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Analysis of Line Source Radiation Above Grounded
Inhomogeneous Chiral Layer Using a Hybrid Method
of Fourier Transform and Taylor’s Series Expansion

Seyed Ehsan Hosseininejad, Davoud Zarifi, Nader Komjani, and Mohammad Soleimani

Abstract—An analytical approach is introduced to analyze
scattering and wave propagation in the problem involving a line
source near an inhomogeneous chiral slab based on combina-
tion of Fourier transform and Taylor’s series expansion. In this
method, Taylor’s series expansion is used for all electromagnetic
parameters and Fourier transformed electric and magnetic fields
of the inhomogeneous chiral medium. The unknown coefficients
of the electric and magnetic fields in the Fourier domain are found
by solving a system of linear coupled equations. For verification
purpose, some special examples are considered, and the obtained
results from this method are compared to the available exact
solutions.

Index Terms—Inhomogeneous chiral media, line source radia-
tion, scattering and wave propagation.

I. INTRODUCTION

T HE INTERACTION of electromagnetic waves with
chiral media has been intensively investigated in the

past decade due to their interesting properties that are not
exhibited by conventional isotropic media, such as the optical
activity and the circular dichroism [1]–[4]. Recently, chiral
metamaterials with many applications have attracted increasing
attention [5]–[16]. These studies have led to the introduction of
wide applications in different microwave devices such as polar-
ization rotators [17]–[19], microwave absorbers [20], [21], and
antennas [22]–[24]. The time-harmonic constitutive relations
of an isotropic and homogeneous chiral medium assuming
as time dependence are given by [3]

(1)

where and are the permittivity and permeability of
vacuum, and are the relative permittivity and perme-
ability of the chiral medium, respectively, and is the chirality
parameter. Electromagnetic scattering from homogeneous
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Fig. 1. Configuration of the problem.

media is a basic problem in electromagnetics. Analysis of scat-
tering from inhomogeneous media is much more complicated
than that from homogeneous media, and several approaches
have been presented in the literature such as Richmond [25],
Riccati [26], full-wave analysis [27], [28], finite-difference [29],
Taylor’s series expansion [30], Fourier series expansion [31],
and a semi-analytic method [32]. Furthermore, the interaction
analysis of plane waves with inhomogeneous chiral layers that
have some applications in the polarization correction of the
lens and aperture antennas [33] is recently discussed [34], [35].
In addition, the analytic formulation of line source radiation
near homogeneous planar or cylindrical structures has been
discussed [36]–[39], but investigating of the line source radia-
tion near the inhomogeneous chiral slab with continuous spatial
variation of the constitutive parameters is an almost untouched
topic in such electromagnetic problems.
In this paper, an efficient method to investigate electromag-

netic cylindrical wave interaction with inhomogeneous chiral
planar media is introduced. This approach is based on the
use of a combination of Fourier transform and Taylor’s series
expansion.
Briefly, Section II presents the general wave function and

Fourier transformed fields of the problem. In Section III, wave
propagation in inhomogeneous chiral media is investigated.
Applicability of the Taylor’s series expansion approach is ex-
plained in Section IV. The accuracy of the introduced method
is verified through some examples in Section V. Finally, con-
clusions are provided in Section VI.

II. ELECTRIC AND MAGNETIC FIELDS IN THE FOURIER DOMAIN

Configuration of the problem is shown in Fig. 1. A line source
is located at a distance of above a grounded inhomogeneous
chiral slab with the thickness of . The region occupying
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the space away from the line source, i.e., is named as
Region 1, and the region between the line source and the inho-
mogeneous chiral layer, i.e., is named as Region 2.
These two regions are free space. The inhomogeneous layer oc-
cupying is taken as Region 3. The harmonic
time dependence is assumed as exp . It can be deduced
that the general wave function in the problem is

(2)

where can be each component of the electric and
magnetic fields and is an analytic function. The wave
function of (1) is used to construct Fourier integral. We define
Fourier transform pair as

(3)

(4)

A wave propagating in chiral media undergoes a rotation of
its polarization, and so TE and TM waves scattered by or trans-
mitted through chiral media are coupled. Therefore, the tangen-
tial electric fields of the three regions can be written in the spec-
tral domain as

(5)

(6)

(7)

where , , , , , and are unknown coefficients in
terms of , and and are the Fourier trans-
formed solutions of the wave equation in the inhomogeneous
chiral layer. Using Faraday’s law with eliminating of -compo-
nent of the fields, the spectral magnetic fields in the regions are

(8)

(9)

(10)

