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Abstract Generating schedules such that all operations are
repeated every constant period of time is as important as
generating schedules with minimum delays in all cases
where a known discipline is desired or obligated by
stakeholders. In this paper, a periodic job shop scheduling
problem (PJSSP) based on the periodic event scheduling
problem (PESP) is presented, which deviates from the
cyclic scheduling. The PESP schedules a number of
recurring events as such that each pair of event fulfills
certain constraints during a given fixed time period. To
solve such a hard PJSS problem, we propose a hybrid
algorithm, namely PSO-SA, based on particle swarm
optimization (PSO) and simulated annealing (SA) algo-
rithms. To evaluate this proposed PSO-SA, we carry out
some randomly constructed instances by which the related
results are compared with the proposed SA and PSO
algorithms as well as a branch-and-bound algorithm. In
addition, we compare the results with a hybrid algorithm
embedded with electromagnetic-like mechanism and SA.
Moreover, three lower bounds (LBs) are studied, and the
gap between the found LBs and the best found solutions are
reported. The outcomes prove that the proposed hybrid
algorithm is an efficient and effective tool to solve the
PJSSP.

Keywords Periodic job shop scheduling . Periodic event
scheduling problem . Particle swarm optimization .

Simulated annealing

1 Introduction

The job shop scheduling problem (JSSP) is the most
challenging one which has been the subject of many
research studies during the recent decades. The problem is
described simply as follows: given n jobs to be processed
on m machines. Each consists of a predetermined sequence
of task operations, each of which requires processing
without interruption for a given period of time on a given
machine. Tasks of the same job cannot be processed
simultaneously and each job must at last meet each machine
only once to complete its processing. A schedule is an
assignment of operations to time slots on a machine. The
objective is to find the sequence of all the jobs in such a
way that an established criterion is optimized. The
researchers have considered various objectives like mini-
mizing the makespan, maximum tardiness/tardiness, total
(weighted) completion time, and total (weighted) tardi-
ness/tardiness. Since JSSP is not tractable to be solved
especially in large-scale problems by conventional opti-
mization techniques, heuristic algorithms are highly
concentrated on in the literature. Amongst all solving
methods, the use of meta-heuristic methods is well
experienced. For example, Guo et al. [1] studied a multi-
objective order scheduling problem where processing
time, orders, and arrival times are considered uncertain.
They presented a mathematical model and proposed a
genetic algorithm to solve the given problem. Guo et al.
[2] investigated the mathematical model for a scheduling
problem in the flexible assembly line with parallel
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machines and flexible operation assignment. To solve this
problem, they developed a bi-level genetic algorithm. Gao
et al. [3] proposed a new parallel genetic algorithm based
on the vector group encoding method and the immune
method to solve a multi-objective job shop scheduling
problem. In addition, hybridization of algorithms can be
considered as a way to develop a more effective and
efficient searching strategy to overcome the weaknesses of
a pure single algorithm. Zhang et al. [4] as an example,
has introduced a hybrid algorithm combining a genetic
algorithm with local search for the JSSP and used a new
procedure to further reduce the search space. Naderi et al.
[5] solved an extended job shop scheduling problem by
the artificial immune algorithm hybridized with a simple
and fast simulated annealing (SA). They considered
sequence-dependent setup times and preventive mainte-
nance operations minimizing the total completion time.

The convergence speed of evolutionary algorithms to the
globally (or nearly globally) optimal results is better than
that of traditional techniques. Therefore, evolutionary
algorithms, such as genetic algorithms (GA), differential
evolution algorithm, ant colony algorithm, immune algo-
rithm, and particle swarm optimization algorithm (PSO)
have been used to improve the solution of optimization
problems further. Recently, PSO has accelerated gaining
attention and applications by a number of researchers. It is a
population-based searching technique which has a high
search efficiency by combining local search (by self
experience) and global one (by neighboring experience),
whose development is based on the observations of social
behavior of animals, such as bird flocking, fish schooling,
and swarm theory. PSO embodies some attractive character-
istics: (1) compared with other evolutionary algorithms
(e.g., GA), it possesses memory (i.e., the characteristics of
the good solutions are retained by all particles), whereas in
GA, the previous characteristics of the problem are lost
once the population alters. (2) PSO has constructive
cooperation amongst the particles (i.e., particles in the
swarm share their information). From the other point of
view, similar to evolutionary algorithms, PSO is often easy
to be a premature convergence so that exploration (i.e.,
searching for promising solutions within the entire region)
and exploitation (i.e., searching for improved solutions in
sub-regions) should be enhanced and well balanced to
achieve better performance. On the other hand, SA is a
stochastic searching algorithm with a jumping property
(i.e., a worse solution has a probability to be accepted as the
new solution). Thus, the authors of this paper employ the
jumping mechanism of SA into PSO in order to achieve
the results with higher quality.

