International Journal of Fatigue 97 (2017) 135–149

Contents lists available at ScienceDirect

International Journal of Fatigue
journal homepage: www.elsevier.com/locate/ijfatigue

An investigation on crack growth rate of fatigue and induction heating
thermo-mechanical fatigue (TMF) in Hastelloy X superalloy via LEFM,
EPFM and integration models
M. Esmaeilzadeh a, F. Qods a,⇑, H. Arabi b, B.M. Sadeghi b
a
b

Faculty of Metallurgical and Materials Engineering, Semnan University, Semnan, Iran
School of Metallurgy and Materials Engineering, Iran University of Science & Technology, Tehran, Iran

a r t i c l e

i n f o

Article history:
Received 10 October 2016
Received in revised form 22 December 2016
Accepted 24 December 2016
Available online 28 December 2016
Keywords:
Thermo-mechanical fatigue
Crack growth rate
Induction heating
Pure fatigue
Cyclic creep
Induced eddy currents
Crack healing

a b s t r a c t
In this research, fatigue and induction heating thermo-mechanical fatigue (TMF) were performed on
Hastelloy X superalloy in the small and large scale yielding in plane stresses mode. The crack growth rates
were measured and formulated by fracture mechanics parameters. Furthermore, the fatigue life was predicted by employing resistance curves technique. The TMF behavior of this superalloy was investigated.
The results demonstrated that in-phase loading TMF conditions lead to short fatigue life (more crack
growth rate) at high strain amplitudes and temperatures up to 600 °C. For higher temperatures, the predominant damage was due to creep. A model based on damage contributions due to pure fatigue and cyclic creep has been presented for predicting TMF crack growth rates. Fracture mechanic method was used
to suggest a model for fatigue part of TMF crack growth rate, while the temperature effects during TMF
crack growth rate was considered to be due to cyclic creep. In addition the TMF crack healing or crack
closure occur during application of induced eddy currents were investigated explicitly, as environmental
effects of induction heating. The results show the higher current density in the crack tip area produced
more heat and resulted in a significant rise in temperature. So it was concluded that the compressive
thermal stress due to change of thermal expansion causes crack healing.
Ó 2016 Elsevier Ltd. All rights reserved.

1. Introduction
The gas turbine engine components at high temperatures are
exposed to thermo mechanical fatigue (TMF). The Hastelloy X is
one of the nickel based super alloys in the hot section parts of
engine that possesses an exceptional combination of hightemperature strength, oxidation resistance, fabricability and it
has also been found to have exceptionally resistant to stresscorrosion cracking in petrochemical applications [1]. Thermomechanical fatigue crack growth is more complicated than pure
fatigue crack growth because it includes time dependent material
behavior characteristics such as creep and oxidation. According
to Antolovich and Saxena [2], TMF, can be viewed as a fatigue damage process under simultaneous changes in temperature and
mechanical loads. Some studies have been done on the TMF behavior of nickel based super alloys for fatigue life prediction [3–8]. In
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most of them, isothermal fatigue (IF), in-phase (IP) and out-ofphase (OP) TMF results have been compared and the strain and
damage based approaches were investigated by fracture mechanics parameters such as the stress intensity factor K, the J-integral
and the crack-tip opening displacement (CTOD).
Despite the fact that a variety of life prediction models have
already been proposed for TMF, environ-mental effects are mostly
not explicitly included. Christ [9] illustrated the variety of environmental, oxygen and hydrogen, influences which can take place during thermo mechanical fatigue of metallic engineering materials,
and the resulting effects on TMF life.
In the TMF experiments, heating can be accomplished by various techniques including induction, direct resistance, radiant, or
forced air heating. Each of these techniques may be considered
as environmental effects. In the current study, induction heating
has been accomplished and its effect on the TMF behavior has been
investigated. It could be considered as AC magnetic field or eddy
current can affect on the TMF crack growth rate. It is known that
high density electric current field influences on the fatigue crack
healing [10]. Restoration of fatigue damage by high density electric
current in stainless steel has also been demonstrated [11]. Also one
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may consider eddy current treatment as a novel and effective
method for crack healing. Healing of Fatigue Crack in 1045 Steel
has also been investigated by Using Eddy Current Treatment [12].
Crack closure strongly affects the fatigue crack growth rate and
thus, the fatigue life of components. Fatigue crack closure under
in-phase and out-of-phase thermo mechanical fatigue loading
using a temperature dependent strip yield model has been investigated in [13].
In this paper, crack growth rates due to fatigue and induction
heating TMF in plates of Hastelloy X superalloy were investigated
by fracture mechanic technique. For accomplishing the objectives,
room temperature fatigue tests at various stresses were initially
applied and then crack growth rates were formulated using stress
intensity factor and J-integral parameters. Besides, by extracting
the resistance curves, a simple method for prediction of fatigue life
has been proposed. The TMF tests in IF, IP and OP were performed
in order to investigate TMF behavior of Hastelloy X. In addition,
new models for predicting crack growth rate and TMF life on the
basis of the amounts of contributions of fatigue and creep on
TMF were proposed. Effects of temperature on TMF crack growth
rate were considered utilizing fracture mechanic equations. Also
fatigue and cyclic creep contributions at various temperatures
were presented in a robust mathematical model. Finally, the TMF
crack healing and crack closure by induced eddy currents, as environmental effects of induction heating, have been investigated
explicitly in this research.

