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Analysis of Line Source Radiation Above Grounded
Inhomogeneous Chiral Layer Using a Hybrid Method
of Fourier Transform and Taylor’s Series Expansion
Seyed Ehsan Hosseininejad, Davoud Zarifi, Nader Komjani, and Mohammad Soleimani

Abstract—An analytical approach is introduced to analyze
scattering and wave propagation in the problem involving a line
source near an inhomogeneous chiral slab based on combination of Fourier transform and Taylor’s series expansion. In this
method, Taylor’s series expansion is used for all electromagnetic
parameters and Fourier transformed electric and magnetic fields
of the inhomogeneous chiral medium. The unknown coefficients
of the electric and magnetic fields in the Fourier domain are found
by solving a system of linear coupled equations. For verification
purpose, some special examples are considered, and the obtained
results from this method are compared to the available exact
solutions.
Index Terms—Inhomogeneous chiral media, line source radiation, scattering and wave propagation.

I. INTRODUCTION

T

HE INTERACTION of electromagnetic waves with
chiral media has been intensively investigated in the
past decade due to their interesting properties that are not
exhibited by conventional isotropic media, such as the optical
activity and the circular dichroism [1]–[4]. Recently, chiral
metamaterials with many applications have attracted increasing
attention [5]–[16]. These studies have led to the introduction of
wide applications in different microwave devices such as polarization rotators [17]–[19], microwave absorbers [20], [21], and
antennas [22]–[24]. The time-harmonic constitutive relations
of an isotropic and homogeneous chiral medium assuming
as time dependence are given by [3]

(1)
and
are the permittivity and permeability of
where
vacuum,
and
are the relative permittivity and permeability of the chiral medium, respectively, and is the chirality
parameter. Electromagnetic scattering from homogeneous
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Fig. 1. Configuration of the problem.

media is a basic problem in electromagnetics. Analysis of scattering from inhomogeneous media is much more complicated
than that from homogeneous media, and several approaches
have been presented in the literature such as Richmond [25],
Riccati [26], full-wave analysis [27], [28], finite-difference [29],
Taylor’s series expansion [30], Fourier series expansion [31],
and a semi-analytic method [32]. Furthermore, the interaction
analysis of plane waves with inhomogeneous chiral layers that
have some applications in the polarization correction of the
lens and aperture antennas [33] is recently discussed [34], [35].
In addition, the analytic formulation of line source radiation
near homogeneous planar or cylindrical structures has been
discussed [36]–[39], but investigating of the line source radiation near the inhomogeneous chiral slab with continuous spatial
variation of the constitutive parameters is an almost untouched
topic in such electromagnetic problems.
In this paper, an efficient method to investigate electromagnetic cylindrical wave interaction with inhomogeneous chiral
planar media is introduced. This approach is based on the
use of a combination of Fourier transform and Taylor’s series
expansion.
Briefly, Section II presents the general wave function and
Fourier transformed fields of the problem. In Section III, wave
propagation in inhomogeneous chiral media is investigated.
Applicability of the Taylor’s series expansion approach is explained in Section IV. The accuracy of the introduced method
is verified through some examples in Section V. Finally, conclusions are provided in Section VI.
II. ELECTRIC AND MAGNETIC FIELDS IN THE FOURIER DOMAIN
Configuration of the problem is shown in Fig. 1. A line source
is located at a distance of above a grounded inhomogeneous
. The region occupying
chiral slab with the thickness of
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the space away from the line source, i.e.,
is named as
Region 1, and the region between the line source and the inhomogeneous chiral layer, i.e.,
is named as Region 2.
These two regions are free space. The inhomogeneous layer occupying
is taken as Region 3. The harmonic
time dependence is assumed as exp
. It can be deduced
that the general wave function in the problem is

III. ELECTROMAGNETIC FIELDS IN INHOMOGENEOUS
CHIRAL MEDIA
Considering an inhomogeneous chiral medium with electromagnetic parameters
and
, and assuming
[according to (3) and (4)]
and
, Maxwell’s equations can be Fourier transformed
to obtain the following expressions:

(2)

(12)

can be each component of the electric and
where
magnetic fields and
is an analytic function. The wave
function of (1) is used to construct Fourier integral. We define
Fourier transform pair as

(13)
(14)
(15)