It should be noted that is double-valued and to complete
expression of the Fourier transformed fields, the correct root of

must be chosen so that the fields remain finite as .
Therefore

(11)

III. ELECTROMAGNETIC FIELDS IN INHOMOGENEOUS
CHIRAL MEDIA

Considering an inhomogeneous chiral medium with electro-
magnetic parameters and

, and assuming [according to (3) and (4)]
and , Maxwell’s equations can be Fourier transformed
to obtain the following expressions:

(12)

(13)

(14)

(15)

(16)

(17)

By eliminating and from (12)–(17), one can write the
differential equations describing inhomogeneous chiral layer in
terms of the tangential components of the fields as follows:

(18)

(19)

(20)

(21)

IV. TAYLOR’S SERIES EXPANSION APPROACH

Solving the mentioned system of differential equations is a
very challenging problem. Thus, in this section, we discuss ap-
plicability of Taylor’s series expansion approach to solve this
system of equations. Taylor’s series expansion for all electro-
magnetic parameters of the inhomogeneous chiral layer occu-
pying the region may be written as

(22)
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(23)

(24)

(25)

where , , , and are known coefficients. Also,
we can write

(26)

(27)

(28)

Moreover, Fourier transformed electric and magnetic fields of
the inhomogeneous chiral layer are expressed by using Taylor’s
series expansion as

(29)

(30)

where , , , and are unknown functions in
terms of . By substituting (22)–(30) in (18)–(21), we have
(31)–(34) at the bottom of the page. Since Taylor expansion co-
efficients of a function are unique, it follows that if two functions
are equal, their Taylor’s series coefficients must agree. Equating

the coefficients with the same power in two sides of (31)–(34),
recursive relations are achieved as

(35)

(36)

(37)

(38)

where . Furthermore, the boundary conditions of
the problemwith assumption of perfect electric conductor (PEC)
termination for the chiral slab at can be written as

at (39)

at (40)

at

(41)

at (42)

at

(43)

(31)

(32)

(33)

(34)
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at

(44)

at

(45)

at

(46)

at (47)

at (48)

Notice that the termination of the inhomogeneous chiral layer
can be any arbitrary kind of boundary such as perfect magnetic
conductor (PMC), perfect electromagnetic conductor (PEMC),
impedance surface, etc.
Truncating Taylor’s series expansions at , (35)–(38) for

with (39)–(48) will be equa-
tions to find unknown coefficients. The inverse ma-
trix method can be applied to solve this system of linear equa-
tions. Once the unknown coefficients of the fields in the spectral
domain are determined, the fields in the frequency domain can
be calculated by taking inverse Fourier transform.

V. NUMERICAL EXAMPLES, RESULTS, AND DISCUSSIONS

In this section, three typical types of PEC backed inhomoge-
neous chiral layers are considered, and scattering of an elec-
tric line source above and the wave propagation in them are
analyzed.

A. Homogeneous Non-Chiral Slab

In the first example, consider a homogeneous non-chiral slab
whose constitutive parameters are , , and
and assume , , the excitation frequency of
1 GHz, and mA, where is the free space wavelength.
The exact solution of this problem is presented in Appendix A.
The amplitude of the electric field in the slab obtained from the
exact solution and the presented method based on combination
of Fourier transform and Taylor’s series expansion with
(converged result) are compared in Fig. 2(a). Also, the far-zone
field is shown in Fig. 2(b). The comparison between the results
of two different methods indicates that the proposed method is
feasible and reliable.

B. Inhomogeneous Non-Chiral Slab

As the second example, an inhomogeneous non-chiral
layer with constitutive parameters of ,

, and is considered. Assuming
, , the excitation frequency of 1 GHz, and

mA, the exact solution of the problem may be obtained
as presented in Appendix B.
The amplitude of the electric field of inhomogeneous layer

obtained from the exact solution and the presented method with
are shown in Fig. 3(a). In addition, the far-zone field of

Fig. 2. (a) Amplitude of the electric field in the homogeneous non-chiral layer.
(b) Far-zone field of the line source in the first example.

the line source is shown in Fig. 3(b). The results show that the
obtained solutions from the presented method are in the excel-
lent agreement with that of the available exact solutions.

C. Inhomogeneous Chiral Slab

In the third example, consider the problem of scattering from
an inhomogeneous chiral slab, which does not have any straight-
forward exact solution, and its relative permittivity, relative per-
meability, and chirality parameter have the profiles of

, , and
, respectively (Fig. 4).