2. Experimental methods
2.1. Material, specimen preparation and apparatuses
The starting material used in this investigation was Hastelloy X,
a nickel based superalloy, with a chemical composition, identical to
UNS N06002 standard shown in Table 1. It was delivered in the
form of plate shape with 2 mm thickness. These plates were heat
treated at 1175 °C for 1 h and then rapidly cooled in air.

The compact tension CT specimens, that are single edge-notch
specimens loaded in tension, were fabricated with the dimensions
given in Fig. 1. It should be mentioned that standard CT specimen,
fatigue precracking and other apparatuses such as clevis and pins
met the requirements of ASTM E 647 [14]. The specimens with
2 mm thickness then subjected to tensile test in plane stress mode.
In order to measure the crack size and crack opening displacement, COD, an EOS 700D digital camera with 5184  3156 pixel
resolution and a crack gauge were used. For application of induction heating in thermo mechanical fatigue, TMF, an elliptic coil
composed of 7 turns of copper wire was used. The elliptic shape
of coil lets to symmetrical heating in two sides of the plate. A
power within the range of 1.6–2 kW was used. Water circulation
for cooling of copper wires and also grips and fixtures for holding
the specimen were used. Fig. 2 shows set up of TMF equipments.
2.2. Experimental procedures
According to fracture mechanics, fatigue crack growth could be
investigated by two different scales: linear elastic fracture
mechanics (LEFM) and elastic plastic fracture mechanics (EPFM).
The ASTM E 647 [14] standard required that the specimen be predominantly elastic at all values of applied force, thus for the CT
specimen the following relation is required for LEFM:

ðW  aÞ P ð4=pÞðK max =rYS Þ2

ð1Þ

where: W is the total ligament length, a is the crack length and
(W–a) = the length of specimen’s uncracked ligament (see Fig. 1),
and rYS ¼ 0:2% offset yield strength determined at the same temperature that fatigue crack growth rate data were taken. Here Kmax
is the maximum stress intensity factor. For the CT specimen one can
calculate DK by using the following relationship [14]:

DP ð2 þ aÞ
DK ¼ pﬃﬃﬃﬃﬃﬃ
ð0:886 þ 4:64a  13:32a2 þ 14:72a3  5:6a4 Þ
3
B W ð1  aÞ2
ð2Þ

Table 1
Chemical composition of Hastelloy X in wt%.
Element

Ni

Cr

Fe

Mo

W

Mn

Co

Si

P,S

wt%

47.2

22.8

18.5

8.2

0.71

0.49

0.73

0.24

<0.008

Fig. 1. The compact tension specimen geometry.

M. Esmaeilzadeh et al. / International Journal of Fatigue 97 (2017) 135–149

137

Fig. 2. Set up of TMF equipments.

where: a ¼ a=W; expression valid for a=W P 0:2 [14].
For EPFM mode, the specimen’s uncracked ligament in CT
should be smaller than Eq. (1).
Using Eqs. (1) and (2), forces were determined for LEFM and
EPFM modes for each temperature.
Incremental polynomial method as a recommended data reduction technique was used for computing da/dN (ASTM E 647APPENDIX X1). In addition of DK and da/dN, J-integral was
employed for calculating crack growth rate on the basis of energy
models specially for EPFM modes. J-integral calculation for CT
specimens was done according to ASTM E 1820 [15] as follows:

J ¼ Je þ Jp

Je ¼

K 2 ð1  m 2 Þ
E

ð3Þ

ð4Þ

For operational definition of DJtotal, integration area during the
specific load cycle was used which is shown in Fig. 3 [16].
2.2.1. Fatigue at room temperature
Fatigue tests performed at room temperature in both LEFM and
EPFM modes. Table 2 shows the conditions of samples and forces
used.
2.2.2. Induction heating TMF
TMF test were performed in both LEFM and EPFM modes. Used
TMF cycles at constant temperatures, for in-phase, IP, and out of
phase, OP, are shown in Fig. 4. The conditions of these tests are also
presented in Table 3.
3. Results and discussion
3.1. Room temperature results

Jp ¼

gApl
BN b0

ð5Þ

where: Apl is the area under load-displacement, BN is the net thickness, b0 = uncracked ligament and g = 2 + 0.522 b0/W.

