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Distributed-Parameter Systems:
Approximate Methods

»Rayleigh's Principle
» The Rayleigh-Ritz Method
»An Enhanced Rayleigh-Ritz Method

ne Assumed-Modes Method: System Response
ne Galerkin Method

ne Collocation Method
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The Assumed-Modes Method:
System Response
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The Assumed-Modes Method:
System Response

L 2 2
V) = —;—[0 El(x)[a );(x,r)] dx—l-%kyz(l,,t)

x2
n

2 ; dZ
V(r>_—f0 El(x )Z ‘?“x) ;(r)Z %() q; (t)dx

+- kZCb;(L)qz(t)Z%(L)%(f)

j—-l o
L) i)
=3 szij‘?i'i (t)q;(t)
i=1 j=I

School of Mechanical Engineering
Iran University of Science and Technology



The Assumed-Modes Method:
System Response
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The Assumed-Modes Method:
System Response

Example: Use the assumed-modes method In
conjunction with a three-term series

;i (x) =sin 3; x
Bi1L =2.215707, 3.1 = 5.032218, B3L = 8.057941
to obtain the response of the tapered rod of
previous Example to the uniformly distributed

force f(x,t) = fore(t)
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The Assumed-Modes Method:
System Response

MPg(t) + K q(r) = Q)

EA T 2783074 0.836697 —0.247107
KO = — 0.836697 13.223631  2.623716
| —0.247107  2.623716  33.078693

1

0.563196 0.085462 —0.020523
M =mL 0.085462 0.513392  0.070501
—0.020523 007050 0. 505321
L | L =
(1) =f0 f(x,0)0i(x)dx = fore(t) fo sin 3; xdx =
fore(t)(1 —cos ;L)

i=1,2,3
B |
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The Assumed-Modes Method:
System Response
q(t) =Un()

" 1.340184 —0.167149  0.067503 ]
U=[a al” al)1= mL)™/2| —0.054456  1.419516 —0.155385
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EA
A =diagl[(w{)? (W52 (W§?)*] = diag[4.909451 26.017151 66.003666]——

n() + An(t) =N(@)

112t _0.955753 ]
N = UTQer) = 22 /f() 0.130856
| 0212459
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The Assumed-Modes Method:

System Response
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. 3 3 3
u(x, 1) = Y ¢i(0)qi(t) =Y sinfix Y Uin;(t)
i=1 i=1

= f;{f {sin2.215707x [0.260902 (1 — 082215728,/ EA /mLZz)

- | —0.000841 (1 —cosS_.lOO?Ol,/EA/mLZt)
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THE GALERKIN METHOD

The approximate solution is assumed in the form

1

(n) -. | known independent comparison
Y (JC) ai qu (JC) functions from a complete set

j=1 resiaual

L P
[ qbg(x)R(Y(”)(x),x)dx =0,i=1,2,...,n
0 | - |

Galerkin's method is more general in scope
and can be used for both conservative and
non-conservative systems.
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THE GALERKIN METHOD

» The residual is orthogonal to every trial
function.

»As nincreases without bounds, the residual
can remain orthogonal to an infinite set of
Independent functions only If it tends itself to

zero,or . |
lim RY™(x),x)=0,0<x <L

n—>00 lim Y(”)(x) =Y (x)
n— 00 |

»Demonstrates the convergence of Galerkin's
method.
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THE GALERKIN METHOD

Consider a viscously damped beam in transverse
vibration.
8y (x,1) dy(x, 1)
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j=1t | Jl
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THE GALERKIN METHOD

n
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THE COLLOCATION METHQOD

» The main difference between the collocation
method and Galerkin's method lies Iin the
weighting functions,

* the collocation method represent spatial Dirac
delta functions.

L
f O(x ——_I;:)R(Y(H) (x),x)dx =0,
; _

REY™M(x)=0,i=1,2,...n
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THE COLLOCATION METHOD:
A beam In transverse vibration

'n R _d2 dzd)(.?C) ) "
R(Y( }(JC;')) :j;aj {EE[E](X) di@ iI-—/\( )M(X)CbJ(X)} — =0,
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THE COLLOCATION METHQOD:
The tapered rod

»Consider the tapered rod fixed at x=0 and
spring-supported at x=L. Solve the problem by
the collocation method in two different ways:

= 7)using the locations x;= /L/n (1= 1,2, ..., n)
= 2)using the locations x,=(2r1)L/2n (F1,2,. . ., n)

»Glve results for n=2 and n= 3.