Sha and Lin [6] constructed PSO for a multi-objective
job shop scheduling problem that minimizes makespan,
total tardiness, and total machine idle times. Xia and Wu [7]

introduced a hybrid algorithm, the so-called HPSO, based
on PSO and SA algorithms to solve the JSSP. The role of
the PSO algorithm is limited to find an initial solution for
SA during the hybrid search process. Such a hybrid
algorithm can be converted to the general PSO by omitting
the SA unit, and it can be converted to the traditional SA by
setting the swarm size to one particle. The results showed
that the PSO-based algorithm is a viable and effective
approach for the JSSP. It is worth noting that as it is
explained in the following sections, the PSO-SA algorithm
proposed in this paper is benefited from the SA algorithm
by modifying all swarms in each run. PSO has also been
applied in other optimization problems. For instance,
Mehdizadeh et al. [8] proposed a hybrid PSO and fuzzy
c-means clustering algorithm for optimizing the fuzzy
clustering criteria. In addition to the PSO algorithm, there
have been many efforts conducted in applying other well-
known approaches. Eswaramurthy and Tamilarasi [9] have
introduced a hybrid tabu search and ant colony algorithms
for classical job shop scheduling problems. Zhang et al.
[4] and Wang et al. [10] applied genetic algorithm for
JSSP. Pan and Huang [11] proposed a hybrid genetic
algorithm to solve the no-wait job shop problems which
utilizes an asymmetric traveling salesman problem formu-
lation. Roshanaei et al. [12] have studied the electromag-
netism like mechanism (EM) algorithm for the scheduling
job shop problem with sequence-dependent setup times.
The JSSP is classified as one of the most challenging NP-
complete problems [13].

In the present paper, a new formulation for a periodic
JSSP is presented where a definite number of jobs are to be
scheduled repeatedly in a fixed time frame. The proposed
formulation is based on the periodic event scheduling
problem (PESP) introduced by Serafini and Ukovich [14].
It is worth noting that the studied periodic scheduling
problem is somehow different from the known cyclic
scheduling problem, which is deeply studied in the
literature. To illustrate the issue, before introducing the
PESP, the cyclic scheduling (CS) problem is shortly
reviewed.

In this problem, a set of activities are to be repeated an
indefinite number of times, and it is desired that the
sequence be also repeated. Cyclic scheduling problems
arise in domains, such as automated manufacturing
systems, time-sharing of processors in embedded systems
and in compilers for scheduling loop operations for parallel
or pipelined architectures. The primary objective is to
minimize the period length. The CS problem is generally
decomposed into two categories, with and without resource
constraints. The basic cyclic scheduling (BCS) problem
falls in the second category. Brucker and Kampmeyer [15]
have presented a tabu search method for the BCS problem.
They also introduced a general basic cyclic scheduling
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problem that is to minimize the cycle time [16]. On the
other hand, the cyclic job shop scheduling problem
(CJSSP) belongs to the first category (i.e., with resource
constraints). Chrétienne [17] studied the BCS with
deadlines. Munier [18] has considered the BCS with linear
precedence constraints known as the BCSL problem.

Kimbrel and Sviridenko [19] introduced a high-
multiplicity CJSSP in which the jobs are all the same and
the schedule should process them in a cyclic fashion. They
considered bi-objectives, namely the cycle time and the
flow time. Cavory et al. [20] focused on a CJSSP with
linear precedence constraints as the main topic and
presented a general approach based on the coupling of a
genetic algorithm and a scheduler. Song and Lee [21]
investigated the scheduling problem for general cyclic job
shop with blocking where each machine has an input buffer
of the finite capacity. They also developed Petri net models
for the shops. In contrast with CS, the PESP is used for
constant period lengths. In practice, there are many
applications where the time frame should be constant, and
violating the period length results in more charges. Some of
the main applications of periodic scheduling with fixed
period length are crew scheduling, train timetabling in
railway networks, bus public transportation, and aircraft.
Moreover, in the industrial engineering environment,
particularly in manufacturing systems, providing the
conditions where all jobs follow a known discipline results
in the simplification of the tracking process which is
desired by the managers. Periodic job shop scheduling
problem (PJSSP) can also be used when one intends to
schedule a definite number of jobs in each single working
shift wherein all shifts consist of similar operations as well
as the same scheduling. Along with CS, some papers
consider the job shop scheduling in a periodic fashion;
however, the introduced definition for the PJSSP is like the
CS problem where the objective is to minimize the cycle
time. In this regard, Tohme et al. [22], as an example, have
exhibited an evolutionary computation approach to the
PJSSP in which a Petri net model of a periodic job shop
system is generated automatically and evolutionarily. The
objective function of the problem is to obtain the shortest
schedule. Song and Lee [23], as another example, have
discussed a sequencing problem that finds the processing
order at each machine which minimizes the cycle time, and
they have solved the problem by tabu search. Lee and
Posner [24] studied the PJSSP that minimizes the cycle
time and maximizes makespan simultaneously.