Results of crack growth rates were evaluated separately in LEFM
and EPFM modes. Fig. 5 shows the results of crack growth rates
versus stress intensity factor in the logarithmic scales. These
results were extracted from three samples in LEFM mode and plane

Fig. 3. Load cycle integration area for operational definition of DJtotal. (a) Without respect to the crack closure level. (b) With respect to the crack closure level [16].
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Table 2
Test conditions of CT fatigue samples at room temperature.
a0 (crack length mm)

Fmax (N) 

Fmin

Fatigue fracture mechanics

10 mm (notch + 2 mm pre crack)
10 mm (notch + 2 mm pre crack)
9 mm (notch + 1 mm pre crack)
14 mm (notch + 6 mm pre crack)
14 mm (notch + 6 mm pre crack)
13 mm (notch + 5 mm pre crack)
15 mm (notch + 7 mm pre crack)
24 mm (notch + 16 mm pre crack)
24 mm (notch + 16 mm pre crack)
27 mm (notch + 19 mm pre crack)
27 mm (notch + 19 mm pre crack)
27 mm (notch + 19 mm pre crack)

7000
8000
8000
6000
4000
2300
5000
1300
2300
800
700
600

0
0
0
0
0
0
0
0
0
0
0
0

EPFM
EPFM
EPFM
EPFM
EPFM
LEFM
EPFM
LEFM
EPFM
LEFM
LEFM
LEFM

stress mode for maximum forces of FMax = 800, 700 and 600 N. m
and C, in Paris and Erdogan [18] equation were calculated by the
least square analysis for LEFM samples at room temperature as
follows:

da
¼ 1011:8  DK 5:7
dN

ð6:aÞ

da
¼ 3  107  DJ 3
dN

ð6:bÞ

For investigating EPFM, cyclic loads were used and the results
were evaluated for stable and un-stable crack growth. Fig. 6 shows
the maximum cyclic loads, i.e. Fmax = 8000 and 6000 N used in
EPFM. The arrows in Fig. 6 show starting of un-stable crack growth.
As it mentioned for EPFM for intermediate and large scale forces
using J-integral approach was more suitable than stress intensity
factor. In the new approach used in this study for fatigue life prediction, J Calculation was initially used for the Resistance Curve of
un-stable crack. Then the fatigue life was predicted from these
curves.
For the CT specimen at a point corresponding to crack length, a
(i), displacement, v(i), and force, P(i), on the graph of specimen load
versus displacement, J-integral R-curve was calculated according
to technique described in Ref. [15] as follows:

J ðiÞ ¼

K 2ðiÞ ð1  m 2 Þ
E

þ J plðiÞ

ð7Þ

where: K(i) can be calculated from Eq. (2) and



gði1Þ  AplðiÞ  Aplði1Þ 
J plðiÞ ¼ J plði1Þ þ
bði1Þ
B


aðiÞ  aði1Þ
 1  cði1Þ
bðibf 1Þ

ð8Þ

where: g(i1) = 2.0 + 0.522 b(i1)/W, and c(i1) = 1.0 + 0.76 b(i1)/W.
The quantity Apl(i)Apl(i1) in Eq. (8), is the increment of plastic
area under the load that is plastic load-line displacement between
lines of constant displacement at points (i1) and i.
J-integral Resistance-curve extracted from un-stable crack part
of a sample with a0 = 9 mm, Fmax = 8000 N, is shown in Fig. 7. Also
Dj-Da curves for samples in Fig. 6 (EPFM) and a sample in LEFM are
compared with the calculated R-curve. At the same temperature,
results demonstrate that un-stable crack growth (starting of fatigue failure) occurred when J-integral reach to a critical value on
the un-stable crack R-curve. This approach can predict fatigue life
in both LEFM and EPFM modes without any extra tests or more
information such as DKc. In order to use the mentioned approach
for LEFM or EPFM, Dj-Da curve should be plotted. This is possible

Fig. 4. In - phase and out - of - phase TMF cycles [17].
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Table 3
Test conditions of CT -TMF samples at various temperatures.
a0 (crack length mm)

Fmax (N) 

Fmin (N)

TMF phase

Temperature (°C)

Fatigue fracture mechanics

17
17.1

1500
1500
1500
1500
1500
1500
1500
2600
3200
2600
2600
2600
2600

0
0
0
0
0
0
0
0
0
0
0
0
0

T-constant
IP
IP
IP
OP
IP
OP
T-constant
T-constant
IP
IP
OP
T-constant

500
80–500
415–500
250–500
500–250
600–740
740–600
500
500
415–500
370–500
500–370
740

LEFM
LEFM
LEFM
LEFM
LEFM
LEFM
LEFM
EPFM
EPFM
EPFM
EPFM
EPFM
EPFM

17.2
17.3
17.4
17.5
17.6
19.4
19.5
20

Fig. 5. Log(da/dN) vs Log(DK) for Hastelloy X at room temperature and LEFM.

by equating Eq. (6.b) to Eq. (6.a) or Eq. (12) which will be described
as an integrated equation. So, by cutting of the mentioned curve
with R-curve of un-stable crack, Djcritical and Dacritical can be
extracted. Also increase in Dj in the specified cycles should be
clearly established. This information let us to predict the number
of cycles lead to fatigue failure. For example, in a LEFM fatigue case
for, Fmax = 2300 N and a0 = 13 mm, which is shown in Fig. 7, it is
possible to calculate the Dj-Da equation. Following the above mentioned procedure, number of cycles to start the un-stable crack was
calculated as follows:
The equation of fatigue case for, Fmax = 2300 N, a0 = 13 mm is:

Dj ¼ 0:0054 Da  0:1192 Da þ 0:9078 Da  0:4323 Da þ 12:92
4

3

2

ð9Þ
and un-stable crack R-curve (see Fig. 7) can be determined by:

Dj ¼ 2:1514 Da þ 48:187 Da þ 100:3
2

ð10Þ

By equating Eq. (9) to Eq. (10), Djcritical & Dacritical were calculated, i.e. Djcritical = 231 mj/mm2 and Dacritical = 19.23 mm. The
number of cycles to start the un-stable crack, Nf, was calculated
as 5274 cycles. The accuracy of the above method was evaluated
by experimental validation test which conformed that the actual
Nf was 5473 cycles which is in good agreement with the calculated
one.
Results obtained for crack growth rate for hastelloy X- CT samples in EPFM, for intermediate and large stresses under plane stress
mode could be integrated in one curve. Fig. 8 shows da/dN versus
total J-integral for all the data presented in Table 2. Eqs. (6.b)
and (11) are considered as suitable related equations for LEFM
and EPFM respectively. The polynominal curve in Fig. 8 shows

the best fitting of fatigue results in EPFM (for stable and unstable cracks) at room temperature.

da
¼ 3  1013  J 5 þ 3  1010  J 4  1  107  J 3 þ 2  105
dN
 J 2 þ 0:00006  J

ð11Þ

The integrated results can be evaluated by stress intensity factor for both LEFM and EPFM. Fig. 9 shows the logarithmic curve
of da/dN versus DK based on the following related equation.

da
¼ 109:8456  DK 4:3699
dN

ð12Þ

3.2. Results of TMF
TMF tests in LEFM mode was performed on the CT samples at
constant temperature, for in phase and out of phase states. It
should be noticed that rYS in Eq. (1) decrease with increasing temperature. In order to meet the requirements of Eq. (1) for satisfying
LEFM, rYS in the maximum temperature during TMF must be used
for calculating the maximum force.
TMF results at constant temperature (500 °C, Fmax = 1500 N) is
shown in Fig. 10a. The related Paris-Erdogan equation (Eq. (13))
for LEFM which was extracted by least square analysis is shown
in Fig. 10b. The amount of deviation associated with this equation
is much more than that of Eq. (12) at room temperature.

da
¼ 1032:8  DK 20:4
dN

ð13Þ

Comparing Eqs. (13) and (12), it is clear that for the same DK,
crack growth rate at 500 °C is more than that of room temperature.
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Fig. 6. Cyclic load-displacement curve of CT samples in EPFM-large scale forces: (a) 8000 N, (b) 6000 N.

Fig. 7. J-integral resistance curve for un-stable crack and incremental increase in energy during of fatigue in EPFM and LEFM.
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Fig. 8. Integrated results of crack growth rate vs J-integral for LEFM and EPFM.

Fig. 9. Integrated results of crack growth rate logarithm vs DK logarithm for LEFM and EPFM.

Fig. 10. TMF results at constant temperature (500 °C, Fmax = 1500 N) for LEFM.

p
For example if one considers DK = 28 MPa m, the crack growth
rates at the room temperature and 500 °C become 0.00025 and
0.0005 mm/cycle, respectively.
Results of TMF-IP and TMF-OP in LEFM are shown in Fig. 11. In
order to compare of LEFM-TMF results based on energy, total Jintegral of TMF and the related crack growth rates are calculated
and presented in Table 4. It should be noticed that the total

J-integral cannot predict crack growth rate and the TMF types (IP
& OP), DT and Tmax have significant effects on fatigue life. Thus
the instantaneous J-integral at each temperature should be used
in the proposed model presented in Section 3.3.
TMF results in EPFM mode for intermediate and large scale
stresses were investigated for the CT samples at constant
temperature under IP and OP conditions. Fig. 12 shows cyclic
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Fig. 11. TMF-LEFM results. (a)–(c) in phase with maximum temperature 500 °C, (d) out of phase with maximum temperature 500 °C, (e) in phase and out of phase with
maximum temperature 740 °C and (f) time-Temperature for (a)–(e).

Table 4
Total J-integral for TMF-LEFM results.

TMF conditions
p
DK (MPa m)
Total J-integral (mj/mm2)
Experimental crack growth rate
(mm/cycle)
Predicted crack growth rate by
the proposed model (3.3)
(mm/cycle)- without induced
eddy current healing
Predicted crack healing by
induced eddy current (3.4)
(mm/cycle)

T = 500 C
Fmax = 1500 N

TMF-IP
T = 80–500 C
Fmax = 1500 N

TMF-IP
T = 415–500 C
Fmax = 1500 N

TMF-IP
T = 250–500 C
Fmax = 1500 N

TMF-OP
T = 500–250 C
Fmax = 1500 N

TMF-IP
T = 600–740 C
Fmax = 1500 N

TMF-OP
T = 740–600 C
Fmax = 1500 N

28
10.65
0.0005

28
12.1
0.0004

28
9.2
0.0002

28
10.9
0.0004

28
9.4
0.0004

32
16
0.0003

32
17
0.0002

0.00048

0.00041

0.00021

0.00043

0.00047

0.00062

0.00050

0

0.000019

0.000017

0.000025

0.00003

0.00026

0.00027

load–displacement and crack growth rate for intermediate stress
for EPFM. Crack growth rate at T = 500 °C (Fig. 12d) was calculated
by the following model.

da
¼ 1012:5  DJ 7:2
dN

ð14Þ

J-integrals calculated for TMF-EPFM are shown in Table 5. The
high values of C and m in Eqs. (13) and (14) is an indication that
at high temperatures, the fatigue results for Hastelloy X associated
with large amount of error, which shows itself in the form of larger
misfit in drawing of da/dN versus DJ, see Fig. 12d. When J-integral
is used for calculating the crack growth rate, therefore for
investigating TMF, one should use another technique.