»List the three lowest natural frequencies for n=
2,3, ...,30and discuss the nature of the
convergence for both cases.
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THE COLLOCATION METHQOD:
The tapered rod

oi(xy=smpB;x,i=1,2,....n
B1L =2.215707, BoL = 5.032218, 3L = 8.057941

d | do;(x) - 6EA d 1 rx\2
kii=—-—|EA / =—— l—m(—) L cos3;
Y dx | ) dx |l,—,  SL dx ” 2\L ]5-" OSﬁjx}x:xg
6EA [ "1 xi\2 5 . -
— mwkﬁjxicosﬁjxi—k _1—§(f) :((ﬁjL) Sll‘lﬁj.xi}, L, J =1,2,...,n
6m 1 7x;N\2] . |
mui?[l—z(f) ]Sinﬁjxi, i,j:l,Z,...,n
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THE COLLOCATION METHQOD:
The tapered rod

1. Locations at x; =il /n

_ EAT 5205939  13.120091 Mo—m 0.939479 0.614764
T L2 | 0755692  —12.524855 0.479492  —0.569574 |

A | 4132826 —0.273503 "
T | 2.152427  21.759635 |

K

A=(mL>/EAM 'K

EA [ 0.992599 [ 0.999879 ]
=410 M= 01438 | | 0.015544 |
EA [ 0.015544 ] [ 0.121438 7

Ay =21.72617——, a = _ | Vlels
2 mi2 2| —0.999879 " P27 | 0992599 |

Ui(x) =0.99259951n2.215707x — 0.121438 sin 5.032218x
Uz (x) = 0.01554451n2.215707x — 0.999879sin 5.032218x
-
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THE COLLOCATION METHQOD:
The tapered rod

W= wr_\/mLz/EA for x; =iL/n

03
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¥ wi w3 W3

2 2.041149 4661134 ~

3 2.148223 | 4.950458 7.764421
4 2.180078 | 5.026274 7.974473
5 2.193677 5.055835 8.039231
6 2.200720 5.070436 8.067294
7 2.204835 5.078739 8.082175
8 2.207446 5.083920 8.091089
9 2.2(39205 5.087374 | 8.096877
10 2.210447 5.089793 8.100861
30 2.214987 5.098508 8.114744




THE COLLOCATION METHQOD:

The tapered rod

03

w* =w,/EA/mL? for x; = 2i — 1)L /2n

e

r Wi w; w3
2 | 2245588 | 5.229317 -
3 2231022 | 5.138904 8.255577
4 2225251 | 5.121013 8.163432
5| 2222239 | 5.113512 8.142789
6. | 2220445 | 5.109469 8.133890 . |.
7 2219286 | 5.106992 18.129019
8 2218494 | 5.105352 8.125996
9 2217927 | 5.104204 8.123967
10 | 2217509 | 5.103367 8.122529
30 | 2215772 | 5.099994 8.117046
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THE COLLOCATION METHQOD:
The tapered rod

»For x; = IL/n the natural frequencies increase as
n increases:

= The specified locations tend to make the rod
longer than it actually is.

= Because an increased length, while everything
else remains the same, tends to reduce the
stiffness,

= The approximate natural frequencies are lower
than the actual natural frequencies.
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THE COLLOCATION METHQOD:
The tapered rod

»On the other hand, the locations x=(21-1)L/2n
tend to make the rod shorter than it actually is,

= So that the stiffness of the model is larger than
the stiffness of the actual system.

= As a result, the approximate natural frequencies
are larger than the actual natural frequencies.

This points to the arbitrariness and lack of
predictability inherent in the collocation method,
with the nature of the results depending on the
choice of locations.
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Distributed-Parameter Systems:
Approximate Methods

»Rayleigh's Principle
» The Rayleigh-Ritz Method
»An Enhanced Rayleigh-Ritz Method

ne Assumed-Modes Method: System Response
ne Galerkin Method

ne Collocation Method
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Advanced Vibrations

THE FINITE ELEMENT METHOD
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INTRODUCTION TO THE FINITE
ELEMENT METHOD

»Finite element method Is the most important
development in the static and dynamic analysis
of structures in the second half of the twentieth

century.

»Although the finite element method was
developed Independently, It was soon
recognized as the most important variant of the

Rayleigh-Ritz method.
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INTRODUCTION TO THE FINITE
ELEMENT METHOD

»As with the classical Rayleigh-Ritz method, the
finite element method also envisions
approximate solutions to problems of vibrating
distributed systems in the form of linear
combinations of known trial functions.