To clarify the outcomes of applying the PJSSP instead of
the classical JSSP, consider an example to schedule eight
jobs on four machines. Each pair of job {1, 5}, {2, 6}, {3,
7}, and {4, 8} has the same characteristics. The release
times for jobs 1, 2, 3 and 4 are 0 where the others are equal
to the period length, say T=60 min. The due dates are equal

to 0. Figures 1 and 2 depict the optimum schedules for the
classical and periodic cases, respectively.

Comparing the solutions of classical and periodic JSSP,
one can find that (1) both solutions are equal considering
the total tardiness objective, (2) the periodic solution
provides conditions where all operations can be controlled
easier where every 60 min, jobs with the same character-
istics start and end at the same time (e.g., the operation of
jobs 4 and 8 on machine 4 starts at T+27 and ends at T+2),
and (3) the periodic solution can easily extend to more
periods without affecting the optimum solution. Figure 3
shows the extension of the periodic solution of Fig. 2 to
three periods.

The novelty of this paper is summarized as follows:

& Modeling a new formulation for a periodic JSSP
& Applying a new hybrid algorithm based on PSO and SA

with a new hybridization method
& Applying a branch-and-bound (B&B) algorithm for the

given problem to validate the proposed hybrid algo-
rithm

& Introducing two new lower bound generation methods
to validate the proposed hybrid algorithm

The content of this paper is organized as follows: In
Section 2, after providing a brief explanation of the PESP,
the periodic JSSP is formulated. Section 3 presents the
proposed particle swarm optimization (PSO) and simulated
annealing (SA) algorithms, as well as the hybridization of
these algorithms. The computational results are presented in
Section 4, and the conclusion remarks are given ultimately
to pin point the contribution of this paper.

2 Periodic job shop scheduling problem

Serafini and Ukovich [14] have introduced the PESP. This
problem is to schedule a number of recurring events, such
that each pair of event fulfills certain constraints. Given a
time period T, a set of V events, and a set of constraints A,
every constraint a=(i, j) considers a pair of events (i, j) and
defines a lower bound la and an upper one ua.

It is possible to encode the set of periodic interval
constraints imposed on the schedule in an event–activity
graph D=(V, A) with node set V and arc set A which
represent events and activities, respectively.

A solution of a PESP instance is a node assignment π:
V→[0, T) which satisfies inequality (1) by:

pj � pi � la
� �

mod T � ua � la; 8a ¼ i; jð Þ 2 A; ð1Þ

Where, πi is the occurrence time of event i. It is worth
noting that one can scale an instance such that 0≤ la<T and
for the span da=ua−la, with da<T.
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Preposition 1 To apply integer programming techniques,
the following reformulation of the problem can be utilized:

la � pj � pi � T � za � ua ð2Þ
Where, za ∈ Z, and is called a periodical offset of the

activity a.

Proof Based on the definition of mod operator, we have:

pj � pi � la
� �

mod T ¼ pj � pi � la
� �� T

� max z 2 Z pj � pi � la
� �� Tz � 0
��� �

Inequality 1 can be rewritten as follows:

0 � pj � pi � la
� �� T � za � ua � la; 8a ¼ i; jð Þ 2 A;

such that za ¼ max z 2 Z pj � pi � la
� �� Tz � 0
��� �

.
Where the uniqueness of za follows from our assumption

that ua−la<T.

The proof follows immediately from adding la to the
above inequality. For more details, the reader may refer to
[25].

As an example of a PESP, with three events, three
constraints and time period T=60, consider the constraint
graph shown in Fig. 4. The problem is to find πi and zi, ∀i=
0,1,2, such that:

6 � p1 � p0 � 60z0 � 18; � 8 � p1 � p2 � 60z1

� 9; � 48 � p0 � p2 � 60z2 � 30

For more details, please refer to Kinder [26]. Liebchen
and Peeters [27], Odijk [28], Nachtigall [29], and Serafini
and Ukovich [14] showed that the PESP is NP-
completeness for fixed T≥3.

In the PJSSP, events are defined as operations. There-
fore, to reach the formulation of the PJSSP, the constraints
involved with the scheduling of operations should be

Fig. 2 Periodic optimum schedule

Fig. 1 Classical optimum schedule
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modified based on the PESP approach. To formulate the
PJSSP, the following notations are used in the mathematical
model.

M Set of machines
P Set of jobs
ei The last machine which is met by job i
tijm Required time to process operation j of job i on

machine m
T Time period
xik Completion time of job i on machine k

The mathematical model of the PJSSP, called Model P1,
is as follows:

min
X
i2P

xiei

tiuk � xik � xih � T � 1; ði; u� 1; hÞ

<< ði; u; kÞ; 8 i 2 P 8 k; h 2 M

ð3Þ

tiuk � xik � xjk � zijk � T � T � tju0k ;

8 i; j 2 P 8 k 2 M

ð4Þ

where, Zijk are integer variables (∀i, j ∈ P; ∀k ∈ M).
The objective function of the above model (P1) is to

minimize the completion time of jobs. Constraint 3
represents the precedence of each job, where the uth
operation of job i should be performed on machine k.