3.3. Proposed integration model for TMF study
As it mentioned in the previous section application of LEFM or
EPFM for investigating under conditions of TMF, in phase and out
of phase loading result in different crack growth rate and thus different thermo-mechanical fatigue life based on the crack growth
rate will be estimated. Regarding the Classification of the TMF life
behavior of engineering materials by Nitta and Kuwabara [19,20],
Fig. 13, the TMF behavior of the samples in the current study under
in plane stress condition has been classified as Type E΄ up to 600 °C
for more temperatures, it was classified as Type I.
For using TMF model while considering parameters such as
material, loading, geometry and environmental factors, it was
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Fig. 12. TMF-EPFM results. (a) constant temperature, (b) in phase, (c) out of phase and (d) logarithmic curve of crack growth rate vs J-integral for T = 500 °C.

Table 5
p
J-integral calculated for TMF-EPFM results for DK = 58 MPa m.

TMF conditions

T = 500 C
Fmax = 2600 N

TMF-IP
T = 370–500 C
Fmax = 2600 N

TMF-OP
T = 500–370 C
Fmax = 2600 N

J-integral (mj/mm2)
Experimental crack growth rate (mm/cycle)
Predicted rate by the proposed model (mm/cycle), without induced eddy current healing
Predicted crack healing by induced eddy current (mm/cycle)

28.1
0.008
0.00783
0

28.9
0.0033
0.00390
0.00051

29.8
0.0025
0.00323
0.00048

assumed that the overall crack growth rate is due to two sort of
contributions, one is owing to pure fatigue and the other due to
environmental effects. The environmental effects for the current
study are the amounts of temperature (related to creep) and oxidation. For simplicity, a linear superposition law was applied [20]:

da
da
da
da
ðTMFÞ ¼
ðfatigueÞ þ
ðcreepÞ þ
ðoxidationÞ
dN
dN
dN
dN

ð15Þ

Worth mentioning that a Hastelloy X superalloy has outstanding oxidation resistance at temperatures up to 1200 °C. So in this
study the samples did not expose to oxidation damages and the
last term of Eq. (15) can be ignored. In conventional standard test
methods, creep crack growth rates in metals at elevated temperature using CT specimens subjected to static or quasi-static loading
conditions, determination of steady-state creep crack growth rate
is required. Because of temperature and stress variations of TMF
(IP or OP), the conventional ways to calculate the crack growth rate
as a result of creep (da/dt) cannot be used. Therefore in this study
an energy-based approach was used, so that time dependence of
the total J-integral for TMF for the same forces and temperatures
were related to creep equivalent (C⁄) of the material as the
following:

@JðTMFÞ
C  ðtÞ ¼
@t

ð16Þ

The Creep equivalent of J-contour integral used in this study
to determine the stress and strain rate distribution ahead of a
crack in a component deformed by creep [21]. The C⁄(t) for a

two-dimensional crack, in the x-z plane with the crack front parallel to the z-axis, is the line integral as presented in the following
model [22].

C  ðtÞ ¼


Z 
@ u_
ds
W  ðtÞdy  T 
@x
C

ð17Þ

where: W⁄(t) is instantaneous stress-power or energy rate per unit
volume, C is path of the integral, that encloses the crack tip, ds is
increment in the contour path, T is outward traction vector on ds,
_
u_ is displacement rate vector at ds, T. (@ u/ox)ds
is the rate of
stress-power input into the area enclosed by C.
The magnitude of the C⁄(t)-integral for the CT specimen at each
point can be determined according to the following equation
[21,22].

C  ðtÞ ¼



P V_ c
n
W a
2 þ 0:522
W
BðW  aÞ n þ 1

ð18Þ

where, n is creep exponent in the relationship between minimum
creep rate and applied stress. The value of n may be obtained from
creep test data. If creep tests cannot be performed, the accepted
value of n from the literature may be used provided it is for the
same type of materials [22]. V_ c can be calculated by the following
equations [23,24].

"
#
_
2K 2
aB
V_ c ¼ V_ 
P
E0

ð19Þ

where: V_ is load-line displacement rate, a° is crack growth rate, da/
dt, P is applied force, E0 = E/(1v2) for plane strain and E for plane
stress, B is net section thickness and K is stress intensity factor.
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Fig. 13. Classification of the TMF life behavior of engineering materials after Nitta and Kuwabara [19,20].

