition at room 
temperature 

No Load Speed 
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The electrical equation of this circuit can be written as: 
)1(  

ωba
a

a KRI
dt

dI
LV ++=  

Since the torque-speed curve of a PM DC motor is linear, torque of a PM DC motor 
can be expressed as:  

) 2( 
atm IKT =  

Mechanical characteristics of a DC motor can be determined by motor's moment of 
inertia (Jo), constant friction torque in the motor (μf) and motor viscous friction (μd). 
Therefore, the internal torque of a DC motor can be expressed as:  

) 3( ωμωμ dfT += )sgn(int  
By supposing the external load on motor is JL and required torque for rotating this 
load is TL, the dynamic equation of a DC motor can be written as:  

) 4( 
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ω  

The friction torque of a DC motor which is a nonlinear term can be neglected in order 
to develop a linear motor transfer function. First, by applying the Laplace 
transformation to the three motor equations (Eq. 1, 2 and 4) can write: 
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By composing the Eq. 6 and Eq. 7 and then, by composing the Eq. 5 and Eq. 8 can 
write:  
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And then, transformation function of a DC motor can be written as:  
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This transformation function has two real and negative poles which can be determined 
by:  

) 11( 
0)(2 =++++ tbdodo KKRRJLsLJs μμ  

The transformation function of a DC motor can be expressed according to the 
constant time form by using τ1, τ2 as following:  
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Where the time constant can be related to poles by:  
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According to the Eq. 11, the poles of transformation function can be calculated as:  
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Since the L and dμ coefficients of a DC motor are small, the multiplication of them 
can be supposed zero. Therefore, the poles of transformation function can be written 
as:  
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According to Eqs. 13, 14, 16 and 17, time constants of a DC motor can be written as:  
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4.6 DC motor driver 
The speed of a DC motor is directly proportional to the supply voltage, so if we 
reduce the supply voltage from 12 Volts to 6 Volts, the motor will run at half the 
speed. In DC motor which voltage of power supply is constant, speed variation by 
vitiating the average of input voltage is done. This technique isn’t efficient and waste 
of energy is high. A better way is to switch the motor's supply on and off very 
quickly. If the switching is fast enough, the motor doesn't notice it, it only notices the 
average effect. Particularly, the speed of DC motor is controlled by ratio of On time to 
Off time. On the other word, as the amount of time that the voltage is on increases 
compared with the amount of time that it is off, the average speed of the motor 
increases. 
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This on-off switching is performed by power MOSFETs. A MOSFET (Metal-Oxide-
Semiconductor Field Effect Transistor) is a device that can turn very large currents on 
and off under the control of a low signal level voltage. The time that it takes a motor 
to speed up and slow down under switching conditions is dependant on the inertia of 
the rotor (basically how heavy it is), and how much friction and load torque there is. 
The speed of motor which is being turned on and off is fairly slowly has shown in 
Figure 4-30.  

 
Figure  4-30  speed of a motor that is being turned on and off fairly slowly 

 
As shown in above figure, the average speed is around 150, although it varies quite a 
bit. If the supply voltage is switched fast enough, it won’t have time to change speed 
much, and the speed will be quite steady. This is the principle of switch mode speed 
control. Thus the speed is set by PWM (Pulse Width Modulation). 

 

4.7 Structure of a DC motor driver 
Circuit a typical DC motor driver which is designed based on the full bridge and 
switch mode technique is shown in Figure  4-31 4-31. Each side of the motor can be 

connected either to battery positive, or to battery negative. Note that only one 
MOSFET on each side of the motor must be turned on at any one time otherwise they 
will short out the battery and burn out. To make the motor go forwards, Q4 is turned 
on, and Q1 has the PWM signal applied to it. The current path is shown in Figure 
 4-32-a. To make the motor go backwards, Q3 is turned on, and Q2 has the PWM 

signal applied to it. The current path is shown in Figure 4-32. 
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Figure  4-31- structure of a DC motor driver based on switch node technique 

a (direction 1) b (direction 2) 

Figure  4-32 current direction in typical DC motor driver 

 

4.7.1 Generating PWM signals 
The PWM signals can be generated in a number of ways, such as the analogue 
methods, digital methods and PWM generator chips.  