Moreover, (i,u−1,h)<< (i,u,k) shows the routings of jobs
and expresses that job i visits machine k immediately after
finishing the process on machine h. Constraint 4 assures
that no two operations are processed simultaneously by the
same machine.

Remark 1 The presented objective function can be consid-
ered as the so-called total weighted tardiness (TWT) where
all weights of jobs are equal and the due dates are equal to
zero. Furthermore, the release times are all supposed to be
equal to zero.

3 Proposed hybrid algorithm

This section describes the proposed hybrid algorithm
consisting of particle swarm optimization (PSO) and
simulated annealing (SA) algorithms for the PJSSP. This
problem is very complex in nature and difficult to solve
large-scale problems by optimization techniques. In this
case, it is well experienced that meta-heuristic algorithms
can often outperform conventional optimization methods
when applied to difficult real-world problems. An encoding
scheme is first presented in order to generate schedules.
Then SA and PSO are separately reviewed and designed.
Ultimately, the hybridization procedure of these algorithms
is explained.

3.1 Encoding scheme

To represent the candidate schedules, random keys (RKs)
are selected as the encoding scheme, which is well
experienced and is easy to adjust to the PSO and SA
algorithms [30–35].

In this paper, the permutation of jobs is shown through
random keys. Each job has a random number between 0
and 1, and these random keys show the relative order of the

Fig. 3 Extension of the periodic optimum schedule

Fig. 4 A small PESP instance
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jobs. For example, consider a problem with three jobs and
two machines. Each job consists of two operations and is
thereby repeated twice so that for this problem there are six
operations on hand {1 1 2 2 3 3}. For each operation, a
random number is randomly generated from a uniform
distribution between 0 and 1, as shown in Table 1. These
RKs are then sorted to find a relative order of operations, as
illustrated in Table 2.

3.2 Simulated annealing

Simulated annealing (SA) is one of the most popular meta-
heuristics providing a means to escape local optima by
considering moves which worsen the objective function
value known as jumping mechanism. Towards the end of
computation, when the temperature or probability of
accepting a worse solution, is nearly zero, this simply
seeks the bottom of the local optima. The chance of getting
a good solution can be traded off with the computational
time by slowing down the cooling schedule. One can
express that the slower the cooling, the higher the chance of
finding the optimum solution, but the longer the run time.

The notations used in the proposed SA are as follows:

K Iteration counter
Tk Temperature in the kth iteration
sk kth schedule
T0 Initial temperature
sbest Best found solution
f(s) Objective function value for schedule s
α Cooling factor
Paccept (s,s′,T) Probability function to accept

non-improving solution s′

The main steps of the proposed SA algorithm for the
PJSSP are as follows:

Step 1 Set T0 and α. Let k←0.
Step 2 Select an initial solution, s. Let sbest←s.
Step 3 If s is infeasible, go to Step 2; otherwise, go to
Step 4.
Step 4 Generate a neighborhood solution, s′, using
schedule s.
Step 5 If s′ is infeasible go to Step 4; otherwise, go to
Step 6.
Step 6 If f(s′)≤ f(s) or random[0, 1]<Paccept then s←s′.
If f(s′)≤ f(sbest) then sbest←s.

Step 7 If the termination criterion is not satisfied then
Tk=α×Tk−1, k←k+1 and go to Step 4; else, stop and
return sbest.

where,

Pacceptðs; s0; TkÞ ¼
1 if f ðs0Þ < f ðsÞ
exp f ðsÞ�f ðs0Þ

Tk

� �
otherwise

(
ð5Þ

3.2.1 Feasible solution

Schedules are generated based on the orders which are
given to the operations. This method always leads to a
feasible solution in classical but not in periodic job shop
scheduling.

Remark 2 If ∃k ∈ M, such that
P
i2P

tijk > T , where the jth

operation of job i should be performed on machine k, there
exists no feasible solution for the given problem.

Remark 3 For each machine, all assigned operations should
be performed in a time interval less than period length.
Figure 5 depicts an infeasible PJSSP in order to clarify the
issue. It is intended to schedule five operations in the period
length of T in a machine. As shown in this figure, the first
time allocation is infeasible because there is no interval to
assign job 5 in the period length, while the second one is
feasible.

Remark 4 For each instance, if one assumes a very big
value for the period length, the PJSSP will change to a
classical JSSP.

As a result of this remark, any heuristic algorithm is capable
of finding feasible solutions by increasing the period length.

3.2.2 Initial solution generation

To obtain the initial solution, three approaches are
employed in this paper:

1. Based on the first-leave first-served (FLFS) rule. The
procedure is as follows: When two or more jobs
compete for the same machine, the precedence is given
to the one which leaves the machine first.