Replacing V_ c from Eq. (19) in Eq. (18), creep crack growth rate
can be calculated.

a_ ¼




_  C  ðn þ 1Þ
P
V
nY
B  2  K2
E0

ð20Þ

where Y = (1/B(W-a))(2 + 0.522(W-a)/W).
According to Eq. (20), the creep crack growth rate is related to
some parameters which they are themselves depended to temperature. Therefore because of temperature variation in TMF; a_ can be
calculated by the following relationship.

a_ creep in TMF





mm
¼
cycle

Z

T2 at P2

_ ðTÞ:mc  dT
acreep

ð21Þ

T1 at P1

where mc = dt/dT, t is time in hour. For a TMF cycle with linear
changing in temperature, mc is equal to (t2-t1)/(T2-T1).
Eq. (21) defines the cyclic creep crack growth rate for TMF tests
proposed in this study. For Hastelloy X super alloy as a creep resistance material, the magnitude of C⁄ (by Eq. (16)) and V_ at TMF testing temperatures have very small values and measurement of
these factors requires hundred hours of precision testing. So in this
study a combination of NSW model [25,21] for creep crack growth
rate which is a function of C⁄ and strip yield model [26] was used to
estimate crack growth rate as the following:

_ ðTÞ ¼
acreep

ðn þ 1ÞA



ef

n
1
C  nþ1 nþ1
 rc
I N GA

ð22Þ

where A is the coefficient from the secondary creep power law, G is
the shear modulus, rc is the radius of the creep plastic zone
(assumed to be equal to q, the plastic zone size calculated by Dugdale strip yield model [27], and is equal to q = pK2/8r20), ef is the
creep ductility (ef ¼ ef for plane stress and ef ¼ ef =50 for plane
strain) and IN is a non-dimensional function of the plastic strain
hardening exponent N. IN was determined numerically in [28] as
the following:


0:5
1
2:9
I N ¼ 7:2 0:12 þ

for plane stress
N
N

ð23:aÞ


0:5
1
4:6
for plane strain

I N ¼ 10:3 0:13 þ
N
N

ð23:bÞ

 n
Also V_ c is approximated by V_ c  e_ s ¼ A rG [26] and C⁄ could be
calculated by Eq. (18).
For the current study, the relation of the mentioned material
properties, E, n and N, to temperature were obtained from [1,29]
and the results are given in Table 6.
The new proposed model in the current study, for calculation of
the pure fatigue crack growth rate at various temperature, is in fact
an energy based equation at room temperature (e.g. Eqs. (6.b) and
(11)) which can be used in association with yield stress and the
crack tip opening displacement at any temperature which TMF test
is performed. The relationship between J and CTOD has been established by Shih [30] as the following:

Table 6
Relationship of the required parameters for calculation of the creep crack growth rate, with temperature for Hastelloy X.
E (Gpa) –T (°C)

n-T (°C)

N- T (°C)

E = 0.0658 T + 210.39

n = 3E08 T3 + 4E05 T2  0.0002T

N = 7E10T3 + 6E07T2 + 1E05T + 0.1502
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CTOD ¼ dn

J

ð24Þ

r0

where dn is a dimensionless constant given in [16] and ASTM E
1820-11, the value of the dn depends on the hardening behavior
of the material. For this study, it was found that Eq. (24) follows
the dugdale model [27] for strip yield model and so dn is equal to
one. The load- line displacement, V, for CT samples can be given
by the following equation [15].

CTOD ¼ dðiÞ ¼

K 2ðiÞ
2rYS E

þ

½rp ðw  a0 ÞVpl
½rp ðW  a0 Þ þ a0  þ z

ð25Þ

where rp is the plastic rotation factor, its values have been given in
Ref. [15]. rp is consider to be 0.521 and z is equal to 10 mm for the
current study of TMF tests.
Combining Eqs. (25) and (24) and inserting the value of
J(r0,Vpl,fatigue) in the Eqs. (6.b) and (11), the pure fatigue equation
for crack growth rate, a_ fatigue (r0,Vpl,fatigue) can be calculated for
each temperature. Because of temperature variation in TMF, a_ fatigue
can be calculated by the following relationship.

a_ fatigue in TMF



 Z T2atp2
mm
¼
f ðTÞ  mf  dT
cycle
T1atp1

ð26Þ
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where f(T) is the modified pure fatigue crack growth rate (mm/
cycle) for TMF which is calculated by substitution of J (r0(T),
Vpl, fatigue (T)) in the room temperature equation (e.g. Eqs. (6.b)
and (11)) and mf ¼ dN=dT which is equal to 1/(T2-T1) for a TMF
cycle having a linear change in temperature.
It should be mentioned that for Hastelloy X super alloy, the
creep crack growth rate has very small value in comparison with
that of fatigue, up to 600 °C. Therefore creep crack growth could
be ignored for temperatures up to 600 °C and as a result creep/fatigue interaction was considered as negligible in this research. The
relationship between the yield stress and temperature obtained
from [29] for Hastelloy X and also the relation between V and temperature was extracted for each experimental TMF tests and used
to calculate the pure fatigue crack growth rate. For calculating various parameters of the proposed model, MAPLE 15 was used [31].
R-curves for TMF under large scale stress where drawn for two
temperatures. Fig. 14 shows the R-curves of un-stable cracks at 500
and 740 °C. Then, using the results of TMF-J integral versus Da and
cutting of the TMF-R-curve of un-stable crack, DJcritical and Dacritical
for TMF tests were extracted and used for the TMF life prediction.
It is said [32] that creep/fatigue interaction can produce a complex process of damage, involving fatigue and creep damages due
to cyclic stress at high temperature. Also Tang proposed a dual