(3)
(16)
(4)
A wave propagating in chiral media undergoes a rotation of
its polarization, and so TE and TM waves scattered by or transmitted through chiral media are coupled. Therefore, the tangential electric fields of the three regions can be written in the spectral domain as

(17)
and
from (12)–(17), one can write the
By eliminating
differential equations describing inhomogeneous chiral layer in
terms of the tangential components of the fields as follows:

(5)
(6)
(18)

(7)

(19)
are unknown coefficients in
where , , , , , and
terms of , and
and
are the Fourier transformed solutions of the wave equation in the inhomogeneous
chiral layer. Using Faraday’s law with eliminating of -component of the fields, the spectral magnetic fields in the regions are

(20)

(8)

(21)

(9)
IV. TAYLOR’S SERIES EXPANSION APPROACH
(10)
It should be noted that
is double-valued and to complete
expression of the Fourier transformed fields, the correct root of
must be chosen so that the fields remain finite as
.
Therefore

Solving the mentioned system of differential equations is a
very challenging problem. Thus, in this section, we discuss applicability of Taylor’s series expansion approach to solve this
system of equations. Taylor’s series expansion for all electromagnetic parameters of the inhomogeneous chiral layer occumay be written as
pying the region

(11)

(22)
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the coefficients with the same power in two sides of (31)–(34),
recursive relations are achieved as

(24)
(25)
where
,
we can write

,

, and

(35)

are known coefficients. Also,

(36)
(26)
(27)
(28)

(37)

Moreover, Fourier transformed electric and magnetic fields of
the inhomogeneous chiral layer are expressed by using Taylor’s
series expansion as

(38)

(29)

. Furthermore, the boundary conditions of
where
the problem with assumption of perfect electric conductor (PEC)
termination for the chiral slab at
can be written as
at

(39)

at

(40)
at

(30)

(41)
where
,
,
, and
are unknown functions in
terms of . By substituting (22)–(30) in (18)–(21), we have
(31)–(34) at the bottom of the page. Since Taylor expansion coefficients of a function are unique, it follows that if two functions
are equal, their Taylor’s series coefficients must agree. Equating

at

(42)

at
(43)

(31)
(32)

(33)
(34)
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at
(44)
at
(45)
at
(46)
at

(47)

at

(48)

Notice that the termination of the inhomogeneous chiral layer
can be any arbitrary kind of boundary such as perfect magnetic
conductor (PMC), perfect electromagnetic conductor (PEMC),
impedance surface, etc.
Truncating Taylor’s series expansions at , (35)–(38) for
with (39)–(48) will be
equations to find
unknown coefficients. The inverse matrix method can be applied to solve this system of linear equations. Once the unknown coefficients of the fields in the spectral
domain are determined, the fields in the frequency domain can
be calculated by taking inverse Fourier transform.
V. NUMERICAL EXAMPLES, RESULTS, AND DISCUSSIONS
In this section, three typical types of PEC backed inhomogeneous chiral layers are considered, and scattering of an electric line source above and the wave propagation in them are
analyzed.
A. Homogeneous Non-Chiral Slab
In the first example, consider a homogeneous non-chiral slab
,
, and
whose constitutive parameters are
and assume
,
, the excitation frequency of
mA, where
is the free space wavelength.
1 GHz, and
The exact solution of this problem is presented in Appendix A.
The amplitude of the electric field in the slab obtained from the
exact solution and the presented method based on combination
of Fourier transform and Taylor’s series expansion with
(converged result) are compared in Fig. 2(a). Also, the far-zone
field is shown in Fig. 2(b). The comparison between the results
of two different methods indicates that the proposed method is
feasible and reliable.
B. Inhomogeneous Non-Chiral Slab
As the second example, an inhomogeneous non-chiral
,
layer with constitutive parameters of
, and
is considered. Assuming
,
, the excitation frequency of 1 GHz, and
mA, the exact solution of the problem may be obtained
as presented in Appendix B.
The amplitude of the electric field of inhomogeneous layer
obtained from the exact solution and the presented method with
are shown in Fig. 3(a). In addition, the far-zone field of

Fig. 2. (a) Amplitude of the electric field in the homogeneous non-chiral layer.
(b) Far-zone field of the line source in the first example.