• Analogue methods: The PWM signal is generated by comparing a triangular 
wave signal with a DC signal. The DC signal can range between the minimum 
and maximum voltages of the triangle wave. As shown in Error! Reference 
source not found., when the triangle waveform voltage is greater than the DC 
level, the output of the op-amp swings high, and when it is lower, the output 
swings low.  
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Figure  4-33  PWM generation by analogue methods 

 

• Digital methods: The digital method involves incrementing a counter, and 
comparing the counter value with a pre-loaded register value. As shown in, it 
is basically a digital version of the analogue method. The register must be 
loaded with the required PWM level by a microcontroller. It may be replaced 
by a simple ADC if the level must be controlled by an analogue signal (as it 
would from a radio control servo). This method is only really practical if a 
microcontroller is being used in your robot, which can preload the register 
easily.  

 
Figure  4-34  PWM generation by digital methods 

 

4.7.2 Specification of selected driver 
The selected driver is designed for a PM DC motor and controls power and speed of 
motor by applying the PWM signal on input D current of motor. Circuit of driver is 
feed by a 15 V-0.5 A power supply and when the power supply is turn on, a green 
LED where is located under the circuit is turn on.   

The control connector has three pins which first pin is connected to ground of the 
control circuit and second pin is connected to the control voltage which controls the 
speed of motor and varies between 0 to 5 V and third pin is connected to a digital 
source which varies between 0 or 5 V and controls the direction of motor. In this 
driver, the PWM signal is generated based on level of control signal and therefore, the 
power and speed of motor varies based on level of control voltage. In this driver, a 
active bridge is used for direction variation and the direction variation is done in very 
short time. a schematic structure of the driver and main parts of it is shown in Figure 
 4-35. 
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Figure  4-35 schematic structure of driver 

 

Method of PWM signal generation of this driver is control by a jumper (Tacho). The 
Tacho input is used for speed stability. By using it, generated PWM signal is varied 
based on a feedback to generate an appropriate PWM signal for a known constant 
speed of motor. A potentiometer (number 3) is considered on circuit to set the gain of 
feedback. On the other words, by using this input of driver, the speed of motor is 
constant during the variation of load. In situation 2, percents of the PWM signal is 
proportional to the control voltage and therefore, the speed of motor varies 
proportional to the load. In this driver, a potentiometer (number 2) is considered for 
setting the ratio of PWM level to control voltage. This potentiometer is used for 
calibration of the driver and the upper level of PWM signals (100%) can be set 
proportional to maximum level of control voltage (5 V).  

A DC input of motor is considered on driver and must be set according to the range of 
current and voltage of DC motor (24 V and 2.5 A) by considering the polarity of 
input. The DC output of driver is connected to the DC motor connectors. In this 
driver, a potentiometer (number 1) is considering for limiting the current of the 
control voltage.  

 

4.8 Motor and driver test and calibration  
A circuit is designed for testing and calibrating the assembly of motor and driver as 
shown in Figure 4-36Figure  4-36. In this circuit a power supply with a 24 V and a 15 

V constant output and a 5 V variable and adjustable output is considered for feeding 
the board. A digital source with 0 or 5 voltage level is used for feeding the direction 
control pin and according to Figure 4-36 is connected to the driver. The generated 
PWM signals can be shown by using a oscilloscope. The oscilloscope must be 
connected to the board after the active bridge of driver (as shown in Figure 4-36). The 
output voltage of driver (input voltage of DC motor) can be measured by using a volt-
meter.  

The operational condition of the assembly of motor and driver is tested and measured 
in some condition, such as control voltage is set to 0V, 5V and other value between 0-
5V. For 0V of control voltage, the output voltage must be zero and for 5V, must be 
about 24V. The shape of PWM signals for 0V and 5Vof control voltage can be shown 
by oscilloscope. For other value of control voltage between 0 to 5V, the variation of 
output voltage must be varied proportionally (close to linear variation).  