» Moreover, the expressions for the stiffness and
mass matrices defining the eigenvalue problem
are the same as for the classical Rayleigh-Ritz
method.
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INTRODUCTION TO THE FINITE
ELEMENT METHOD

» The basic difference between the two
approaches lies in the nature of the trial
functions.

* In the classical Rayleigh-Ritz method the trial
functions are global functions,

* In the finite element method they are local
functions extending over small sub-domains of
the system, namely, over finite elements.
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INTRODUCTION TO THE FINITE
ELEMENT METHOD

»In finite element modeling deflection shapes
are limited to a portion (finite element) of the
structure, with the elements being
assembled to for the structural system.

» The elements are joined together at nodes, or
joints, and displacement compatibility Is
enforced at these joints.

(1 zrfﬂip ikl

(e)
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ELEMENT STIFFNESS AND MASS
MATRICES AND FORCE VECTOR

Uniform bar element undergoing axial deformation:

up(1)

\y o i o
uy(1) ‘*’

The shape functions must satisfy the BCs:

¥ (0) =1, yn(L) =0
2(0) = 0, (L) =1



ELEMENT STIFFNESS AND MASS
MATRICES AND FORCE VECTOR

»Considering axial deformation of the uniform
element under static loads:

(AEu) =0 > u(x) =c¢ + c;:‘,

X

A

W) =1-

) = %
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ELEMENT STIFFNESS AND MASS
MATRICES AND FORCE VECTOR

L L L
ku = f E,'l]}!.r:t]ffj dI! m;, = f ﬁ'!’llﬁﬂ ul'rj d:, P, {I] -_-f P_‘I:I.fh:ﬁ}; Py
i 0 #]

| |
| A 1 =1 pAL | 2 1
=Fa] m=t )




Transverse Motion: Bernoulli-Euler

Beam Theory

4 VO =1,  ¥0) =¥(L) =y(L) =
vix,r) = Zu’f (x)v; (1) Va0 =1, ¥a(0) = ya(l) = ¥5(L) =
¥ - i I
i=l Us(L) =1,  ¥3(0) = ¥5(0) = Yy (L) =
Vi) =1,  ¥(0) = ¥, (0) = ¥u(L) =
4 rvxn
/",,f"q{”
f 1
f iﬁziﬂ
] valt)
vyl . : s
- ] oo
N
L A
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Transverse Motion: Bernoulli-Euler
Beam Theory

For a beam loaded only at its ends, the
equilibrium equation is (Efv")" = 0

v(x) =¢; + :':EE + Cy (%)1 + ¢4 (E)-"

no=1-3() w2 (7)

Ya(x) = x = 2L (E)2 +L (%)3

b= 3(5) -2(3)

=2 +2(3)

—

\x—
L
X
L
valx)
| x,
L
[ WalX)
X
\/L -

A
4
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Transverse Motion: Bernoulli-Euler
Beam Theory

L [ [ 12 6L —12 6L
kij “——f ETy v dx |, _ El| 4L —6L 212
0 L 12 —6L
L _ symm. 4L*
m;; = f PAY Y dx i
0 156 22L 54 —13L °
L o PAL 4L* 13L -3L?
pilt) = f polx, Dy dx ~ 420 156 —22L
0 | symm. -1.'1.1i
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Example

Determine the generalized load vector for a
beam element subjected to a uniform
transverse load.

EEEEEEEEEEEET

i
-

L

BRI |
‘;’1(.‘:.}.= 1 .—.3 (%)24.2(_;_)3 o zfi. pr{_r’”wr_{_ﬂdx %f{f]L
nw=x-20(7) +L (%) ’ 15 f(DL?
X2 x4 3 P{I} = i
15'3{1}=3(1*) *Q(E) A} (b s f ()L
Valx) = —L(%)2+L(%)3 ' ' - L F(OL
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Torsion

B(x,t) = Y (x)8,(1) + Ya(x) 8,(1)

&

(GO =0 — ) =1-=, &) =

- L |
k= [, Grvivjds
' 0

. e 117 eLLT21
. (F ""E‘[—l 1]’ m =g [12]]
mij = A ﬂ;p'ﬂf"ﬂt"j dx '

. ¢ |
Pi(r::':‘[u ta(x, DY dx
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ASSEMBLY OF SYSTEM MATRICES:

« Scheme for the assembly of global matrices
from element matrices for second-order
systems using linear interpolation functions

K, M,
F: !
X! X X|x
- K M
x [ x| X ‘ x| xlx] 2
x| x x| x
K = M=
K”"l Mn-l
£
x|x| Lk x|x] twm
r I
X | x| X x| x| X
X X X X
L — - —
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ASSEMBLY OF SYSTEM MATRICES:

« Scheme for the assembly of global matrices
from element matrices for fourth-order systems

_ f’""K' _ . ,f'“"M‘ _
X XIX & K % XX X i
xxixx| ™2 X XX X gf‘%
X AKX XXX X XX XIX X
XXX XX x X xIx xlx x
X XXX XX XK
XX X% XXX
K = ' ;:'d-ﬂ—l
KXX X
xxx x| T M
XXX XXX
XX X|X X
X E KX
B u X X X X/
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BOUNDARY CONDITIONS

The Finite Element formulations inherently
satisfy Free boundary conditions.

Fixed BC's:

ke
=

| . .
K
XIX| X Xl1X|Xx
XI X Xl X
K= M=
Kn—] M 1
n-=
L /
x|x| |k x|x| M
rd I
X1X| X X]1X| X
X X X X
L—F  — e —
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BOUNDARY CONDITIONS

-
o | b L

e Supported Spring : 4. |
 Lumped Mass: AR

~

Lumped Mass
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Example 10.1:The eigenvalue problem
for the tapered rod in axial vibration

1. Use the element stiffness and mass matrices
with variable cross sections given by:

mix) = ﬁTT [] _% (L:_)E:l EAx) = %ﬂi [l N é (i)l]

2. Approximate the stiffness and mass
distributions over the finite elements (piece
wise constant ) as:

o GEA| 12512 C6m | L 21N
EH-*“T[]_E('_@_) ] mf_?[-“i(”?) IS L

School of Mechanical Engineering
Iran University of Science and Technology



Example 10.1:Variable cross section
rod element

ih T(x 2
f me}['ﬂ m] dx.
(=1 dx

0 2 T
U(x):q&}n{x}aj, (j—1Dh<x<jh e f EAF {E}aj" (_%) If'i’(f] ﬂ'ﬁ‘fr' (f] aj{_h]dg
|

= [hj1(x) ¢ ()] laj—y a;]” d§ d§

O it 1 1 . ] 1 1° .
1€) =&, (&) =1—¢ —-ﬂj Ef;_] Eﬂ}{a} —1 —1 dg &
E=(jh=x)/h
e -1 1"
—'IT-l N - ]

za?h’jaj, J=L2,....n
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Example 10.1:Variable cross section
rod element

6F A (j—6*7 .
T A = —]] - Ci=1,2,...
EA) S 2n? ] J |

L

. 6E An 1 1—3j+3;52 T
.1 J Gn
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Example 10.1:Variable cross section
rod element

jh 0
j; U s = [ my©a] 9©)6 ©a;(~h)de
1

| T
—=al (hj; mﬂ{}[ IEE :”: 15(‘5} d&)aj

f—1mh
I 2
T _ £ £(1-¢) |

=alMa;, j=1,2,....,n
1 ‘) Y

B ¢ E(1—§€) G (J—&)
Mi=h| m; () =—|1- -
j fn ”’-"”‘5}[ E1—8) (16 }ff* (L) =3 [1 o2

_{H_L_ 2 1 - m‘i*_ E[Er-—iﬁj—l-lﬂj'g'_] 3_.1{|j_|_"”2
Sn | 12 100n° | 3-10j+10*  2(1-5j+10j) |
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Example 10.1:Assembelled Stiffness
Matrix

2 =1

—1 2

E=5Eﬂﬂ 0 —1

0 0

0 {)

[ 8 —7

—7 26

__Eri 0 —19
Shn

() 0

0 0

"
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0 0 0 7
-1 () 0
2 0 0
0 2 -1 ///
0 -1 1+5/6n
0 0
-19 0
56 0
0 2(4— 6n + 3n%)
0 —(1 = 3n+3n%)

—(1 =3n+3n%)
| — 31+ 3n2

the spring at ¥ = L has the stiffness k = FA/L




Example 10.1:Assembelled Mass
Matrix

4 1 0 0 0 ]
1 4 0 0
M=’TL| 0 1 4 0 0
| e
0 0 0 4 1
L0 0 0 1 2 |
T 44 230 0 0 7
23 164 63 0 0
n . 0 63 a64 ... 0 {
LI | oo
0 0 0 ... 411=20m+10nY  3—10n+10n>
00 0 ... 3—10n+10n*  2(1—5n+10n%)
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Example 10.1:Exact Parameter
Distributions