the line source is shown in Fig. 3(b). The results show that the
obtained solutions from the presented method are in the excellent agreement with that of the available exact solutions.
C. Inhomogeneous Chiral Slab
In the third example, consider the problem of scattering from
an inhomogeneous chiral slab, which does not have any straightforward exact solution, and its relative permittivity, relative permeability, and chirality parameter have the profiles of
,
, and
, respectively (Fig. 4).
In the first case, we assume that the electric line source is located at a large distance compared to the wavelength from the
,
, the excitation frequency
slab. Assume
mA. The amplitudes of - and -comof 1 GHz, and
ponents of the electric field in the inhomogeneous chiral region
obtained from the presented method with
are shown
in Fig. 5. It should be noted that a wave propagating in chiral
media undergoes a rotation of its polarization, and so TE and
TM waves propagating in chiral media are coupled.
In order to ensure accuracy of the results, an approximate
method is used. It is clear that the wave radiated from the
, where is the radial
line source at large distances is
distance from the line source. Notice that due to the large
distance compared to the wavelength between the line source
and the slab, the -component of the electric field radiated from
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Fig. 3. (a) Amplitude of the electric field in the inhomogeneous nonchiral layer.
(b) Far-zone field of the line source in the second example.

line source at the upper interface of the slab and free space (i.e.,
) can approximately be written as the follows [40]:
(49)
is the intrinsic impedance of free space. Since the
where
incident wave on the slab is an approximated plane wave, we
can use the discussed method in [35] to the computation of and -components of electric field in the slab. The findings of
this method are compared to results of the proposed method in
Fig. 5, and it is observed that there is an excellent agreement
between them.
In the second case, we consider that the electric line source is
embedded in a distance of the order of the wavelength from the
,
, the excitation frequency
slab. Assume
mA. Clearly, in this case, the approxiof 1 GHz, and
mated method cannot be applied. Fig. 6(a) compares the amplitude of the tangential component of the electric field in the
inhomogeneous chiral layer to the different number of coeffi, the solution is
cients, . Observe that with assuming

Fig. 4. Electromagnetic parameters of the inhomogeneous chiral layer in the
third example.

Fig. 5. Amplitude of the tangential electric field in the inhomogeneous chiral
layer of the third example (first case).
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VI. CONCLUSION
In this paper, an efficient and fast method was proposed to
investigate scattering and wave propagation in the problems involving electric line sources near inhomogeneous chiral layer. In
the suggested method, constitutive parameters and also Fourier
transformed electric and magnetic fields of inhomogeneous
chiral medium are expressed using Taylor’s series expansion.
Solving such complex problems by the proposed method leads to
finding the solution for a simple system of linear equations. The
results of typical discussed examples obtained by this approach
have very good agreement with the exact solutions. In the further
works, it is expected that the inhomogeneous chiral planar layers
can be optimally designed to achieve desired radiation patterns
in a specified frequency range. In addition, the study of wave
propagation and radiation in the problem of an infinitesimal
dipole near an inhomogeneous medium by this approach can be
foreseen as a future work. Therefore, The radiation of different
sources can be obtained by knowing the radiation from a line
source and a point source.
APPENDIX A
In this section, the exact Fourier transformed electric and
magnetic fields of the homogeneous non-chiral slab with assumed profiles for the electric permittivity and permeability in
the first example are determined. Using (12)–(17), the following
second-order differential equation is obtained:
(A1)
Fig. 6. (a) Amplitude of the tangential electric field in the inhomogeneous
chiral layer. (b) Far-zone field of the line source in the third example (second
case).

fully converged. In addition, the far-zone electric field is shown
in Fig. 6(b).
D. General Discussions
The proposed method is a systematic approach allowing one
to simply implement it in a programming language supporting
matrix and numerical manipulations. The consumed time for the
discussed examples is less than few minutes using a computer
with Intel Core I3 CPU and MATLAB program.
It should be noticed that the necessary condition for the
convergence of the solutions is the capability of expressing
all parameters of the inhomogeneous chiral slab by converged Taylor’s series expansions at all points on the region
. The proposed method is suitable for inhomogeneous media with continuous spatial variation of the
constitutive parameters.
It is evident that as the number of unknown coefficients in
Taylor series expansions increases, the accuracy of the solution
increases. As the thickness (with respect to the wavelength) of
the slab or the rate of variation of the inhomogeneous layer parameters increases, the necessary number of the unknown coefficients increases for achieving a sufficient accuracy. We can
in
say that the solution is converged with assuming
the different cases.