By using this circuit, the driver can be calibrated. For this goal, the ratio of %PWM to 
level of control voltage can be adjusted by potentiometer number 2. During the 
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variation the potentiometer number 2, the output voltage of driver and shape of 
generated signal can be shown by oscilloscope. The desired condition is output 0V 
and 0% level of PWM signal for input 0V and output 24V and about 100%PWM 
signal for input 5V and linear variation of %PWM for value of 0-5V of control 
voltage.  

 
Figure  4-36  motor and driver test and calibration circuit 
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5 Mechanical system design and manufacturing 
 
As mentioned before in introduction chapter, the proposed inverted pendulum 
mechanism is rotational base, so-called furuta type. In this section the most important 
advantages of this system with the configuration shown in first chapter will be 
discussed. Then by considering some limitations the dimensions of the system are 
selected. And ultimately the vibration, deflection and stress analysis performed on the 
system to evaluate the efficiency of system is presented. 
    

5.1 Advantages and disadvantages of rotational mechanism 
vs. translational one 

 
Some advantages of rotational base vs. translational one are as bellow:  
 

• lower cost 
• less weighty  
• smaller friction & no slip 
• easier manufacturing  
• easier assembly 

Besides above items, in translational mechanism the vibration of belt or backlash of 
gears may cause problem. 
 
Nevertheless, rotational mechanism has some disadvantages too. For instance, the 
weight of the system is imposed on motor shaft but in translational mechanism the 
normal force of the guide rail cancels the weight.    
 

5.2 Limitations of Mechanical system design and 
manufacturing 

 
To design and construct the mechanical system there are some limitations that should 
be considered. These limitations are summarized and listed bellow: 
 

• The weight and rotational inertia of the system should be small so that the 
required motor torque and size of the motor decrease. 

• The deflections of flexible parts should not exceed the amounts that violate 
the rigidity assumption of the parts made in modeling process. 

• The mode shapes of the parts should not be excited during control of the 
pendulum. 

  
Considering above limitations the system shown in introduction section is suggested.  
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Some points are necessary to be mentioned here: 
 

• In the suggested system the encoder which reads the pendulum axis (encoder 
2 in schematic shown in introduction chapter) is placed at the end of the base 
near motor shaft. This design has two main advantages 

                     1-It decreases the rotational inertia of the system  
                     2-It produces balancing on the system which eliminates the moment   
                        on motor shaft.   

 
But for reading the pendulum angle, the mentioned encoder measures the angle of 
the part, labeled encoder axis which goes through the base and connected to the 
pendulum perpendicularly. Then two ball bearings with inner diameter of 6 mm 
and outer diameter of 13 mm are placed inside the base and also a connector to 
join the encoder axis and pendulum is designed and built. 
 
• Lumped mass located on top of the pendulum is for replacing the center of 

mass of the system to higher position. This makes the control of the system 
easier (according to the result of simulation). 

 
By considering these limitations the dimensions of parts are selected. The dimension 
table is represented in chapter two.  Figure 5-1 shows the manufactured Furuta 
inverted pendulum system by IUST Mechatronics group. 
 

 
 

Figure  5-1  Furuta Inverted Pendulum Designed and Manufactured in Mechatronics Lab at 
IUST 
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In proceeding sections the dynamic & vibration and deflection & stress analysis is 
performed on the proposed mechanical system. 
 

5.3 Modal Analysis 
 
Since the flexibility effect of parts in modeling process is not considered, we should 
be careful that the resonance won’t occur during exertion of control force on 
mechanical system in reality. This is a kind of uncertainty in the modeling and the 
sensitivity of modeling to this uncertainty should be checked. If we are unfortunate 
and the mode shape of flexible body is excited, then all worked we have done before 
would just be waste of time and energy. So this analysis is vital for the project and our 
mechatronic project would be fail without considering parameters and factors of 
systems in this respect. In this section the first natural frequency of flexible parts that 
is, base, pendulum and encoder axis is determined by use of Adams® software. The 
frequency of exciting force should be far away from these natural frequencies. 
 

• Note 1: Adams® is very useful software for simulation of mechanical system.   
You can study the dynamic and vibration behavior of system and also do 
stress analysis easily and reach to a system that has acceptable attitude in all 
aspects.  So you get rid of such a time consuming and tedious mathematical 
manipulation. 