Table 10.1 Normalized Natural Frequencies for Linear Interpo-

lation Functions—Exact Parameter Distributions Ulfzm
n | WPVmLYEA | «mLEA | o ml?/E: 1 _
10 2.219979 5.152368 8334965 | L/4 L2 L4 L x o o166 [ EA
11 2.219206 5.143180 8.296875 0 —— - ' x 1 =2 |l

. Sh 10h 15k 200 % J
2 2218619 5.136197 8.267934
13 2218161 5.130764 8245432
14 2.217798 5.126456 8.227593 0,20
20 2216639 5.112713 8.170752 L/4 Li2 SL/4 L~ g=51127] BA
. . _ . . 0 5h 1 15h 200 N J ml
: . . : -1
29 2216054 5.105795 8.142184
30 2.216020 5.105384 8.140487
31 2.215988 - 5.105012 8.138952 1.C0
3

: - : : 1 , _ -
73 | 2215608 5.100514 8120397 L4 L2 3L/ L x [ EA

. + t | ﬂ]]=8.l?08 2
74 2215606 5100487 8.120288 0 = 10h Z, 0h % U omi
75 2215604 5100462 $.120182 »

School of Mechanical Engineering
Iran University of Science and Technology



Example 10.1: Convergence Study

Table 10.2 Normalized Natural Frequencies for Linear Interpo-

Table 10.1 Normalized Natural Frequencies for Linear Interpo- lation Funcfions—Approximate Parameter Distribu-

lation Functions—Exact Parameter Distributions

tions
n | w'VmIPJER | o VmL*EA | WOVWLIER | [T it A | o Jmi2/EA | of JmIZ/EA ]
12 2.218619 5.136197 8.267934 J 12 2218285 5.133480 8.262000
13 2218161 5.130764 B.245432 13 2.217877 5.128467 8.240460
14 2217798 5.126456 8.227593 14 2217554 5.124487 2 773362
20 2.216639 5.112713 8.170752 20 2216520 5.111767 8.168765
29 2216054 5.105795 8.142184 29 2.215998 5.105350 §.141259
30 2.216020 5105384 8. 140487 30 2.215967 3.104968 8.129624
31 2215988 - 5.105012 %, 138052 3] 2.215939 5.104623 ) 8138144
73 | 2.215608 5.100514 8.120397 73 2.215599 5.100444 J 8120254
T4 2215606 5. 100487 8. 120288 | 74 2215597 5100420 ! 120148
75 2.215604 3. 100462 5.120182 75 2.215595 5.100396 | 8. 120046
{14y _

Rayleigh-Ritz method using comparison functions reach convergence as follows: w;” " =
2215524 EA/mL?, Wi = 5.099525/EA/mL?, wi™ = 8.116318,/EA/mL?.
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Superaccurate finite element
eigenvalue computation

The consistent finite element formulation:
» It Is theoretically sound and also,

»provides an assured upper bound on the lowest
eigenvalue.

Mass lumping producing a diagonal mass matrix

»An attractive option for the engineer confronted
with large complex systems.
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A Fixed-Free Rod Finite Element Code

& Editor - F:\COURSESM dvanced Vibrations\Rod.m M[=1E3
File Edit Text el Tools Debug Deskiop window Help I
Nl i2Box (S dr 20 BRERH| ER
1 % A
z2 % Eigen Prokblem of a Fixed Free EREod
3 %
q - L=1; % The rod length
5 - m=1: % Linear wass density Consistent Mass Model
[y Ei=1: % Awial stiffness
7 - HN=10:
g - for Ne=1:H
9 - E=zeroz (Ne+1l) ; Mc=zeros (Ne+l): Hl=zeros (Ne+l):
10 - ke=EL*MNe/L*¥[1,-1:-1,1]:
11 - me=m*L/Ne*[2,1:1,2]/6:;
1z - ml=m*L/e*[1,0:0,1]/2;
13 - for i=1:Ne
14 - Efiri+l,i:i4+1)= E(izi+1,i:i4+1)+ke;
15 - Mefiri+l,i:i4+1)= Me(izi+l,i:1i41) +me;
1 - Mlf{isi+1l,i:i+1)= M1{i:i+1,i:i+1)+ml;
17 - end
128 - E=E(Z:Ne+l,2:Ne+1): Mo=Mc(2:Ne+l,2:Ne+1): M1=MN1(Z:Ne+l,Z:Ne+l) )
19 - Lo (Mel=minleig (K, Mc)): Lumped MaSS MOdeI
20 - Ll(Mel=min(eig(E,M1)1):
21 - end
22 - plotil:M,Le,1:M,L1); :
2 —

4 >
MODALST m ¥ | Rodm |

zcript Lh 18 Caol B2
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Convergence Study of the 1t Mode

e ! ! ! !