Fig. 14. J-integral Resistance curve for un-stable crack of TMF at (a) 500 °C, (b) 740 °C.
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Fig. 15. Cyclic creep crack growth rate for TMF-OP with T = 600–740 °C.

scale fatigue crack growth model [33] to analyze the thermal–
mechanical effects in materials under effects of creep and cyclic
loading. In the current study, interaction between creep and fatigue was observed for temperatures between 600 °C and 740 °C
for TMF-OP which was shown in Fig. 15. This figures shows crack
growth rate increased with decreasing force from 1652 N to
620 N and increasing temperature from 600 °C to 695 °C linearly.
This indicates that the combined effect of force (which its reduction should reduces crack growth rate) and temperature (which
by its increase, the flow of materials would increase caused an
increase in the crack growth rate. In the other words, the interaction between the generated dislocations with those already existed
within the material, as well as the interaction between the dislocation and the precipitates can cause localized strengthening of the
material, hence increased in the crack growth rate was much further than the amount of reduction in growth rate due to force
reduction) up to 695 °C. With further increase of temperature to
740 °C and decrease in force to about 100 N the rate of crack
growth sharply decreased. This can be due to further softening of
the material due to release of dislocations from barriers which
helped the material to flow rather than helping the growth of the
crack.
A major part of the creep/fatigue interaction which was considered in the cyclic creep part of the proposed model was explained
in Eqs. (18)–(23). Certainly other factors such as precipitates can
affect the crack growth rate which was not considered in this
research.
It should be noted that the proposed model for TMF was based
on damage mechanisms contributions for fatigue and creep. Thus
the linear superposition law, Eq. (15), considers the accumulation
of damages due to plastic strains on the crack tip for the fatigue
part and time dependent damages such as micro void accumulation for the creep part. The fatigue crack growth part, da/dNfatigue
was modeled for cyclic temperatures and the creep crack growth
part, da/dNcreep, was modeled for the cyclic stresses, and the interactions of the fatigue/creep are considered separately in Eq. (15).
Comparing the actual experimental data with data obtained
from the proposed model (see Tables 4 and 5), it was demonstrated
that the actual crack growth rates are less than those predicted by
the proposed model. Also the low values of experimental crack
growth rates at TMF-IP & OP at max temperature 740 °C, even in
the presence of creep, shows the effect of another important
parameter which is named as induced eddy current healing in this
study. This parameter will be discussed in the following section.

3.4. TMF crack growth healing by induced eddy current
For investigating crack healing-crack closure during induction
heating, the mechanism of electromagnetic induction heating
was evaluated. For calculating an electromagnetic field it is necessary to solve Maxwell’s equations as it has been indicated in
[34–36]. This procedure is as follow:

$  B ¼ lJ ðAmpere’s lawÞ
$E ¼

@B
@t

ð27Þ

ðFaraday’s lawÞ

ð28Þ

ðOhm’s lawÞ

j ¼ rE

ð29Þ

where E is the electric field intensity, B is the magnetic flux density,
J is the current density, l is the magnetic permeability and r is the
electrical conductivity of the medium.
From the Maxwell’s Equation: div B = 0. In the scalar field, u
could be defined by a two dimensional vector curling operator as
[37,38];


B ¼ curl u ¼ $  u ¼

div

1

l





$u ¼ curl

1

l

@u
@u
;
@x2
@x1




curl u ¼ j

ð30Þ

ð31Þ

After calculating the induced eddy current density by Eqs. (27)–
(31), the thermal problem should be solved in the temperature
field resulting from the joule heat according to [38]:

CðTÞ

@T
 divðkðTÞ$TÞ ¼ P
@t

ð32Þ

2

Pðx; tÞ ¼

ðjðxÞeixt Þ
rðTðx; tÞÞ

ð33Þ

where C is the specific heat, k is the thermal conductivity and P is
the Joule power.
The final model consists of induced eddy currents and temperature distribution which can be solved by Eqs. (27)–(33). It has
been demonstrated [12] that the eddy current flows around the
crack tip; it accumulates in the crack tip area, leading to much
higher current density in the crack tips than in other places in
the vicinity of the crack. The higher current density produces more
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Fig. 16. (a) Temperature distribution, (b) eddy current streams and compressive stress on the crack tip [12] with 17 mm length, (c) temperature gradient on the crack tip at
three induction times and (d) compressive stress on the crack tip versus maximum temperature.