 
• Note 2: If you have not yet worked with Adamas®, don’t worry because 

Adams® is very intuitive and easy-to-use software. You can get help from its 
own online help which is installed when you install the main software. I 
recommend you to start with Adams/View help part and do the tutorial 
example in that part. It takes only 2 hours to do this, as it took for me. 

I’m sure that you are now interested in such a wonderful software. Now you can 
continue with Adams/AutoFlex help part.   
 

• Note 3: First create the rigid model of the system in ADAS/View. When the 
dynamic response of model is ok, replace the rigid part with flexible part, if 
you don’t know how to create flexible part, I draw your attention to next help 
note. By double clicking on the flexible part you can read the first natural 
frequency of that part very easy. But be careful, dismiss the rigid body motion 
and read the first natural frequency that is not related to this kind of motion. 
Now it is possible to perform other vibration analysis and also do stress 
analysis. As you see we add complexity to the model step by step this 
procedure called crawl-walk-run approach. You can guess why, can’t you? 

 
Note 4: For replacing rigid part with flexible ones follow the bellow steps: 

• load ADAMS/AutoFlex Plugin Manager : Tools Plugin Manager 
          Load Adams/AutoFlex 

• Open Build menu then, Flexible Bodies Adams/AutoFlex 
• At last select the rigid part. Adams will automatically do replacing 
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Note 5: Although the crawl-walk-run approach reduce the possibility of making 
mistakes during modeling process and so less problem for troubleshooting but as a 
experience I advise you to simulate the model whenever you make any change- like 
adding a new part or joint or sth like that-in your model.  
When your model become too complex and you simulate the model and encounter a 
problem at this point, it is really difficult to find the reason of problem. There are 
thousand possibilities for popping problem, for instance, 
maybe the joint have conflict with the others or replacing the rigid parts by flexible 
one maybe done wrongfully and etc. You would be only lucky to find the reason of 
the problem easily. So take my advice it is really precious experience for me. 

5.3.1 Model verification 
 
To verify the model created in Adams we did a dynamic test on mechanical system. In 
this test at first pendulum is in its down position, not on the up, unstable equilibrium 
point. Then pendulum is released from 5 degree away from its equilibrium point. The 
result of this dynamic test that is base and pendulum angular displacement is shown in 
Figure 5-2. As shown these curves and the curves resulted in Matlab® which are based 
on mathematical formulation of dynamic system are the same. This coincidence of 
formulation-based and object-based models make us fell confident that our models are 
all right. 

 
Figure  5-2  Base and pendulum angel (initial state: Base angle=0 pendulum angel=5 degree) 

5.3.2 Natural frequency determination  
 
The fist mode shape of flexible parts and their corresponding natural frequency is 
represented in Figure 5-3.  These results show that the most crisis making part in our 
mechanical system is encoder axis in terms of vibration analysis. It has large aspect 
ratio (the ratio of length over diameter) about 71, and it has the least natural frequency 
about 146 Hz. 
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Figure  5-3  First natural frequency of Pendulum, Base and Encoder axis 

 
As a rule of thumb to avoid excitation of mode shapes, the natural frequency of closed 
loop system ( nω ) should be at least less than 1/2 of least natural frequency of system 
parts ( resω ), that is the relation nω <= 0.5 * resω should be satisfied. 
  
In above equation least natural frequency of system parts ( resω ), is equal to 145Hz. 
For calculating the natural frequency of closed loop system, the simulation result from 
Dymola® is used. The time history of closed loop response of the base and as the 
same for encoder axis is plotting at Figure 5-3. As shown the percentage overshoot of 
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the system is about Mp= 40% .Figure 5-4 shows the relationship between percentage 
overshoot and damping ratio. Based on this graph 40% overshoot means damping 
ratio is equal to 0.3. Another result obtained from Figure 5-4 is settling time that is 
equal to 3s. Now we can calculate ( nω ) as bellow: 
 

)T*/(4 sn ξ=ω                         ⇒                       sec/red4.4)3*3/(.4n ==ω      
 

 
Figure  5-4 Closed loop response of the base & encoder axis 

 
Figure  5-5 graph showing the relation between %overshoot vs. damping ratio 

 
As you can see, natural frequency of closed loop system is far from the least resonant 
frequency of the system equating 146 Hz. So the uncertainty resulted from not 
considering the flexibility of system parts in modeling procedure does not threaten our 
project and we can be sure that none of the disturbing mode shapes is exciting during 
control of inverted pendulum. 
    