12 I ......... . —_— ......... S s ......... - ]
B Consistent Mass Model
E EE .................................... Nl o s B s s o s i Do o e o s B
c :
= =
2 ¢ T
VT L s B s SRR D e R T M e S M
5
o
k]
=
S R
Iz
LLI \

Lumped Mass Model

] 2 3 4 5 b 7 g 2| 10

Mumber of Elements
School of Mechanical Engineering
Iran University of Science and Technology



Superaccurate finite element
eigenvalue computation

L 1{ 1 =1 hl 2 1 hll
e=ul_1 1| Hi',,-—ﬁ] ) | J‘H,,-—E \

Let the mterval O0<=<x=<1 be divided inton + 1 sectionsof size h = 1/(n + 1)

Assembly of the linear finite elements over this
mesh using the lumped mass matrix leads to:

i I |
uj — 2uj1 + Ui + t’.f}“fi'“f{;_l =0, 1wy =ty = 0.

u = = > Z (24w )+ 1=0

Provided: o’/ <4. z=1— %(J) & +1/'3(,u\/l — —cu 2?2

School of Mechanical Engineering
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Superaccurate finite element
eigenvalue computation

z = l—% +1f1r1\/l——uzfr~

zZl=1 - z=-cosll+1sin(

uj = {'1:"? T E’EZ";
u; = (¢ + ¢2) cos jl +1(c; — ) sinjll = A cos jll + Bsin jl
A = 0 since 1y = 0.
Uy = 0. >Bsi(n+1)0 =0

m+1)0=n or 0= mnh.

s
School of Mechanical Engineering
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Superaccurate finite element
eigenvalue computation

l—% +1f’1r1\/] ——fffr
ys (0 +1sin 0 0 = nth.
2

cosmh =1 — %wzhz W = h2(1 cos mh).

Power series expansion of cos iw/h results 1n
) = 17 (1——n2h2 )

/12

an underestimation of n* of accuracy O(h°).

L]

F e
_—
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Superaccurate finite element
eigenvalue computation

Assembly of the linear finite elements with the consistent mass matrix

U -+ EHj+1 -+ Uiy 2 -+ %ELJEIIEI:HJ -+ 41{;4_1 -+ Hj+2} =10

the associated characteristic equation

, —64 2w°h?
z° + 2 —z4+1=0.
6 4+ wh-
6 — 2w h
z=-cosl+1sin( > cosmh = —
6 + arh?
2 6 1 —cosnh 2 2 I | 414
° = — 0 =7 (1l +5Th b+ )

- K2+ cos mh

@ 1s an overestimation of n* of the same accuracy O(h°).
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Superaccurate finite element
eigenvalue computation

If:

» The consistent finite element formulation leads
to an overestimation of eigenvalues and

» The lumped finite element formulation leads to
an underestimation of eigenvalue;

then It stands to reason that

»an Intermediate formulation should exist that is
accurately superior to both formulations.
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Superaccurate finite element
eigenvalue computation

Linear combinations of the lumped and the consistent
mass matrices give various forms of nonconsistent mass
matrices:

(Mycl=a[M, ]|+ p[M.],

where the constraint « + 8 =1is imposed for mass
conservation.
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Optimal element mass distribution

Write the general finite difference approximation:

up — 2w+ ujo + ﬂiizf?z(ﬂﬂw + oty + opltjsa) =0

i
—1 2ol

7% + 2z —+1=0
1 + Ei.[]!fﬂ‘h‘
o xh 2 — ay h , | 1—cosmh 5 ox
s Th = - = j = —
2 + 2apm=h? | doh= [ + cos mh 2ot

. . | 1002 — 2
[ N do — o 2 4 ox* }1
20t 4+ oty 1 2( 2009 4 01)”

_ __ 10
o =713 %1 = 717
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Three-nodes string element