Table 1 Representation of a schedule using the non-sorted random
key scheme

Random key 0.45 0.67 0.92 0.13 0.89 0.21

Operations 1 1 2 2 3 3

Table 2 Representation of a schedule using the sorted random key
scheme

Sort (random key) 0.13 0.21 0.45 0.66 0.89 0.92

Operations 2 3 1 1 3 2
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2. Based on first-in first-out (FIFO) rule. The procedure is
as follows: When two or more jobs compete for the
same machine, the precedence is given to the one
which waits more.

3. Based on generating random keys.

The idea behind defining three approaches is the fact that
there exists no assurance to find a feasible solution using
the FLFS and FIFO rules.

3.2.3 Neighborhood solution generation

To generate a neighborhood candidate, the single point
operator method is employed. In this method, the RK of
one randomly selected job from schedule s is randomly
regenerated.

3.2.4 Parameter tuning

It is well-known that the quality of algorithms is signifi-
cantly influenced by the values of parameters. Those of the
proposed SA are limited to T0 and α. To tune them, a full
factorial design in the design of experiment (DOE)
approach is applied. As it is shown in Table 3, three levels
for the parameters are considered, and therefore a 32 design
is applied. Moreover, 15 different instances are randomly
generated and solved by assuming each of nine different
combinations of (T0, α). The stopping criterion is to
perform the proposed SA by 3,000 iterations.

The relative deviation index (RDI) is used for the
objective function value (OFV) of the given problem as a
common performance measure to compare the instances.
This index is obtained by:

RDIk ¼ Fk �Mink
Maxk �Mink

� 100 ð6Þ

where, Fk is the OFV obtained for the kth instance. Mink
and Maxk are the best and worst solutions obtained for each
instance.

Fifteen instances are randomly generated in different
combinations of the number of jobs and the number of
machines. Each instance is solved considering one of the
combinations of T0 and α. Therefore, (15×3×3=) 135
instances are totally solved. The related results are analyzed
by means of the analysis of variance technique. The
normality and homogeneity of variance and independence
of residuals do not show any particular pattern in the
experiments. Figure 6 depicts the interaction plot for
parameters T0 and α. It is concluded that the combination
T0=150 and α=0.97 results in a statistically better output
than other evaluated combinations.

3.3 Particle swarm optimization

Particle swarm optimization (PSO), which was first developed
by Kennedy and Eberhart [36], is an evolutionary algorithm
that is initialized with a population of random candidate
solutions known as particles. Similar to a bird that flies to the
food, one particle moves its position to a better solution with
a velocity which is dynamically adjusted according to its
own flying experience and its companions’ flying experi-
ence. Each particle is updated iteratively by:

vt ¼ w� vt þ c1 � Random 0; 1½ � � Pt
l � st

� �þ c2

� Random 0; 1½ � � Pg � st
� � ð7Þ

st ¼ st þ vt ð8Þ
where, st is the tth particle; vt is the rate of the position
change for xt. Pt

l is the best local solution that the tth

Fig. 6 Interaction between SA parameters

Fig. 5 Infeasible PJSSP

Table 3 Three levels of SA parameters

Level 1 Level 2 Level 3

T0 100 200 300

α 0.9 0.94 0.98
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particle has achieved; Pg is the best solution obtained in the
swarm; w, c1 and c2, are positive constants which represent
the weight of previous velocity, the weight of the stochastic
acceleration terms that pull each particle toward Pt

l and Pg,
respectively.

The proposed PSO algorithm is applied for PJSSP.

Step 1 Generate pop initial schedules: st, t=1,…, pop. If
each of the generated schedules is infeasible re-
generate it until all t schedules are feasible. Find the
objective value for each particle. Update Pt

l and Pg.
Step 2 Update the position and velocity of the particles

according to Eqs. 7 and 8.
Step 3 If each of the updated schedules is infeasible set

st  Pt
l .

Step 4 Find the objective value for each particle. Update Pt
l

and Pg. If termination criterion is not met, then go to
Step 2; otherwise, return Pg.

Where, pop is referred as the population number. The
procedure to find the initial and neighborhood solutions are
similar to the proposed SA algorithm. The parameters of
the proposed PSO are tuned in the following subsection.

3.3.1 Parameter tuning

The parameters of PSO which must be tuned are pop, w, c1,
and c2. Similar to the proposed SA, a full factorial design in
the DOE approach is applied. As illustrated in Table 4, two
levels for the parameters are considered, so a 24 design
should be performed. Moreover, 15 different instances are
randomly generated and solved by assuming each of the 16
different combinations of (pop, w, c1, c2). The stopping
criterion is to perform 10;000

pop iterations.
The RDI also used for the OFV as the performance

measure to compare the instances. As illustrated in Fig. 7,
the interaction plot for the PSO parameters does not
demonstrate any significant interactions between parame-
ters. Figure 8 depicts the main effects of the investigated
parameters.