The general solution of this differential equation can be expressed as the following:

(A2)
Using the Fourier transformed electric fields and the boundary
conditions enforcing the tangential electric and magnetic fields
at the boundaries of the structure, the unknown coefficients and
then the electric and magnetic fields in the slab are completely
determined.
APPENDIX B
The exact Fourier transformed fields of the inhomogeneous
non-chiral medium in the second example are obtained, here.
Using (12)–(17), the following second order differential equation is obtained:

(B1)
The general solution of this equation is

(B2)
The unknown Fourier transformed electric fields of the three
regions are calculated by using the boundary conditions.

HOSSEININEJAD et al.: ANALYSIS OF LINE SOURCE RADIATION ABOVE GROUNDED INHOMOGENEOUS CHIRAL LAYER

REFERENCES
[1] D. L. Jaggard, A. R. Mickelson, and C. H. Papas, “On electromagnetic
waves in chiral media,” Appl. Phys., vol. 18, pp. 211–216, 1979.
[2] N. Engheta and A. R. Mickelson, “Transition radiation caused by a
chiral plate,” IEEE Trans. Antennas Propag., vol. AP-30, no. 6, pp.
1213–1216, Nov. 1982.
[3] I. V. Lindell, A. H. Sihvola, S. A. Tretyakov, and A. J. Viitanen, Electromagnetic Waves in Chiral and Bi-Isotropic Media. Norwood, MA,
USA: Artech House, 1994.
[4] A. Serdyukov, I. Semchenko, S. A. Tretyakov, and A. Sihvola, Electromagnetics of Bi-Anisotropic Materials: Theory and Applications.
New York: Gordon & Breach, 2001.
[5] S. Tretyakov, I. Nefedov, A. Sihvola, S. Maslovski, and C. Simovski,
“Waves and energy in chiral nihility,” J. Electromagn. Waves Appl.,
vol. 17, no. 5, pp. 695–706, 2003.
[6] E. Plum, J. Zhou, J. Dong, V. A. Fedotov, T. Koschny, C. M. Soukoulis, and N. I. Zheludev, “Metamaterial with negative index due to
chirality,” Phys. Rev. B, vol. 79, no. 3, p. 035407, 2009.
[7] J. Zhou, J. Dong, B. Wang, T. Koschny, M. Kafesaki, and C. M. Soukoulis, “Negative refractive index due to chirality,” Phys. Rev. B, vol.
79, no. 12, p. 121104, 2009.
[8] R. Zhao, L. Zhang, J. Zhou, T. Koschny, and C. M. Soukoulis, “Conjugated gammadion chiral metamaterial with uniaxial optical activity
and negative refractive index,” Phys. Rev. B, vol. 83, no. 3, p. 035105,
2011.
[9] Z. Li, K. B. Alici, E. Colak, and E. Ozbay, “Complementary chiral
metamaterials with giant optical activity and negative refractive
index,” Appl. Phys. Lett., vol. 98, no. 16, p. 161907, 2011.
[10] D. Zarifi, M. Soleimani, and V. Nayyeri, “Dual- and multiband chiral
metamaterial structures with strong optical activity and negative refraction index,” IEEE Antennas Wireless Propag. Lett., vol. 11, pp.
334–337, 2012.