 
Note 6: The bellow graph is useful for who are not familiar with control engineering. 
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Figure  5-6 Time response notations 

 
 
 
 
 

 

5.4 Mechanical Design 
 
In this part we have done mechanical analysis including stress & deflection analysis 
on proposed mechanical system. Deflections should be at the range that satisfies the 
rigidity assumption of parts and stresses should not exceed the magnitudes that violate 
the safety factors considered for mechanical parts. In following sections we explain 
this design strategy in more details. 
 

5.4.1 Static Analysis 
 
Deflection analysis: Figure 5-7 shows the deflection contour of parts in static state. As 
can be seen the maximum deflection occurs at the ends of base & encoder axis 
colored with red. The maximum deflection magnitude is equal to .04 mm which is 
less than the amount that can violate the rigidity assumption of parts. So the proposed 
mechanical system passed this test, too, successfully.   
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Figure  5-7  Base deflection contour in static state 

 
Stress analysis: Stress analysis via Ansys® is presented in Figure 5-8. The maximum 
amounts of stress caused by masses of parts in static state is about 1MP. In 
accordance with this amount the safety factor of most critical part in static state is 
equal to my /S σ = (95)/(1)=95   which is mechanically acceptable.      
     

 
Figure  5-8  Base stress contour in static state 

5.4.2 Dynamic Analysis 
 
Dynamic force calculation: Before performing any stress and deflection analysis in 
dynamic mode we have to calculate dynamic forces exerting on mechanical system.  
To do this, we have used the results coming out from control simulation presented in 
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Figure 5-9. The maximum amounts of accelerations imposed to inverted pendulum 
mechanical system during execution of control strategy are as bellow: 
Maximum base angular acceleration ( maxφ ): 95.5 rad/s2 

Maximum pendulum angular acceleration ( maxθ ): 72.6 rad/s2 

Now by having accelerations and masses, forces can be calculated easily.  
 
Three dynamic forces exerting on base are: 
F1= (Mm + Mp)*LBP* maxφ = (0.030+0.026)*0.32*95.5=1.71 N 

F2= (MB+MEA)*EX* maxφ = (.095+.058)*.1*95.5=1.46 N 

F3= -ME*LBE* maxφ =-.240*.15*95.5=-3.43 N 
These forces are shown in Figure 5-10. 

 
Figure  5-9  Pendulum acceleration                                                               base acceleration 

 
 

 

 
Figure  5-10  Dynamic forces exerted on base 

 
Two dynamic forces exerting on pendulum are: 
F1=Mp*(Lp/2)* maxθ  =0.026*(0.4/2)*72.6 =0.37 N 
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F2=Mm*Lp* maxθ = 0.030*0.4*72.6 =0.87 N 
These forces are shown in Figure 5-11. 
 

 
Figure  5-11  Dynamic forces on pendulum 

 
Dynamic deflection analysis: Dynamic deflection of base and pendulum at the 
presence of dynamic force is shown in Figure5-12 and Figure 5-13. As shown in 
figures the maximum dynamic deflection of base and pendulum is equal to 0.1mm 
and 0.9 mm respectively. Again these deflections are not considerable and can de 
neglected without emerging any problem. 
 

 
Figure  5-12  Base deflection contour in Dynamic state 
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                                    Figure  5-13  Pendulum deflection contour in Dynamic state 
 
 
Dynamic stress analysis: The method is exactly the same as static case with only 
differences between magnitude of static and dynamic forces. Figure 5-14 and Figure 
5-15 shows the stress contour of base and pendulum respectively. Based on these 
results maximum stress caused by dynamic forces has value of 20 MP in the base and 
70MP in pendulum. In accordance with these amounts the safety factor of base is 
equal to =σmy /S = (95)/(20)= 47.5 and of the base is equal to =σmy /S = 
(95)/(7)=13.5 .So the stresses resulting from dynamic forces are not  critical for 
proposed mechanical system. 
 