_ _ 2 4
78 5
k.——| -8 16 -8, |
6h 3 x
1 -8 7]
- 4 2 —1] 4 \
"y e o
Mg — — s
15 5
-1 2 4
_ - -6
1
_;’1 4
Hh_-—} l
- - tog | 1- 25|
; i 2 17 [ =2 17
mf(;,-}zé 2 16 2 |49|-2 4 -2
-1 2 4] |1 -2 1]
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More detalls In:

Superaccurate finite element eigenvalue computation
[. Fned*, M. Chavez
Journal of Sound and Vibration 275 (2004) 415-422
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PARAMETRIC MODELS AND ERROR
ANALYSIS FOR RODS

Rod parametric model:

| —1
l{:f{ \;—l IJ }I{:}D

Meoirc| 270 0| pcia
1=pAAx ‘ /4
‘f R —

K(DR == 0
DMy = diagm, m,m, I, 1,,, 1..)

the symmetry considerations
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PARAMETRIC MODELS AND ERROR
ANALYSIS FOR RODS

The equation of the th node in the assembled finite element
model

kl—u;_ g + 2u; — ) + pAAx(Ow;_y + (1 — 200, + Ou, ) =0, i=2.....n

0% o 2AxE" kAx oFm* hy, O™
kAx — — pAir |+ Y — — — pA0——] =0
( o2 P =0 2m)! \Cm+ 1) (2m + 2) dxFmr D P oy
2
{ .
E— —pu=0
X

0" = k = EA/dx
2" = No new req.
4" = 0=1/12

.
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PARAMETRIC MODELS AND ERROR
ANALYSIS FOR BEAMS

1 1
[ S I
1 " Timoshenki beam element,
K = L @ —3 77—« (1o EI
- { 1 (1+ g)Ax?
—5
a=(4+ g)/12
S}Irm. 1 13 7 1 _ 2 2
- my = (35 +769 +397)/(1 +9)
[ 1
My1 My 73— M4 My a My 2 = (315 + 1300 +3397)/(1 + 9)°
My —My 4 My 4 my.s = — (335 + 709 + 229°)/(1 + g’
M= pAAx o . ;
My 4 — My 3 m > = (105 + 509 + 12097 )/(1 + 9)
S}'Iﬂ M> 2 Euler—Bernoulli beam
g = 0.
My g =75 — My 1/2 + My 5+ My s — My

s
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PARAMETRIC MODELS AND ERROR
ANALYSIS FOR BEAMS

New Concepts for Finite-Element Mass Matrix Formulations
ALAA JOURNAL VOL. 27, NO. 9, SEFTEMBER 1989

C. Stavrinidis*
European Space Agency, European Space Research and Technology Centre
Noordwijk, The Netherlands
and
J. Clinckemailliet and J. Dubois]
Engineering System International, Rungis Cédex, France

163 51 . 19 15
My 1 =330 Mi,2 =830 Mi1.4=—830. M2.2= 530

The resultant mass matrix leads to an accuracy of fourth order in vibration analysis which cannot
be obtained by a linear combination of the consistent and lumped models.
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PARAMETRIC MODELS AND ERROR
ANALYSIS FOR PLATES

MINIMIZATION OF THE DISCRETIZATION ERROR IN
MASS AND STIFFNESS FORMULATIONS BY AN
INVERSE METHOD

H. AHMADIAN,! M. I. FRISWELL* AND J. E. MOTTERSHEAD'*

INTERNATIONAL JOURNAL FOR NUMERICAL METHODS IN ENGINEERING, VOL. 41, 371-387 (1998)

School of Mechanical Engineering
Iran University of Science and Technology



PARAMETRIC MODELS AND ERROR
ANALYSIS FOR PLATES

d=1[d,.d;.d5. d,]"

d; = [w;, Avoy, AxB]Y, i=1.....4

K Ko Koy Ko 2
I{=k HL‘L‘ ]{;‘3 Hl-l f—'ljf
Kis Kiy 1
Sym. Ky |
B ) AX
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PARAMETRIC MODELS AND ERROR

ANALYSIS FOR PLATES

[0
0
T.":."..- —
0
IR
0
S
T. =
R — diag(—1. —1. 1) Sy
S — diag(—1. 1, —1) 0

School of Mechanical Engineering
Iran University of Science and Technology
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PARAMETRIC MODELS AND ERROR