[11] D. Zarifi, M. Soleimani, and V. Nayyeri, “On the miniaturization of
semiplanar chiral metamaterial structures with strong optical activity
and negative refraction index,” IEEE Trans. Antennas Propag., vol.
60, no. 12, pp. 5768–5776, Dec. 2012.
[12] V. R. Tuz and C. W. Qiu, “Semi-infinite chiral nihility photonics: Parametric dependence, wave tunneling and rejection,” Prog. Electromagn.
Res., vol. 103, pp. 139–152, 2010.
[13] C. Qiu, L. Li, L. Yao, and S. Zouhdi, “Properties of Faraday chiral
media: Green dyadics and negative,” Phys. Rev. B, vol. 74, no. 11, p.
115110, 2006.
[14] C.-W. Qiu, L.-W. Li, and S. Zouhdi, “Eigenfuctional representation
of dyadic green’s functions in planarly multilayered general Faraday
chiral media,” J. Phys. A, Math. Theor., vol. 40, pp. 5751–5766, 2007.
[15] C.-W. Qiu, H.-Y. Yao, L.-W. Li, S. Zouhdi, and T.-S. Yeo, “Routes
to left-handed materials by magnetoelectric couplings,” Phys. Rev. B,
vol. 75, no. 24, p. 245214, 2007.
[16] C.-W Qiu, H.-Y. Yao, L.-W Li, S. Zouhdi, and T.-S. Yeo, “Backward
waves in magnetoelectrically chiral media: Propagation, impedance
and negative refraction,” Phys. Rev. B, vol. 75, no. 15, p. 155120, 2007.
[17] A. J. Viitanen and I. V. Lindell, “Chiral slab polarization transformer
for aperture antennas,” IEEE Trans. Antennas Propag., vol. 46, no. 9,
pp. 1395–1397, Sep. 1998.
[18] D. Kwon, P. L. Werner, and D. H. Werner, “Optical planar chiral metamaterial designs for strong circular dichroism and polarization rotation,” Opt. Express, vol. 16, no. 16, pp. 11802–11807, 2008.
[19] Y. Ye, X. Li, F. Zhuang, and S. W Chang, “Homogeneous circular
polarizers using a bilayered chiral metamaterial,” Appl. Phys. Lett., vol.
99, no. 3, p. 031111, 2011.
[20] S. Cumali and U. Savas, “Reflection and transmission coefficients of
multiple chiral layers,” Sci. China Ser. E, Technol. Sci, vol. 49, no. 4,
pp. 457–467, 2006.
[21] B. Wang, T. Koschny, and C. M. Soukoulis, “Wide-angle and polarization-independent chiral metamaterial absorber,” Phys. Rev. B, vol. 80,
no. 3, p. 033108, 2009.
[22] P. Pelet and N. Engheta, “Novel rotational characteristics of radiation
patterns of chirostrip dipole antennas,” Microw. Opt. Technol. Lett.,
vol. 5, no. 1, pp. 31–34, 1992.
[23] S. E. Hosseininejad, N. Komjani, D. Zarifi, and M. Rajabi, “Directivity
enhancement of circularly polarized microstrip antennas by chiral
metamaterial covers,” IEICE Electron. Express, vol. 9, no. 2, pp.
117–121, 2012.
[24] D. Zarifi, H. Oraizi, and M. Soleimani, “Improved performance of
circularly polarized antenna using semi-planar chiral metamaterial
covers,” Prog. Electromagn. Res., vol. 123, pp. 337–354, 2012.