It is concluded that the combination of w=0.65, c1=
0.65, c2=0.35, and pop=20, results in a statistically better
output than other evaluated combinations.

3.4 Hybrid PSO-SA algorithm

The idea of the proposed hybrid algorithm, called PSO-SA,
based on PSO and SA algorithms for job shop problems,
has been widely exploited in the literature [6, 7, 34, 35].
PSO possesses high search efficiency by combining local
search (by self experience) and global search (by neighbor-
ing experience). Moreover, SA is meta-heuristic, that is,
designed for finding a near optimal solution of combinato-
rial optimization problems. Therefore, the PSO and SA
algorithms are combined which can omit the concrete
velocity–displacement updating method in the traditional
PSO for the PJSS problem.

The proposed hybrid algorithm includes two phases: (1)
the initial solutions are randomly generated and (2) the PSO
algorithm combined with the SA algorithm is run. The
general outline of the hybrid algorithm is summarized as
follows:

Step 1 Generate t=1, …, pop initial random solutions. If
any of the generated schedules is infeasible,
reconstruct them until all the initial solutions are
feasible. Set Pt

l  st and update Pg.
Step 2 For each particle of swarm, run the SA algorithm. In

each iteration, if the new schedule is infeasible set
st  Pt

l , update Pt
l and Pg.

Step 3 Update the position and velocity of the particles
according to Eqs. 7 and 8.

Step 4 If each of the updated schedules is infeasible, set
st  Pt

l .
Step 5 Find the objective value for each particle. Update Pt

l

and Pg. If termination criterion is not met, go to Step
2; otherwise, return Pg.

The general outline of the hybrid algorithm is summa-
rized in Fig. 9.

3.4.1 Parameter tuning

As explained in the proposed steps of PSO-SA algorithm,
there remain two more parameters which are to be tuned,
i.e., pop and SA iteration. The latter refers to the number of

Fig. 7 The interaction among PSO parameters

Level 1 Level 2

Pop 10 20

W 0.35 0.65

C1 0.35 0.65

C2 0.35 0.65

Table 4 Two levels of PSO
parameters
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times the SA algorithm is to be run in each step of the PSO-
SA algorithm. To that end, a full factorial design in the
DOE method is applied. As presented in Table 5, three
levels for the parameters are considered, so a 32 design
should be performed. Similar to previous sections, 15
different instances are randomly generated and solved by
assuming each of the nine different combinations of (pop,
SA iteration). The stopping criterion is to perform

30;000
pop�SA iteration iterations. For the levels of the SA iteration
parameter, we set a fixed initial temperature to 150 and the
cooling factor to 0.73, 0.85, and 0.90 for levels 20, 40, and
60, respectively.

The RDI also used for the OFV as the performance
measure to compare the instances. The interaction plot is
depicted in Fig. 10.

It is concluded that the combination of pop=30 and SA
iteration=20 results in statistically better output than other
evaluated combinations.

4 Algorithm validation

Since there is no guarantee that the PSO-SA algorithm
leads to an optimal solution in order to validate the
proposed algorithm, a B&B algorithm and some efficient
lower bounds are provided in the following subsections.

4.1 Proposed B&B algorithm

The proposed B&B algorithm is relied on generating all the
active schedules. A feasible schedule is called active if no
operation can be completed earlier by altering the process-
ing sequence on machines and not delaying any other
operation. The employed notations are as follows:

Ωv Set of all operations of whose predecessors have
already been scheduled in node ν

(i, j) Operation of job i on machine j
rnij Earliest possible starting time of operation (i, j)

∈ Ωv

θv Set of all scheduled operations in node ν
dij Processing time of operation (i, j)
P (Ωv) Earliest possible completion time of all operations

belonging to Ωv

Ω′v A subset of Ωv

The main steps of the proposed algorithm for generating
all active schedules are as follows:

Step 1) (Initial condition)

v←0
θv←Ø
Ωv←{First operation of each job}
rnij  0 for all (i, j) ∈ Ωv

Fig. 9 General outline of the hybrid algorithm

Fig. 8 The main effects of PSO parameters

Table 5 Three levels of hybrid PSO-SA parameters

Level 1 Level 2 Level 3

Pop 10 20 30

SA iteration 20 40 60
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Step 2) (Machine selection)

P Ωnð Þ  min
i;jð Þ2Ωn

rnij þ dij
n o

j*← the machine on which the minimum is
achieved.

Step 3) (Branching)

Ω0n  i; j
»

� �
rn
ij
» < P Ωnð Þ

���n o

Sub step 3-1) For all (i, j*) ∈ Ω′v generate a new
branch.