Note 1: All Analysis of this section is done via finite element software Ansys®. 
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Figure  5-14  Base stress contour in Dynamic state 

 
 

 
Figure  5-15  Base stress contour in Dynamic state 
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6 Controller Hardware  
 

6.1 Possible Choices  
One of the basic and common parts in all of the Mechatronic projects is controller 
hardware. A controller for Mechatronic purpose should be able to work in real-time. It 
means it should calculate at specific time intervals and produce output for actuators 
based on sensors measures, at the same time.  

There are different options for controller hardware implementation:  
• Analog Circuit  
• Microcontroller  
• PLC  
• PC  
• Industrial Computer 
 

Any of these options has advantages and problems. We can decide which one is better 
by defining a measure based on important parameters include:  

• Speed  
• Flexibility  
• Complexity (Ease of use)  
• Safety  
• Availability  
• Program ability  
• Extend ability  
• Accuracy  
• Price  

 
Analog circuits: They have the advantage of ultra high speed, and accuracy. 
There is no need to design digital controller, no need to I/O device, resolution, 
aliasing problems and so on. But they are hard to implement and almost it is 
impossible to use them for complicated algorithm. Also they are not flexible and you 
can't change the algorithm easily, except changing a physical part.  

Microcontrollers: They are very useful parts in industrial Mechatronical products. 
New kind of microcontrollers like AVR and PIC, have good speed (about 8 MHz), 
mid range memory, with very low price (about 2$), and they are almost easy to use. 
Ease of use includes easy design and easy operation. They are not very easy in field of 
operation. They are not very safe and may fail in industrial environments, because of 
vibration or noise. They are recommended in mass distribution, because low price. 
Because any instruction used in microcontroller need a time to interpret, with 
increasing the amount of instruction the speed decrease, so they are not suitable for 
complicated control algorithm.  
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 If you are not familiar with electronic it is recommended that you test other 
options at your first experiment. But don’t afraid! You can a lot about 
microcontrollers at a short tme. 
 

PLC: They are very easy to use. No need to filtering, changing voltage range, just 
plug and play! Also they are safe and desire for use in industrial environment. But 
they are expensive; you can't test them in your home. And also they are not flexible. 
You can run just some of specific instruction on them. It is not possible to use 
algorithms with complicated calculations. They are most used in industrial control, 
where most of the jobs are focused on, ON OFF control.  

PC: It is also possible you use a PC as a controller. They have enough power to 
handle any kind of computation. They are fast and easy to use. But you should 
remember that you can't use a PC as controller and you use for another work like 
playing a game at a same time. You should forget Windows programs if you want to 
work in real time, because Windows manage when a program interrupt. You should 
use another OS. You may program by Assembly, that is very hard, but you have the 
ability to control anything. You may use ready packages have the common name of 
HIL (Hardware In the Loop), like SCADA or a package in Matlab by the name of 
XPC Target. We used this option for our Inverted pendulum. It’s suitable for rapid 
prototyping. It can share its resources with Matlab, so it is very easy to use and very 
powerful in the field of control. SCADA is suitable for ON-OFF control use.  

Industrial PC: They are completely like common PCs, but they are suitable for 
industrial use. They are very safe. For example imagine what happen if you design a 
controller for a Hydraulic press, and your PC fail. They automatic restart fast if they 
hang. And they are safe against vibration, humidity and dust, electrical noise, and so 
on. Most of them have old fashion processors like 80386 but it's completely enough 
for a specific job of control. They are more expensive than formal PCs.  

6.2 Our Choice: XPC Target 
As mentioned above, XPC Target is a package in Matlab that can be used for 
implementing a controller on a PC. It is suitable for Rapid prototyping because you 
can easily change control parameters, and after tune up, you may use a 
microcontroller.  It's necessary to use two PC to handle this Job. They called Host and 
Target computer. At one of them (Host) you run Windows and Matlab, and you can 
use it for adjusting the control parameters and also analyzing data. For example if you 
want to have System Identification and when you need Fourier transformation.  
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Figure  6-1 Host & Target computers 

 
At the other computer (Target) you run XPC as an OS (Operating System). The 
controller is run on this PC. You may turn off other computer after running and your 
plant will be controlled. These computers can connect via RS232 (COM Port) or by 
network card and cable. It is just enough that you design your control loop in 
Simulink on Host then your program will upload to the Target computer via the 
RS232 cable, and target will act as a controller. One of best features of XPC Target is 
its compatibility with several I/O Cards. It is possible to easily transfer data to or from 
computer with real world. XPC Target itself supports the card driver and there is no 
need to installation or programming for the card. It’s just enough to put the I/O card in 
motherboard slots of Target computer, then you can use Simulink block for send and 
receive of data. The schematic of a block set is presented in Figure 6-2.  