ANALYSIS FOR PLATES

Ky K- K Kis
. SK,,S SK,.S SK, .S
B SRK,;RS SRK,,RS
Sym. RK ;R
0 Q 0 0
0 0
T. = Q0
o 0 0 0 Q
Q 0 0 0

School of Mechanical Engineering
Iran University of Science and Technology

K, =Ki;

K;» =SK}|,S
K,; = SRK ;RS
K.s = RKi4R

-l D {}_ Hll[l.":p] — QTRHII[;]]RQ
Q=10 0 —1| Kis(l/p)=Q'RK,:(p)RQ
01T 0 Kiu(l/p)= Q"RK,1(p)RQ



PARAMETRIC MODELS AND ERROR
ANALYSIS FOR PLATES

The rigid-body modes must occupy the null space of K.
- SAS |

o1 %_
A i
D, = A=|0 1 0
RAR
SRARS| 0 0 1

]{]]5;—15 + I{lgﬁt =+ HL},RAR + H].;E!RARS — ﬂ

The stiffness matrix of the plate element with nine independent parameters
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PARAMETRIC MODELS AND ERROR
ANALYSIS FOR PLATES

Kydioy o0 +(Kas + Ka)di—  + Kypdi 544
+ (K + Kod o (K + Ky + Ky + Ky)d;
+ (Kas + Kyo)dy o0 + Kogdig g o0 + (Kos + Kyg)diy
+ Kyadisq jor 4+ Magdi_ g g + (M3 + My)d;_y
+ Mol g jes + (Mys + My)ds -,
+ (Myy + My, + Mgy + Myd, ; + (Mg + Mo)d,

T -1‘*']24He+1,j—1 +(M;3 + Mulaiﬂ.j + h"[liﬁi+1,_.i+l =0
| 0 ad\"
'l'|['_|_]1j_|_1 :[I!'“I;‘F —(ﬂf—+ﬂlq_) di._.l'

— n! 0x - oy
= n ¥
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% error

PARAMETRIC MODELS AND ERROR
ANALYSIS FOR PLATES

Square Plate Rectangular Plate
12— T 12 v
E
10 -"\ MZC 10,
1 \ MZC Table 1. Dimensionless centre displacement, wD/gL* for uniform load g
\ .
\
8 8l MZC model Inverse model
1
1\ _ ‘5 Mesh p=1 p=2 p=1 p=2
i1 =]
6r \ :t; 6 \'\ 4x4 0001403 0002778 0-001274 0002561
! \ Bx8 0-001304 0002593 0-001266 0-002540
H.\ \ 12x 12 0001283 0002560 0001265 0002536
al | al ' 16x 16 0001275 0002548 0-001265 0002535
4
‘* \ Exact!? 0-001265 0002533 0-001265 0002533
.\.\. \*.
2t AR 2F S
Inverse e k\lzvsrse =
- %
)\Q ‘\-\\\9___* T
i L L 1 i
0 5 10 15 0 5 10 15

elements along one side elements along one side

Figure 4. Errors in the estimated centre displacement of a clamped plate
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PARAMETRIC MODELS AND ERROR
ANALYSIS FOR PLATES

Table II. Dimensionless natural frequency of a square fully clamped plate wL*,/(p/D)

MZC model Inverse model

Rayleigh—

Ritz*" 4 x4 B> & 12x12 16 % 16 4 x4 8o 8 12 % 12 16 % 16
3508 34-31 3545 3574 35-84 3587 3597 3598 3508
73-39 70-03 7204 7274 7301 7318 73-36 73-39 73-39
73-39 70-03 7204 72-74 7301 7318 73-36 73-39 73-39

10822 08-06 103-71 106-00 106-92 10802 108-06 108-18 108-20

131-58 127-58 129-41 130-44 130-90 129-39 131-52 131-57 131-58

13220 129-62 130-28 131-16 131-58 130-47 132-13 132-19 132-20

16500 15101 156-95 160-83 162-52 164-55 16471 164-92 164-97

16500 15101 156-95 160-83 162-52 164-55 16471 164-92 164-97
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PARAMETRIC MODELS AND ERROR
ANALYSIS FOR PLATES

Inverse Model MZC madel

T

mode 1 ="-
mode 2 —o-
b mode 5 —x-
mode 6 ——

§10°F  mode 1 —-
(] [
2 ; mode 2 -0
mode 5 —x-
mode 6 —+-
107"
10— — 10— e
10 10
elements along one side elements along one side

Figure 5. Errors in the estimated eigenvalues of a clamped square plate
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