Ωn ¼ Ωn � i; j
»

� �

Add job successor of (i, j*) to Ωv.

qn ¼ qn [ i; j
»

� �

Sub step 3-2) For all (i, j*) ∈ Ω′v, if (i, j
*)>T then for

all (i′, j*) ∈ θv, if there exists a conflict
between (i, j*) and (i′, j*) then
generate a new branch. Let (i, j*) ∈
θv and eliminate (i′, j*) and all its
successors from θv.

Eliminate any repetitive branches.
v←v+1 and go to Step 2.

The nodes of the branching tree are corresponding to the
partial schedules. Step 3 branches from the node
corresponding to the current partial schedule. The lower
bound (LB) in each node equals the sum of the total delays
plus the sum of all processing times.

4.2 Lower bound generation

Let S denote the set of all feasible schedules, s ∈ S, of a
given job shop scheduling problem, P, where the objective
function is f(s). Furthermore, LB(f) indicates a lower bound
on the P where, LB(f)≤ f(s), ∀s ∈ S. Clearly, it is desired to
determine lower bounds which are as close as possible to
the optimum solution.

As it is explained in remark 1, the objective function is a
special case of the TWT. It is known that due to the
characteristics of this objective function, lower bounds are
much more difficult to derive than for the classical

Fig. 10 Interaction plot for the hybrid SA-PSO parameters

Fig. 11 Re-definition of the PJSSP
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makespan [37]. Braune et al. [37] performed a computa-
tional study of lower bounding schemes for job shop
scheduling problems with the TWT objective. Hoitomt et al.
[38] applied the Lagrangian relaxation technique to job shop
scheduling problems. Lancia et al. [39] introduced a time-
indexed formulation for the general job shop problem with
the column generation and provided an LB through LP
relaxation.

In this paper, to further illustrate the effectiveness and
performance of the algorithm, three procedures are studied
to find efficient lower bounds for the PJSSP. At first it
should be noted that the PJSSP can be redefined as the
problem of ordering operations in the circles scaled from 1

to T, where each circle corresponds with a machine.
Figure 11 shows a sample consisting of scheduling four
jobs that are processed on four machines.

In the first proposed LB procedure, machines, circles in
the new definition, are decomposed into a definite number
of clusters (e.g., the problem shown in Fig. 11 can be
decomposed into two clusters including {1, 4} and {2, 3}).
In the next step, each cluster is solved under the condition
of relaxing the release times. The summation of delays plus
total processing times indicates the lower bound. It is worth
noting that clusters should be defined by considering the
routing of jobs (i.e., each cluster should contain the
machines that provide a consecutive operations of jobs).

Table 6 Comparison results of the PSO-SA algorithm with SA, PSO, EM, EM-SA, and B&B algorithms

Problem characteristics Algorithms Lower bounds (%)