 

Figure  6-2 Schematic of controller block sets 
 

As mentioned earlier for control a physical plant it is necessary that controller work in 
real time. There are some other programs that need to work real time like media 
players. So XPC target is a part of biggest package in Matlab by the name of Real 
time Workshop. For a practical guide for using XPC target refer to Matlab users 
manual. Here a brief introduction will present.  
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1 Connect two PCs com ports with a RS232 cable. It’s possible to use an old 
fashion computer for target computer like a 386 or higher depend on speed required 
for sampling and control.   

 
Figure  6-3 connection between Pcs 

 
2 Lunch Matlab and in Matlab command window type xpcetup. Then a window 
will appear for configuration has shown in Figure 6-4. There is 2 important parts that 
should fill. It is necessary that you would install a Visual C compiler in your host 
computer. Fill in the Path of Visual Studio (without visual C path).  And if you have 2 
Com port on Host Pc, you should define which one of them is connected to target Pc. 
Other default options don’t need to change.  
 

 
Figure  6-4 xpcsetup window 

 
 
3 Insert a formatted floppy in floppy drive then press Boot Disk button  
 
4 Put the floppy in Target computer and boot it with floppy. At target computer 
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you will see a window at top of the screen as shown in figure 6-5.  

 
Figure  6-5 Target computer screen 

 
 

5 For checking connection between host and target, at host computer type 
xpctest. You should see that target computer automatically will boot. And in Matlab 
command window success or failure of test will appear.  
 
6  Open Simulink window and in menus go to Simulation then Simulation 
parameters.  
 

 
Figure  6-6 Configuring Simulink 

 
 
7  Then in solver option section, change the solver type to discrete. For real-time 
work Matlab can work only with discrete solver.  
 
8 for step size enter the frequency that you need for real time calculation. Most 
of the time is adverse of sampling rate, or an integer product of it.  
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Figure  6-7 Solver options 

 
 
9  In Real-Time Workshop tab, press browse button. At the bottom of the list 
you may find XPC target Option. As discussed earlier xPC target is a part of real time 
workshop and real time workshop can be use for different purposes like programming 
some kind of microcontrollers or programming in windows.   
 

 
Figure  6-8  Real-Time Workshop options 

 
10  No other options required and we are ready to build our model. So press OK 
button.  
 
11 At Simulink library browser you may find xPC Target library.  
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Figure  6-9  xPC Target library at Simulink  library browser 

 
 
12 Like first step we want to generate a signal and show it on target computer. 
From Misc. sub library find xPC scope and drag it to Simulink window and also from 
Simulink sub library find Sine Wave block and drag it to window. 

 
Figure  6-10  A test program 
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13  Press icon shown by red arrow (Figure 6-11). Codes for this program will 
generate and automatically upload to target computer. After upload you will see a 
scope on target computer.  
 
 

 
Figure  6-11 Red arrow show Build Icon and blue arrow shows Run 

 
14 Press icon showed by blue arrow, to run and then play icon. You can see a sine 
wave on scope target.  
 
15  For send and receive signals data from or to I/O card, from xPC target library 
find A/D or D/A sub library.  
 
16  Find the manufacture Co name and card model (for our project Advantec and 
PCL 818HG)  
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Figure  6-12  Advantech D/A sub library 

 
 
17. After drag and drop block, by double click on them you should change sample 
rate. It should be equal or an integer coefficient of step size for solver that configured 
later.  
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Figure  6-13  Sample rate and solver step size relation 
 
 
17  Your controller at the final could be something like this :  

 
Figure  6-14  Analog input - controller - analog output as example 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 