heat that results in a significant rise in temperature. Since the thermal expansion rate of metalic material is proportional to the temperature, the thermal expansion in the vicinity of the crack tip will
be much more than the thermal expansion in areas far from the
crack tip, thus the thermal expansion of the crack tip will be suppressed by the surrounding area. Therefore, there is thermal stress
around the crack tip due to the compressive force which is exerted
by the surrounding area [12].
The theoretical compressive thermal stress due to change of
temperature rise and thermal expansion can be calculated by
Hooke’s law:

r ¼ EðTÞ  aðTÞ  DT

ð34Þ

where a is the thermal expansion coefficient of the specimen and
DT is the temperature difference between the crack tip area and
the neighboring area of the fatigue crack.
Fig. 16 shows the eddy current density, temperature distribution and compressive stress in the crack tip for induction heating
TMF tests. The Quick field software according to Ref. [39] can be
used for simulation of induction heating based on the Eqs. (27)–
(33). The results were validated by experimental measurement of
temperatures by K-type thermocouple and also IR-temperature
measurements. The compressive stresses led to decrease in crack
growth rate and so it plays a role as a crack closure effect and so
the Eq. (15) should be modified as the following:

da
da
da
da
ðTMFÞ ¼
ðfatigueÞ þ
ðcreepÞ þ
ðoxidationÞ
dN
dN
dN
dN
da
ðeddy current healingÞ

dN

ð35Þ

It should be mentioned that the compressive stresses have different effects on the pure fatigue and creep contributions. For calculation of the last terms in the Eq. (35), the effects of compressive
stresses on fatigue and creep should be measured by Eqs. (24)–
(26). By substituting the compressive stresses in Eq. (24) at each
temperature one can measures the effect of stress on fatigue. For
creep, Eqs. (21)–(23) should be used by substituting the compressive stress in the relationship between V_ c and stress, i.e.
 n
V_ c  e_ s ¼ A rG .
The predicted crack healing by induced eddy currents were calculated by the above approach and the results are given in Tables 4
and 5. For this research, maximum healing effects was found to be
due to creep contribution of the TMF-LEFM with maximum temperature 740 °C.
The robustness of the presented model was checked. For this
purpose contribution of fatigue and creep on crack growth rate
model were calculated by MAPLE software [31]. However the effect
of induction heating on crack growth model was established by
FEM analysis using Quick field software [39]. The root relative
squared error between the calculated crack growth rates obtained
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via Eqs. (15)–(26) and those obtained experimentally were determined by Eq. (36) below. When n is the number of TMF tests.

due to change of thermal expansion resulted to crack
healing.

vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
uX 
  da
2
da
da
u
ðexperimental TMFÞ  dN
ðcalculated TMF by modelÞ  dN
ðcrack healingÞ
u
dN
u
 100
%RRSE ¼ u n
X
  da
 2
t
da
ðexperimental TMFÞ  dN
ðaverage of experimental TMFÞ
dN

ð36Þ

n

Using the results presented in Tables 4 and 5 and Eq. (36), the
mentioned error for n tests was % 4.3, which was included all
experimental error sources and uncertainly in the proposed model.
Worth mentioning that the effects of different parameters such
as range of temperature, DT, range of stress intensity factor, DK
(includes force and crack length) and maximum temperature of
TMF testing on the relative errors of the proposed model were considered and used for error analysis. Results show that most errors
of the model are due to TMF-OP which seems to be related to
microstructure effects. For some other TMF tests, it was found that
DTþ1Þ
a combined parameter such as u ¼ DKðT max
is a suitable variable to

establish a relationship for relative errors (%RE) of the proposed
model as follows:

%RE ¼ 0:0186u2 þ 0:1564u þ 2:0976

ð37Þ

As a brief review, the results of this research showed that crack
growth on the base of experimental TMF and room temperature
fatigue on the Hastelloy X superalloy can be extracted from Eqs.
(6), (9)–(11), (13), (14). Also a developed crack growth model
was proposed by Eqs. (16), (21), (26) and (35), using the combination of Eqs. (24) and (25) and calculating the crack healing in TMF
(by substituting the thermal compressive stress in the related
equations of fatigue and creep), this was one of the contributions
of this research to the scientific world.
4. Conclusions
Based on the predicted and the experimental results obtained in
this research for crack growth rates, the following conclusions
were drawn.
1- By extrapolating the fatigue curve of DJ-Da and cutting off
the resistance curve for un-stable crack, DJcritical and Dacritical
were extracted. Thus by this method fatigue life of a material
can be predicted at room temperature and also at high
temperatures.
2- The TMF behavior of Hastelloy X under plane stress condition classified in Type E΄ at temperatures up to 600 °C and
for higher temperatures, it could be classified in Type I.
3- The new aspect of the proposed model is the use of room
temperature equations for fatigue section of TMF crack
growth rate. The temperature effects can be considered by
fracture mechanic equations. So the cyclic creep part of
TMF was investigated on the base of NSW and yield strip
model.
4- This study showed that the TMF crack healing by induced
eddy currents can be calculated in the AC magnetic and temperature fields. It was demonstrated that the eddy current
flows around the crack tip; it accumulates in the crack tip
area, leading to much higher current density in the crack tips
than in other areas in the vicinity of the crack. The higher
current density produced more heat and resulted to a significant rise in temperature. The compressive thermal stress
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