In the first case, we assume that the electric line source is lo-
cated at a large distance compared to the wavelength from the
slab. Assume , , the excitation frequency
of 1 GHz, and mA. The amplitudes of - and -com-
ponents of the electric field in the inhomogeneous chiral region
obtained from the presented method with are shown
in Fig. 5. It should be noted that a wave propagating in chiral
media undergoes a rotation of its polarization, and so TE and
TM waves propagating in chiral media are coupled.
In order to ensure accuracy of the results, an approximate

method is used. It is clear that the wave radiated from the
line source at large distances is , where is the radial
distance from the line source. Notice that due to the large
distance compared to the wavelength between the line source
and the slab, the -component of the electric field radiated from
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Fig. 3. (a) Amplitude of the electric field in the inhomogeneous nonchiral layer.
(b) Far-zone field of the line source in the second example.

line source at the upper interface of the slab and free space (i.e.,
) can approximately be written as the follows [40]:

(49)

where is the intrinsic impedance of free space. Since the
incident wave on the slab is an approximated plane wave, we
can use the discussed method in [35] to the computation of -
and -components of electric field in the slab. The findings of
this method are compared to results of the proposed method in
Fig. 5, and it is observed that there is an excellent agreement
between them.
In the second case, we consider that the electric line source is

embedded in a distance of the order of the wavelength from the
slab. Assume , , the excitation frequency
of 1 GHz, and mA. Clearly, in this case, the approxi-
mated method cannot be applied. Fig. 6(a) compares the am-
plitude of the tangential component of the electric field in the
inhomogeneous chiral layer to the different number of coeffi-
cients, . Observe that with assuming , the solution is

Fig. 4. Electromagnetic parameters of the inhomogeneous chiral layer in the
third example.

Fig. 5. Amplitude of the tangential electric field in the inhomogeneous chiral
layer of the third example (first case).
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Fig. 6. (a) Amplitude of the tangential electric field in the inhomogeneous
chiral layer. (b) Far-zone field of the line source in the third example (second
case).

fully converged. In addition, the far-zone electric field is shown
in Fig. 6(b).

D. General Discussions

The proposed method is a systematic approach allowing one
to simply implement it in a programming language supporting
matrix and numerical manipulations. The consumed time for the
discussed examples is less than few minutes using a computer
with Intel Core I3 CPU and MATLAB program.
It should be noticed that the necessary condition for the

convergence of the solutions is the capability of expressing
all parameters of the inhomogeneous chiral slab by con-
verged Taylor’s series expansions at all points on the region

. The proposed method is suitable for inho-
mogeneous media with continuous spatial variation of the
constitutive parameters.
It is evident that as the number of unknown coefficients in

Taylor series expansions increases, the accuracy of the solution
increases. As the thickness (with respect to the wavelength) of
the slab or the rate of variation of the inhomogeneous layer pa-
rameters increases, the necessary number of the unknown co-
efficients increases for achieving a sufficient accuracy. We can
say that the solution is converged with assuming in
the different cases.

VI. CONCLUSION

In this paper, an efficient and fast method was proposed to
investigate scattering and wave propagation in the problems in-
volving electric line sources near inhomogeneous chiral layer. In
the suggested method, constitutive parameters and also Fourier
transformed electric and magnetic fields of inhomogeneous
chiral medium are expressed using Taylor’s series expansion.
Solving such complex problems by the proposedmethod leads to
finding the solution for a simple system of linear equations. The
results of typical discussed examples obtained by this approach
have very good agreement with the exact solutions. In the further
works, it is expected that the inhomogeneous chiral planar layers
can be optimally designed to achieve desired radiation patterns
in a specified frequency range. In addition, the study of wave
propagation and radiation in the problem of an infinitesimal
dipole near an inhomogeneous medium by this approach can be
foreseen as a future work. Therefore, The radiation of different
sources can be obtained by knowing the radiation from a line
source and a point source.

APPENDIX A

In this section, the exact Fourier transformed electric and
magnetic fields of the homogeneous non-chiral slab with as-
sumed profiles for the electric permittivity and permeability in
the first example are determined. Using (12)–(17), the following
second-order differential equation is obtained:

(A1)

The general solution of this differential equation can be ex-
pressed as the following:

(A2)

Using the Fourier transformed electric fields and the boundary
conditions enforcing the tangential electric and magnetic fields
at the boundaries of the structure, the unknown coefficients and
then the electric and magnetic fields in the slab are completely
determined.

APPENDIX B

The exact Fourier transformed fields of the inhomogeneous
non-chiral medium in the second example are obtained, here.
Using (12)–(17), the following second order differential equa-
tion is obtained:

(B1)

The general solution of this equation is

(B2)

The unknown Fourier transformed electric fields of the three
regions are calculated by using the boundary conditions.
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