Job Machine Period SA PSO PSO-SA EM EM-SA B&B LB1 LB2 (1-M) LB2 (2-M) LB3

6 6 105 Inf. Inf. Inf. Inf. Inf. Inf. – – – –

6 6 120 0.33 1.00 0.27 0.41 0.33 0.00 60 86 83 54

6 6 150 0.35 1.00 0.00 0.21 0.00 0.00 24 73 68 11

6 6 300 0.88 0.88 0.00 1.00 0.13 0.00 24 73 68 11

6 7 150 1.00 0.70 0.52 0.52 0.52 0.00 48 80 77 35

6 7 180 0.00 1.00 0.00 0.79 0.00 0.00 39 76 73 24

6 7 300 0.64 1.00 0.00 0.71 0.14 0.00 39 76 73 24

6 8 150 0.61 1.00 0.15 0.26 0.27 0.00 52 86 82 47

6 8 180 0.00 1.00 0.00 0.14 0.00 0.00 34 80 75 26

6 8 300 0.00 1.00 0.00 0.14 0.00 0.00 34 80 75 26

6 9 150 0.24 1.00 0.24 0.51 0.24 0.00 60 82 66 54

6 9 180 0.21 0.72 0.21 1.00 0.21 0.00 47 83 80 39

6 9 300 0.00 1.00 0.00 0.16 0.00 0.00 37 80 76 27

6 10 150 0.83 1.00 0.31 0.47 0.34 0.00 59 66 78 63

6 10 210 1.00 0.57 0.00 0.49 0.32 0.00 17 79 72 24

6 10 300 0.33 1.00 0.00 0.55 0.00 0.00 17 79 72 24

8 8 150 0.00 1.00 0.22 0.76 0.00 0.00 66 74 74 79

8 8 210 0.00 1.00 0.01 0.81 0.00 NA 35 67 66 60

8 8 300 0.24 1.00 0.25 0.86 0.24 0.00 35 67 66 60

8 10 150 0.42 1.00 0.35 0.77 0.42 0.00 70 100 80 81

8 10 210 0.32 1.00 0.00 0.91 0.32 NA 47 77 77 66

8 10 300 0.00 1.00 0.08 0.42 0.00 NA 30 70 70 56

10 10 210 0.39 1.00 0.00 0.62 0.19 NA 49 78 68 73

10 10 300 0.00 1.00 0.35 0.97 0.00 NA 26 65 63 62

12 12 210 0.23 0.30 0.00 1.00 0.23 NA 73 82 80 88

12 12 240 0.00 0.69 0.06 1.00 0.00 NA 54 74 73 80

12 16 240 0.08 1.00 0.00 0.71 0.08 NA 68 65 68 87

12 16 270 0.44 1.00 0.00 0.64 0.44 NA 61 67 61 83

14 20 270 0.16 0.92 0.00 1.00 0.16 NA 76 86 84 92

14 20 300 0.00 1.00 0.47 0.64 0.00 NA 70 75 73 90

Sum: 8.32 26.65 3.91 18.54 4.39 0 – – – –

Average: 0.29 0.92 0.13 0.64 0.15 0 47 77 73 53

Inf. infeasible, NA not achievable
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For example, in Fig. 11, defining clusters {1, 2} and {3, 4}
are unacceptable.

The second proposed LB is based on the method
introduced by Singer and Pinedo [40]. This technique is
enforced by relaxing the capacity constraints of all
machines except one. This remaining machine is then
sequenced optimally by solving a derived single machine
scheduling problem which is specified by defining a release
date and a local due date for each operation on the
respective machine.

The third proposed LB is based on the B&B algorithm.
In this method, instead of selecting the most promising
solution to branch or performing a deep exploration known
as last-in first-out (LIFO) rule, first-in first-out (FIFO) rule
is executed (i.e., no child nodes are surveyed unless all
nodes that belong to the higher level are investigated). In
this method, if an example with five machines and five jobs
contains exactly two branches for each node, 225 nodes
should be investigated so that the found LB equals the
optimum solution.

4.3 Experimental results

To illustrate the effectiveness and performance of the
hybrid algorithm (i.e., PSO-SA) proposed in this paper, it
is implemented in VB on a laptop with Pentium IV Core 2
Duo 2.53 GHz CPU. The outputs of the hybrid PSO-SA are
compared with that achieved by the SA, PSO, and EM
proposed by Jamili et al. [41] as well as the B&B algorithm
proposed in section 4.1. Each instance can be characterized
by a number of parameters, such as number of jobs, number
of machines, and operation routings of jobs, the delivery

time of jobs, processing times, and the period length. All
the generated instances are based on the following
assumptions:

& All jobs visit all machines only once, and the number of
operations of each job equals the number of machines.

& The routings are randomly generated.
& Delivery times of jobs are considered zero.
& Processing times are all integer numbers between the

interval [10, 20] generated at random.
& The objective is to minimize the completion time of all

jobs.

The randomly generated instances are solved by all
mentioned algorithms, and the related results are reported
in terms of the RDI in Table 6. In this table, the last four
columns present the gap among the lower bounds
computed based on the LBs introduced in Section 4.2
and the best found solutions. The second LB is solved
under the condition of reducing the problem to single and
double machine problems, and the results are reported in
two individual columns in Table 6. Figure 12 shows the
means plot and Tukey intervals for the type of the
algorithm. The outputs demonstrate that the hybrid PSO-
SA can clearly result better solutions than using SA, PSO,
and EM. The results show that there is no significant
priority between the PSO-SA and EM-SA; however, since
the EM-SA has the SA solution as one of the initial
solution, one can find the proposed PSO-SA more
effective than the EM-SA. Finally, Fig. 13 depicts the
convergence rate of the PSO-SA algorithm improving the
solutions in terms of the OFV.

5 Conclusion

In this paper, an effective hybrid PSO-SA based on particle
swarm optimization (PSO) and simulated annealing (SA)
algorithms has been proposed in order to solve the PJSSP.

Fig. 13 The convergence rate
Fig. 12 Means plot and Tukey intervals (at 95% confidence level) for
the type of the algorithm factor
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The performance of the proposed algorithm has been
evaluated in comparison with the results obtained by the
SA and PSO algorithms alone as well as the EM-SA
algorithm. Moreover, a B&B algorithm was proposed to
find optimum solutions of small instances. Beyond the LB
proposition [40], two new added LBs are also proposed and
investigated in this paper. Futhermore, the gap among the
LBs and the best found solutionsare reported.

The achieved results demonstrated the effectiveness of
the proposed hybrid PSO-SA algorithm. Future research
directions suggested are as follows: (1) solving the PJSSP
under an uncertain environment, such as looking for an
appropriate schedule where it is robust against some pre-
defined interruptions, (2) utilizing other well-known meta-
heuristics to compare the results with the ones reported by
the proposed PSO-SA algorithm, (3) considering other
objective functions at different practical constraints, (4)
extending the proposed algorithm to other similar schedul-
ing problems, such as train scheduling, considered as an
application of the JSSP, and (5) finally, investigating the
application of other neighborhood methods.
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