5115

[25] J. H. Richmond, “Transmission through inhomogeneous plane layers,”
IRE Trans. Antennas Propag., vol. AP-10, no. 3, pp. 300–305, May
1962.
[26] W. C. Chew, Waves and Fields in Inhomogeneous Media. New York,
NY, USA: IEEE Press, 1990.
[27] F. Urbani, L. Vegni, and A. Toscano, “Inhomogeneous layered planar
structures: an analysis of the reflection coefficients,” IEEE Trans.
Magn., vol. 34, no. 5, pp. 2771–2774, Sep. 1998.
[28] L. Vegni and A. Toscano, “Full-wave analysis of planar stratified with
inhomogeneous layers,” IEEE Trans. Antennas Propag., vol. 48, no. 4,
pp. 631–633, Apr. 2000.
[29] M. Khalaj-Amirhosseini, “Analysis of lossy inhomogeneous planar
layers using finite difference method,” Prog. Electromagn. Res, vol.
59, pp. 187–198, 2006.
[30] M. Khalaj-Amirhosseini, “Analysis of lossy inhomogeneous planar
layers using Taylor’s series expansion,” IEEE Trans. Antennas
Propag., vol. 54, no. 1, pp. 130–135, Jan. 2006.
[31] M. Khalaj-Amirhosseini, “Analysis of lossy inhomogeneous planar
layers using Fourier series expansion,” IEEE Trans. Antennas Propag.,
vol. 55, no. 2, pp. 489–493, Feb. 2007.
[32] M. Khalaj-Amirhosseini, “An approximated closed-form solution for
inhomogeneous planar layers,” Microw., Antennas Propag., vol. 13,
no. 6, pp. 899–905, 2007.
[33] I. V. Lindell, A. H. Sihvola, A. J. Viitanen, and S. A. Tretyakov, “Geometrical optics in inhomogeneous chiral media with applications to
polarization correction of inhomogeneous microwave lens antennas,”
J. Electromagn. Waves Appl., vol. 4, no. 6, pp. 533–548, 1990.
[34] D. Zarifi, A. Abdolali, M. Soleimani, and V. Nayyeri, “Inhomogeneous
planar layered chiral media: analysis of wave propagation and scattering using Taylor’s series expansion,” Prog. Electromagn. Res., vol.
125, pp. 119–135, 2012.
[35] D. Zarifi, A. Farahbakhsh, A. Abdolali, and M. Soleimani, “Analysis
of different terminated inhomogeneous planar layered chiral media,” J.
Electromagn. Waves Appl., vol. 26, no. 11–12, pp. 1658–1666, 2012.
[36] J. A. Kong, “Electromagnetic wave interaction with stratified negative
isotropic media,” Prog. Electromagn. Res., vol. 35, pp. 1–52, 2002.
[37] J. M. Jin, Theory and Computation of Electromagnetic Fields.
Hoboken, NJ, USA: Wiley, 2010.
[38] S. Ahmed and Q. A. Naqvi, “Directive em radiation of a line source
in the presence of a coated nihility cylinder,” J. Electromagn. Waves
Appl., vol. 23, pp. 761–771, 2009.
[39] Q. Cheng, T. J. Cui, and C. Zhang, “Waves in planar waveguide
containing chiral nihility metamaterial,” Opt. Commun., vol. 276, pp.
317–321, 2007.
[40] C. Balanis, Advanced Engineering Electromagnetics. New York, NY,
USA: Wiley, 1989.

Seyed Ehsan Hosseininejad was born in Semnan,
Iran, in 1987. He received the B.S. degree in electrical engineering from Semnan University, Semnan,
Iran, in 2009, and the M.S. degree in electrical
engineering from Iran University of Science and
Technology (IUST), Tehran, Iran, in 2012, where he
is currently pursuing the Ph.D. degree in electrical
engineering.
His areas of research interests include array antennas, substrate integrated circuits (SICs), numerical
methods in electromagnetics, electromagnetic waves
in complex media, metamaterials, plasmonics, nanophotonics, nanocircuits, and
nanoantennas.

Davoud Zarifi was born in Kashan, Iran, in 1987.
He received the B.S. degree in electrical engineering
from the University of Kashan, Kashan, Iran, in 2009,
and the M.S. degree in electrical engineering from
Iran University of Science and Technology (IUST),
Tehran, Iran, in 2011, where he is currently pursuing
the Ph.D. degree in electrical engineering.
His research interests are electromagnetic waves
in complex media, numerical techniques for electromagnetics, inverse problems in electromagnetic, and
applications of ordinary and chiral metamaterials.

5116

IEEE TRANSACTIONS ON ANTENNAS AND PROPAGATION, VOL. 61, NO. 10, OCTOBER 2013

Nader Komjani received the B.Sc., M.Sc., and Ph.D.
degrees in electrical engineering from Iran University
of Science and Technology, Tehran, Iran, in 1988 and
1991, and 2000, respectively.
He is currently an Associate Professor with Iran
University of Science and Technology. He has
authored or coauthored more than 70 papers in
journals and conferences. His research interests
are in the areas of UWB and multiband microstrip
antennas, numerical methods in electromagnetics,
phased-array antennas, and passive and active
microwave systems.

Mohammad Soleimani received the B.S. degree
in electrical engineering from the University of
Shiraz, Shiraz, Iran, in 1978, and the M.S. and Ph.D.
degrees from Pierre and Marie Curie University,
Paris, France, in 1981 and 1983, respectively.
He is working as a Professor with Iran University
of Sciences and Technology, Tehran, Iran. He has
served in many executive and research positions
including: Minister of ICT; Student Deputy of
Ministry of Science, Research and Technology;
Head of Iran Research Organization for Science and
Technology; Head of Center for Advanced Electronics Research Center; and
Technology Director for Space Systems in Iran Telecommunication Industries.
He has authored or coauthored over 180 articles in international journals and
conferences. His research interests are in antennas, small satellites, electromagnetics, and radars.

